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Abstract

Neutrino oscillations are one of the few confirmed signatures of physics be-
yond the Standard Model, which predicts neutrinos to be massless. The Deep
Underground Neutrino Experiment (DUNE) is an international experiment de-
signed to resolve open questions in neutrino physics, including the CP-violating
phase, the neutrino mass ordering, and the octant of the atmospheric mixing
angle. While DUNE’s primary science program uses a long baseline neutrino
beam, its large underground liquid argon far detector modules are also sensitive
to atmospheric neutrinos, which provide a complementary probe of oscillation
physics through their broad range of baselines and energies, as well as their
sensitivity to matter effects as they traverse the Earth’s interior.

This thesis presents a sensitivity study of DUNE’s atmospheric neutrino os-
cillation program using the GUNDAM fitting framework, within a semi-frequentist
statistical approach. An optimization of the oscillation probability grid is per-
formed, establishing that a 300 × 300 grid in true neutrino energy and true
cosine of the zenith angle is sufficient for reliable oscillation weight extraction.

Sensitivity results are presented through one dimensional profile likelihood
scans, two dimensional profiled contour scans, and a mass ordering determi-
nation study, all constructed from simulated datasets at a 400 kt·yr exposure
corresponding to ten years of data collection with the full four module DUNE
far detector. The one dimensional scans show that ∆m2

32 is tightly constrained
beyond the external NuFit 5.2 prior, sin2 θ23 exhibits an asymmetric profile
reflecting partial octant resolution, and δCP is broadly unconstrained by the
atmospheric sample alone. A mass ordering sensitivity study finds that DUNE
atmospheric neutrinos can reach 3 to 4 sigma significance depending on the true
ordering and external constraints, providing an independent complement to the
beam based mass ordering determination.
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Introduction

Neutrinos are at the forefront of modern physics. Within the last two decades,
our understanding of the fundamental nature of the universe has been shaped
by these elusive particles. According to the Standard Model of Particle Physics,
neutrinos should be massless. However, experimental observations from the turn
of the 21st century, including Super-Kamiokande (SK) in Japan, definitively
showed that neutrinos oscillate between flavors, a phenomenon that requires
neutrinos to have mass. This result provided clear evidence of physics beyond
the Standard Model (BSM), and the open questions that follow from it such as
role of neutrinos in the matter-antimatter asymmetry in our Universe, and the
origin of neutrino masses represent some of the most concrete steps currently
available for probing BSM physics.

Several of these open questions drive the current generation of neutrino
experiments. Resolving the mass ordering of the neutrino mass eigenstates,
whether m3 > m1 (normal ordering) or m3 < m1 (inverted ordering), may im-
prove our understanding of the generational structure of the Standard Model,
constrain BSM models, and inform the interpretation of complementary exper-
iments. In particular, neutrinoless double-beta decay (0νββ) searches, which
probe the possible Majorana nature of neutrinos, are themselves sensitive to
the mass ordering. Agreement between oscillation-based and 0νββ-based de-
terminations would strengthen confidence in both results, while a disagreement
could point to new physics in either sector. The CP-violating phase δCP in the
leptonic mixing matrix is also of significant experimental interest: if sufficiently
large, CP violation in the lepton sector could drive leptogenesis, a mechanism
that may explain the observed matter-antimatter asymmetry in the universe.
Finally, the question of whether the atmospheric mixing angle θ23 lies in the up-
per octant, lower octant, or is exactly maximal remains open. Maximal mixing
would hint at an underlying symmetry that is not yet understood.

The Deep Underground Neutrino Experiment (DUNE) is a next-generation,
US-led international long-baseline neutrino oscillation experiment designed to
address these questions. DUNE will use an intense neutrino beam 2.4 MW
(by 2030)[4] produced at Fermilab, directed over a baseline of approximately
1300 km to cutting-edge liquid argon time projection chamber (LArTPC) far
detector modules located at the Sanford Underground Research Facility (SURF)
in Lead, South Dakota. Although the beam program is DUNE’s primary oscil-
lation measurement tool, atmospheric neutrinos offer a complementary probe.
Their broad, continuous L/E coverage, spanning roughly 10−1 to 105 km/GeV,
provides independent sensitivity to the mass ordering, the atmospheric mix-
ing angle, and matter effects. Upward-going atmospheric neutrinos traverse
the Earth’s mantle and core, sampling varying density profiles that enhance
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matter-driven oscillation effects. Atmospheric neutrinos also provide simultane-
ous access to both neutrinos and antineutrinos without requiring beam polarity
switching. Importantly, atmospheric neutrino data collection can begin as soon
as the far detector modules are filled with liquid argon, independently of the
beam commissioning timeline.

This work represents one of the first dedicated studies of DUNE’s atmo-
spheric neutrino sensitivity using the GUNDAM fitting framework. The os-
cillation probability grid convergence study presented in Chapter 4 is, to the
author’s knowledge, the first rigorous and systematic evaluation of the grid reso-
lution requirements for this analysis, confirming that the 300×300 configuration
adopted by the working group is sufficient for reliable parameter extraction. The
analysis also explores the treatment of atmospheric neutrino production height
within GUNDAM, comparing fixed and averaged configurations and their im-
pact on the oscillation probability calculation. Sensitivity results are presented
through one-dimensional profile likelihoods, two-dimensional contour scans, and
a mass ordering determination study, all constructed from simulated datasets
at 400 kt·yr exposure.

The thesis is organized as follows. Chapter 1 reviews neutrino oscillation
physics and atmospheric neutrino production, which underpins the analysis in
later chapters. Chapter 2 describes the DUNE experiment, including the beam-
line, far detector technology, and atmospheric neutrino detection capabilities.
Chapter 3 presents the statistical methodology, the GUNDAM fitting frame-
work, the analysis configuration, and studies of the neutrino production height
parameterization. Chapter 4 develops the oscillation probability grid optimiza-
tion, including convergence studies that determine the resolution requirements
for the analysis. Chapter 5 presents the sensitivity results, including profile
likelihoods, two-dimensional contours, and the mass ordering study.
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Chapter 1

Neutrino Physics

1.1 Introduction to Neutrinos

1.1.1 What Neutrinos Are

The Standard Model

The standard model (SM) of particle physics describes three of the four known
fundamental interactions (electromagnetic, weak, and strong forces), as well as
the fundamental particles of nature.

Figure 1.1: Standard Model

The SM describes elementary particles as either fermions or bosons. Fermions
are the building blocks of matter, consisting of quarks and leptons with half in-
teger spin. Bosons have integer spin and mediate the fundamental interactions:
photons for electromagnetism, W and Z bosons for weak interactions, and gluons
for the strong interaction. The Higgs boson is responsible for giving particles
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mass, and each fundamental particle has its corresponding antiparticle, with
opposite charge and parity.

While the SM has great success in describing a variety of physical phenom-
ena, it fails to explain the matter-antimatter asymmetry of the universe and
the fundamental nature of dark matter. Furthermore, according to the SM,
neutrinos are predicted to be massless. Experiments at the turn of the cen-
tury including Super-Kamiokande (SK) [38] and Sudbury Neutrino Observatory
(SNO) [9] definitively showed that neutrinos oscillate between flavors as they
propagate through space. This phenomenon is due to the fact that neutrinos
produced with a given flavor are themselves superpositions of distinct neutrino
mass eigenstates (what is commonly referred to as mixing of flavor and mass).
As the neutrino propagates through space, it travels in a basis known as the
mass basis, in which these distinct mass eigenstates travel at different rates,
allowing for the eventually detected neutrino to become a different flavor than
what is started out as.

While the absolute mass of individual neutrinos is currently unknown, they
are at least 500,000 times smaller than the next smallest fundamental particle,
the electron, which has a mass of me ≈ 9.109× 10−31 kg (0.511 MeV/c2) [64].

Properties and Flavors

Neutrinos are neutral, nearly massless, spin- 12 particles that interact only via
the weak force and gravity. They are the most abundant massive particle in
the Universe and belong to the lepton family of the SM. Neutrinos have three
active flavors–electron (νe), muon (νµ), and tau (ντ )–defined by the charged
lepton produced simultaneously during weak interactions.

1.1.2 History of Neutrino Discovery

Pauli’s Postulate (1930): Neutrino Hypothesis

In 1930, in a desperate attempt to explain the continuous β-decay spectrum
(Figure 1.2) [56, 57], physicist Wolfgang Pauli hypothesized a neutral particle
of negligible mass.

Figure 1.2: The continuous energy spectrum of electrons emitted in β-decay.
Image credit: H. Paul, CC BY-SA 4.0 [56].
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Pauli was convinced the particle would never be sensibly measured, famously
stating,

“I have done a terrible thing. I have postulated a particle that
cannot be detected.” [58]

While Pauli initially called the particle a neutron, Enrico Fermi later coined
the name neutrino while developing his theory of weak interactions [36]. When
Bethe and Peierls calculated the neutrino interaction cross section to be ex-
tremely small (10−44 cm2 at Eν = 2 MeV) [19], detection seemed nearly impos-
sible.

Cowan & Reines (1956): Electron Antineutrino Discovery

In 1956, C. Cowan and F. Reines made the first direct experimental confirmation
of the neutrino [23] by studying inverse beta decay:

ν̄e + p → e+ + n (1.1)

Using electron antineutrinos from a nuclear reactor, they observed interactions
in water containing dissolved cadmium chloride (CdCl2). The positron annihi-
lated with an electron releasing two gamma rays, and the neutron was captured
by cadmium, producing another gamma ray, providing a conclusive signature.
This led to the 1995 Nobel Prize in Physics.

Lederman, Schwartz, Steinberger (1962): Muon Neutrino Discovery

In 1962, Lederman, Schwartz, and Steinberger discovered the muon neutrino [25].
Using the Alternating Gradient Synchrotron (AGS) at Brookhaven National
Laboratory, they produced a shower of pi mesons whose decays yielded muons
and neutrinos. Only the neutrinos could pass through a 5,000 ton steel wall
to reach a spark chamber detector. The neutrinos interacted with aluminum
plates producing muon trails, definitively providing evidence of a second neu-
trino flavor and earning the 1988 Nobel Prize in Physics.

DONUT (2000): Tau Neutrino Discovery

The last active flavor was discovered by the DONUT (Direct Observation of the
Nu Tau) collaboration [49]. Using neutrinos produced from a high energy proton
beam striking a tungsten target, the experiment detected the characteristic tau
lepton signature from tau neutrino interactions with iron nuclei, providing direct
evidence of ντ .

LEP Z-Width Measurement: Constraint on Maximum Active Neu-
trino Flavors

The CERN LEP experiment constrained the number of active neutrino flavors
by measuring the Z-boson decay width [60]. After subtracting the visible decay
width from the total, the remaining invisible width, corresponding to unde-
tectable neutrino-antineutrino pairs, was consistent with exactly three active
neutrino flavors. This measurement does not rule out additional “sterile neutri-
nos” that do not couple to the Z boson.
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1.1.3 The Solar Neutrino Problem

In the late 1960s, Raymond Davis, Jr. and John N. Bahcall conducted the
Homestake experiment in Lead, South Dakota [26], aiming to count neutrinos
produced in the Sun via nuclear fusion. They observed only about one third of
the expected neutrinos, introducing the solar neutrino problem. For the discov-
ery of solar neutrinos, Davis was awarded the 2002 Nobel Prize in Physics [54].

In response to the solar neutrino problem, theorist Bruno Pontecorvo pro-
posed neutrino oscillations, in which neutrinos transform between flavors dur-
ing propagation [59]. Multiple experiments confirmed the deficit, including the
gallium-based GALLEX [42] and SAGE [1], and the water-based Kamiokande [44].

A theoretical framework for understanding the deficit involves the Wolfen-
stein matter potential [63]. When neutrinos propagate through matter, they
undergo coherent forward scattering off particles in the medium. This process
involves no momentum transfer and no deflection of the neutrino; rather, the
collective weak interaction with the medium produces an effective potential that
modifies the neutrino’s phase during propagation, analogous to a refractive in-
dex for light in glass. Crucially, this potential is flavor dependent: electron
neutrinos experience an additional contribution from charged current scattering
off electrons (via W boson exchange), an interaction not available to νµ or ντ ,
which only interact through the flavor universal neutral current. This flavor
dependent potential modifies the effective mixing angle and mass-squared split-
ting in matter. The Mikheyev-Smirnov-Wolfenstein (MSW) effect [51] describes
how, at a particular electron density, the effective mixing angle reaches π/4 re-
gardless of the vacuum mixing angle, producing a resonance in which efficient
flavor conversion occurs. Solar neutrinos, produced in the dense core and prop-
agating outward through a decreasing density profile, can cross this resonance
and undergo significant νe disappearance, providing a compelling explanation
for the observed flux suppression.

1.1.4 The Atmospheric Neutrino Problem

In the 1980s, a deficit in atmospheric muon neutrinos was observed relative
to predictions. Cosmic ray interactions in the atmosphere produce pions and
kaons, which decay into muons and neutrinos, with an expected νµ-to-νe ratio
of approximately 2:1 assuming no new physics; the origin of this ratio from pion
and kaon decay chains is discussed in Section 1.4.

The Kamiokande and Irvine-Michigan-Brookhaven (IMB) detectors, both
water-based Cherenkov detectors originally developed for proton decay searches,
were among the first to characterize this anomaly. Their large instrumented
volumes (necessary to compensate for small neutrino cross sections) naturally
lent themselves to detecting atmospheric neutrinos [18]. Using the double ratio
R = (µ/e)data/(µ/e)MC, both experiments found R ≈ 0.6, indicating fewer
muon neutrinos than expected [20, 43].

In 1998, Super-Kamiokande observed a striking zenith angle dependence of
the muon neutrino flux (Figure 1.3) [38]. Upward-going neutrinos, traveling
approximately 13,000 km through the Earth, showed roughly half the expected
flux, while downward-going neutrinos, produced about 15 km above the detec-
tor, arrived at the expected rate. Electron neutrinos showed no such asymmetry.
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Figure 1.3: Zenith angle distributions of µ-like and e-like events for sub-GeV
and multi-GeV data sets measured by Super-Kamiokande. The hatched region
shows the no oscillation expectation; the bold line shows the best fit νµ ↔ ντ
oscillation. The µ-like deficit for upward-going events (cosΘ < 0) provided
definitive evidence for atmospheric neutrino oscillations. Figure from [38].

1.1.5 Discovery of Neutrino Oscillations

The Super-Kamiokande (SK) zenith angle measurement provided the first defini-
tive evidence for neutrino oscillations [38]. The zenith angle serves as a proxy for
the neutrino propagation baseline length L. Under the oscillation hypothesis,
a neutrino’s survival probability depends on L/E: short baseline (downward-
going) neutrinos have insufficient distance to oscillate, while long baseline (upward-
going) neutrinos have. The disappearance of only muon neutrinos, following
the expected L/E dependence, pointed to νµ → ντ oscillations. The data was
consistent with maximal mixing (sin2 2θ23 ≈ 1) and ∆m2

32 ≈ 2.5 × 10−3 eV2,
providing the first compelling evidence that neutrinos have mass.

The solar neutrino problem was independently resolved by the Sudbury Neu-
trino Observatory (SNO) [9]. SNO used heavy water (D2O) to study neutrinos
through neutral current (NC), charged current (CC), and elastic scattering (ES)
channels. The NC measurement of the total neutrino flux was consistent with
solar model predictions, while the CC measurement, sensitive only to νe, showed
only about one third of the expected total. This provided direct evidence for
neutrino flavor transformation: the solar νe flux was not disappearing, but con-
verting into νµ and ντ through the MSW effect described in Section 1.1.3.

These two independent results, from different neutrino sources and differ-
ent L/E regimes, converged on the same conclusion: neutrinos are massive
particles that undergo flavor oscillations described by the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) mixing matrix. Takaaki Kajita (Super-Kamiokande)
and Arthur B. McDonald (SNO) shared the 2015 Nobel Prize in Physics for the
discovery of neutrino oscillations [55]. With neutrino oscillations firmly estab-
lished, several fundamental questions about the oscillation framework remain
unresolved and are discussed in Section 1.3.
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1.2 Neutrino Oscillations

Neutrino oscillations occur because neutrino flavor eigenstates (νe, νµ, ντ ) pro-
duced and absorbed in weak interactions are coherent linear superpositions
of the neutrino mass eigenstates (ν1, ν2, ν3), related by the Pontecorvo–Maki–
Nakagawa–Sakata (PMNS) leptonic mixing matrix (1.5).

Because the mass eigenstates have different masses, they accumulate dif-
ferent phases as they propagate. When the neutrino is detected via a weak
interaction, interference between these mass eigenstate components makes the
probability of observing a given flavor vary sinusoidally with L

E , where L is the
neutrino’s propagation length and E is the neutrino energy, with frequencies set
by the mass squared splittings ∆m2

ij .
The flavor eigenstates,

(νe, νµ, ντ ) , (1.2)

are related to the mass eigenstates,

(ν1, ν2, ν3) , (1.3)

through the PMNS matrix:

να =

3∑
i=1

Uαiνi, (1.4)

where α = e, µ, τ labels flavor and i labels mass eigenstates.
The PMNS matrix is parameterized by three mixing angles (θ12, θ23, θ13)

and a CP-violating phase δCP:

U =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδCP

0 1 0
−s13e

iδCP 0 c13

 c12 s12 0
−s12 c12 0
0 0 1

 , (1.5)

where cij = cos θij and sij = sin θij .

1.2.1 Vacuum Oscillations

In vacuum, the time evolution of a neutrino mass eigenstate with energy Ei is
given by

νi(t) = e−iEitνi(0). (1.6)

For relativistic neutrinos, the energy can be approximated as

Ei ≃ E +
m2

i

2E
, (1.7)

where E is the neutrino energy and mi is the mass of the ith eigenstate.
The general three-flavor probability for a neutrino produced in flavor state

να to be detected as flavor νβ after traveling a distance L is

Pα→β =

∣∣∣∣∣∑
i

UβiU
∗
αi exp

(
−i

∆m2
i1L

2E

)∣∣∣∣∣
2

, (1.8)
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where ∆m2
ij = m2

i − m2
j . As a pedagogical limit, if only two flavors mix with

a single mixing angle θ and a single mass-squared splitting ∆m2, Equation 1.8
reduces to

Pα→β = sin2(2θ) sin2
(
∆m2L

4E

)
, (1.9)

which illustrates the characteristic L/E dependence of neutrino oscillations. The
realistic three-flavor case, relevant for DUNE, requires expanding Equation 1.8
channel by channel.

For the channels relevant to atmospheric neutrino oscillations, the general
probability in Equation 1.8 can be expanded in terms of the PMNS matrix
elements and the oscillation phases ∆ij ≡ ∆m2

ijL/4E. Throughout this section,
the “atmospheric limit” refers to the regime relevant to DUNE, in which ∆21 ≪
1 and ∆31 ≈ ∆32. For each channel we give the exact three-flavor expression
first, followed by its atmospheric limit approximation.

νµ survival probability: For the disappearance channel νµ → νµ, the imagi-
nary terms in Equation 1.8 vanish and the exact three-flavor probability reduces
to [41]

P (νµ → νµ) = 1−4|Uµ1|2|Uµ2|2 sin2 ∆21−4|Uµ1|2|Uµ3|2 sin2 ∆31−4|Uµ2|2|Uµ3|2 sin2 ∆32 .
(1.10)

In the atmospheric limit, the first term is negligible and the second and third
combine to give the atmospheric limit survival probability

P (νµ → νµ) ≈ 1− 4|Uµ3|2
(
1− |Uµ3|2

)
sin2

(
∆m2

32L

4E

)
, (1.11)

where |Uµ3|2 = sin2 θ23 cos
2 θ13. The effective mixing factor 4 sin2 θ23 cos

2 θ13(1−
sin2 θ23 cos

2 θ13) reduces to sin2 2θ23 in the limit θ13 → 0, recovering the two
flavor form of Equation 1.9. Because θ13 is small (sin2 θ13 ≈ 0.022 from Table
3.1), the correction is at the percent level, and atmospheric νµ disappearance
remains primarily sensitive to θ23 and ∆m2

32.

νµ → νe appearance probability. The appearance channel provides sensi-
tivity to θ13, δCP, and the mass ordering. For α ̸= β, the exact three-flavor
vacuum probability contains both CP-conserving and CP-violating terms [41]:

P (νµ → νe) = −4
∑
i>j

Re
(
U∗
µi Uei Uµj U

∗
ej

)
sin2 ∆ij

+ 2
∑
i>j

Im
(
U∗
µi Uei Uµj U

∗
ej

)
sin 2∆ij . (1.12)

The first sum is CP-even (identical for neutrinos and antineutrinos) while the
second is CP-odd (changes sign under ν → ν̄). In the atmospheric limit (∆21 →
0), the leading three-flavor vacuum appearance probability simplifies to

P (νµ → νe) ≈ sin2 θ23 sin2 2θ13 sin2
(
∆m2

32L

4E

)
. (1.13)

This leading term scales as sin2 θ23 rather than sin2 2θ23, making the appearance
channel sensitive to the θ23 octant, in contrast to the disappearance channel
(Equation 1.11).

9



CHAPTER 1. NEUTRINO PHYSICS

All CP-violating effects in Equation 1.12 are proportional to the Jarlskog
invariant [41],

J = c12 s12 c23 s23 c
2
13 s13 sin δCP , (1.14)

which is the unique parametrization-independent measure of CP violation in the
PMNS matrix and vanishes if any mixing angle is zero or if δCP = 0 or π. The
CP asymmetry between neutrino and antineutrino appearance channels is [41]

P (νµ → νe)− P (ν̄µ → ν̄e) = 16 J sin∆21 sin∆31 sin∆32 , (1.15)

which requires all three mass splittings to contribute simultaneously and is there-
fore an intrinsically three flavor effect.

νµ → ντ appearance. By unitarity of the PMNS matrix, the νµ → ντ tran-
sition probability is fully determined by the other two channels:

P (νµ → ντ ) = 1− P (νµ → νµ)− P (νµ → νe) . (1.16)

The DUNE far detector does not reconstruct τ leptons directly, so ντ appearance
manifests as a depletion of the νµ sample. The unitarity relation ensures that
fits to the νµ and νe selected samples implicitly account for this channel.

1.2.2 Matter Effects

When neutrinos propagate through matter, coherent forward scattering on elec-
trons modifies their effective Hamiltonian. Electron neutrinos experience an
additional charged-current potential:

VCC =
√
2GFNe, (1.17)

where GF is the Fermi constant and Ne is the electron number density.

Resonant enhancement of oscillations occurs when

√
2GFNe ≃

∆m2 cos 2θ

2E
. (1.18)

For atmospheric neutrinos traversing the Earth, matter effects become signifi-
cant for multi-GeV energies and long baselines, providing sensitivity to the neu-
trino mass ordering. Since the matter potential changes sign for antineutrinos,
the MSW effect introduces an asymmetry between neutrino and antineutrino
oscillations that depends on the sign of ∆m2

31. The complexity of the exact
three-flavor oscillation probabilities in matter motivates the use of numerical
approaches, as discussed in Section 3.3.

Approximate appearance probability in matter. For neutrinos prop-
agating through matter of constant electron number density ne, an analytic
approximation to the νµ → νe appearance probability, valid to second order in
the small parameters α ≡ ∆m2

21/∆m2
31 and sin θ13, was derived by Cervera et
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al. [22] and Freund [37]:

P (
(−)

ν µ → (−)

ν e) ≈ sin2 θ23
sin2 2θ13

(Â− 1)2
sin2

[
(Â− 1)∆31

]
∓ α

J0 sin δCP

Â(1− Â)
sin∆31 sin(Â∆31) sin

[
(1− Â)∆31

]
+ α

J0 cos δCP

Â(1− Â)
cos∆31 sin(Â∆31) sin

[
(1− Â)∆31

]
+ α2 cos2 θ23

sin2 2θ12

Â2
sin2(Â∆31) , (1.19)

where the upper sign (−) applies to neutrinos and the lower sign (+) to an-
tineutrinos, and the auxiliary quantities are defined as

α = ∆m2
21/∆m2

31 , ∆ij = ∆m2
ij L/4E , (1.20)

Â = 2
√
2GF ne E /∆m2

31 , J0 = sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 . (1.21)

For antineutrinos, the matter parameter changes sign: Â → −Â.
The four terms have distinct physical roles. The first, proportional to

sin2 θ23 sin
2 2θ13, is the dominant θ13-driven appearance term and is resonantly

enhanced when Â → 1. This MSW resonance occurs for neutrinos if ∆m2
31 > 0

(normal ordering) and for antineutrinos if ∆m2
31 < 0 (inverted ordering), provid-

ing sensitivity to the mass ordering (Section 5.3). The second term, proportional
to sin δCP, is the CP-violating interference between the atmospheric and solar
oscillation amplitudes. The third, proportional to cos δCP, is a CP-conserving
interference term. The fourth is the pure solar contribution, suppressed by
α2 ≈ 10−3.

An important limitation of Equation 1.19 is that it assumes a constant mat-
ter density along the neutrino trajectory. This is a reasonable approximation for
long-baseline beam experiments such as T2K [3] and NOvA [7], where neutrinos
travel through the Earth’s crust at roughly constant density over baselines of a
few hundred kilometers. For atmospheric neutrinos, this approximation breaks
down: upward-going neutrinos traverse the mantle and potentially the core, en-
countering density variations from ∼3 g/cm3 near the surface to ∼13 g/cm3 at
the inner core, as described by the PREM density profile [33]. No closed-form
analytic solution exists for propagation through a continuously varying density
profile [37].

The numerical approach used in this analysis handles the varying density
exactly. The oscillation probability engine CUDAProb3 [61] divides the Earth
into concentric shells of constant density following the PREM model. Within
each shell, the three-flavor evolution equation

i
d

dx

νe
νµ
ντ

 =

[
1

2E
U M2 U† +V(x)

]νe
νµ
ντ

 , (1.22)

whereM2 = diag(0,∆m2
21,∆m2

31) andV(x) = diag(
√
2GF ne(x), 0, 0), is solved

exactly by matrix exponentiation at the constant density of that shell. The to-
tal propagation matrix is obtained by multiplying the individual shell matrices
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in sequence. All oscillation probabilities presented in this thesis are computed
using this method, as described in Section 3.3.

Despite this limitation, the analytic form is useful for identifying which pa-
rameters enter at leading order and where the matter resonance occurs. The
qualitative dependence on θ13, θ23, δCP, Â, and the mass ordering carries over
to the full numerical calculation, even when the constant-density approximation
itself does not hold.

1.2.3 CP Violation

The CP-violating phase δCP further enriches the structure of neutrino oscil-
lations in matter. In three flavor oscillations, CP-violating effects arise from
interference between multiple oscillation frequencies and are intrinsically entan-
gled with matter-induced asymmetries.

1.3 Open Questions in Neutrino Physics

Several major open questions motivate the next generation of neutrino experi-
ments, including DUNE.

Mass Ordering Hierarchy. Three neutrino mass eigenstates (ν1, ν2, ν3) are
established and the mass-squared splittings ∆m2

ij have been measured, but the

sign of ∆m2
32 remains unknown. In normal ordering (NO), m1 < m2 < m3;

in inverted ordering (IO), m3 < m1 < m2. Determining the ordering has
implications for neutrinoless double beta decay searches, cosmological models,
and supernova neutrino physics.

CP Violation. The PMNS matrix contains a complex phase δCP. If non-zero,
neutrinos and antineutrinos oscillate at different rates, implying CP violation in
the leptonic sector. Such violation could contribute to explaining the matter–
antimatter asymmetry through leptogenesis [39]. While δCP is not yet well
constrained, DUNE is specifically designed to measure this parameter.

The θ23 Octant. Experiments including Super-K [38], T2K [3], and NOvA [7]
have established that sin2 2θ23 is close to unity. However, exactly maximal mix-
ing (θ23 = 45◦) would suggest an underlying symmetry such as µ–τ symmetry,
while a deviation would require flavor models to account for it. DUNE and
Hyper-Kamiokande are designed to resolve the octant [2, 4].

Dirac vs. Majorana Nature. An open question beyond the reach of oscil-
lation experiments: are neutrinos their own antiparticles? If so, they are Majo-
rana fermions; if not, Dirac fermions. Neutrinoless double beta decay (0νββ)
searches can resolve this [27]. If neutrinos are Majorana particles, the seesaw
mechanism would provide a natural explanation for their small masses [52, 65].

Absolute Neutrino Mass Neutrino oscillation experiments only measure
the mass squared splittings ∆m2

ij , where i, j denote the neutrino mass eigen-
states. In this sense, oscillation experiments are blind to the overall mass
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scale; all three neutrino masses could be nearly degenerate or strongly hier-
archical. There are three main avenues by which physicists attempt to con-
strain the absolute neutrino mass: direct kinematic measurements such as the
KATRIN experiment, which constrains the effective electron antineutrino mass
from the tritium beta decay endpoint; cosmological bounds on the sum of neu-
trino masses from observations of the Cosmic Microwave Background (CMB)
and large scale structure; and neutrinoless double beta decay (0νββ) experi-
ments, which probe the effective Majorana mass mββ . Note that the effective
Majorana mass mββ =

∣∣∑
i U

2
eimi

∣∣ is a coherent sum over the mass eigenstates,
in which the Majorana phases can lead to partial or complete cancellation; it is
therefore distinct from the absolute mass scale and its interpretation depends
on knowledge of the mixing parameters.

While DUNE cannot answer all of these questions, it is uniquely positioned
to probe the mass ordering, δCP, and the θ23 octant through its long-baseline
beam and atmospheric neutrino programs, as discussed in Chapter 2.

1.4 Atmospheric Neutrinos

Atmospheric neutrinos are produced by interactions of cosmic rays with atomic
nuclei in Earth’s atmosphere. High energy cosmic ray particles, predominantly
protons, collide with nitrogen and oxygen nuclei in the upper atmosphere, initi-
ating hadronic cascades that produce mesons. The subsequent decays of pions
and kaons generate the atmospheric neutrino flux.

Figure 1.4: Schematic of atmospheric neutrino production. A primary cosmic
ray interacts in the upper atmosphere, producing pions. Charged pions decay
to muons and νµ, and the muons subsequently decay to electrons, νe, and νµ.
Figure from Ref. [48].
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1.4.1 Cosmic Ray Primaries

The primary cosmic ray flux is composed of approximately 90% protons, 9%
helium nuclei, and 1% heavier nuclei [8, 53]. The energy spectrum spans ap-
proximately eleven orders of magnitude, from ∼ 109 eV to beyond 1020 eV. Be-
low ∼ 100 TeV, the spectrum is measured directly by balloon based and space
based experiments including AMS-02, PAMELA, CALET, and DAMPE [53].
At higher energies, ground-based observatories such as the Pierre Auger Obser-
vatory measure extensive air showers [53].

The differential flux follows an approximate power law,

dΦ

dE
∝ E−γ , (1.23)

with spectral index γ ≈ 2.7 below the “knee” at ∼ 3 PeV [8]. This steeply falling
spectrum is inherited by the atmospheric neutrino flux, which also decreases
rapidly with energy [48], so lower-energy cosmic rays dominate atmospheric
neutrino production. For DUNE, the relevant primary cosmic ray energies range
from approximately 1 GeV to 1 TeV, corresponding to neutrino energies from
sub-GeV to ∼ 100 GeV.

DUNE atmospheric ν range

Figure 1.5: The cosmic ray energy spectrum, showing flux multiplied by E2

versus energy. Individual components (H, He, O, Fe) are shown at lower ener-
gies, with the all-particle spectrum extending to the highest energies. The knee
(∼ 106 GeV), second knee, and ankle features are labeled. The red box indicates
the approximate primary cosmic ray energy range responsible for producing the
atmospheric neutrino flux relevant to DUNE far detector reconstruction studies,
which covers neutrino energies from 100 MeV to 10 GeV [32]. Figure from the
Cosmic Ray Database (CRDB) [10].
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1.4.2 Hadronic Interactions and Meson Production

When cosmic ray protons collide with atmospheric nuclei, mesons are produced.
The first interaction typically occurs at an altitude of ∼ 15 km [21]:

p+N → π±, π0 +X, (1.24)

where N represents an atmospheric nucleus (nitrogen or oxygen) and X denotes
additional hadronic products. Kaon production requires higher energies and is
therefore rarer. The collision produces roughly equal numbers of π+, π−, and
π0, but only the charged pions matter for neutrino production since π0 → γ+γ.

1.4.3 Decay Chains and the Flavor Ratio

The dominant pion decay mode (branching ratio 99.99% [53]) is leptonic:

π+ → µ+ + νµ, π− → µ− + ν̄µ (1.25)

The resulting muons then decay with a branching ratio of nearly 100% [53]:

µ+ → e+ + νe + ν̄µ, µ− → e− + ν̄e + νµ (1.26)

At higher energies, pions are more likely to interact with air nuclei before
decaying. Above the pion critical energy (ϵπ ≈ 115 GeV), kaon decays become
the dominant source of atmospheric neutrinos [40].

Table 1.1: Principal decay modes contributing to atmospheric neutrino produc-
tion. Branching ratios from [53].

Decay Products Branching Ratio Neutrino Type

π+ → µ+νµ µ+, νµ 99.99% νµ
µ+ → e+νeν̄µ e+, νe, ν̄µ 100% νe, ν̄µ
K+ → µ+νµ µ+, νµ 63.6% νµ
K+ → π0e+νe π0, e+, νe 5.1% νe

The charge conjugate decays of π−, µ−, and K− proceed with identical
branching ratios (to the precision shown above) and produce the corresponding
antineutrinos, contributing the ν̄µ and ν̄e components to the atmospheric flux.

Counting the neutrinos produced in a complete π → µ → e decay chain
yields two muon flavor neutrinos and one electron flavor neutrino, giving the
expected flavor ratio:

(νµ + ν̄µ)

(νe + ν̄e)
≈ 2 (1.27)

As discussed in Section 1.1, this expected ratio was not observed experimentally,
establishing the atmospheric neutrino anomaly [38].

1.4.4 Energy Dependence of the Flavor Ratio

In the muon rest frame, the mean lifetime is τ0 ≈ 2.197 µs [53], so even traveling
at the speed of light a muon would cover only cτ0 ≈ 660 m before decaying, far
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shorter than the ∼ 15 km path to the surface, and one might naively conclude
that essentially no muons should reach the ground.

Time dilation resolves this apparent issue. In the Earth’s frame, a muon
with energy Eµ and rest mass mµ ≈ 105.66 MeV/c2 [53] has a Lorentz factor
γ = Eµ/(mµc

2), and its lifetime is dilated to γτ0. The corresponding mean
decay length becomes Lµ = γβcτ0 ≈ γcτ0 (for β ≈ 1), or equivalently

Lµ ≈ 6.2 km×
(

Eµ

GeV

)
. (1.28)

For a muon with Eµ = 1 GeV, γ ≈ 9.5 and Lµ ≈ 6.2 km, so a substantial
fraction survive the trip to the surface. At Eµ = 10 GeV, Lµ ≈ 62 km, so the
decay length far exceeds the atmospheric thickness and most muons reach the
ground before decaying.

Since most electron neutrinos come from muon decay, high energy muons
that reach the ground do not contribute their νe and second νµ to the atmo-
spheric flux. Therefore, at high energies (≳ 100 GeV), the flavor ratio increases
above 2, while at low energies the 2:1 ratio is preserved [40].

Figure 1.6 shows the calculated flavor ratio as a function of energy from
three independent flux calculations. The ratio is approximately 2 below 1 GeV,
as expected from the decay chain in Section 1.4.3. Above this energy, the ratio
increases as muons increasingly reach the ground before decaying. The close
agreement between models demonstrates that this ratio is well constrained, with
uncertainties of only a few percent in the GeV range [16, 17, 46].

1.4.5 Production Height and Zenith Angle Dependence

Atmospheric neutrinos have a production height distribution that depends on
energy and zenith angle. For GeV-scale neutrinos, the production height peaks
at around 15–20 km [45]. As energy increases, mesons penetrate deeper into
the atmosphere before decaying, shifting the mean production height downward
and broadening the distribution [45]. At even higher energies, muon and pion
decays become negligible and kaon decays dominate.

For a spherical Earth with radius R⊕, the baseline is given by:

L =
√
(R⊕ + h)2 −R2

⊕ sin2 θ −R⊕ cos θ (1.29)

where θz is the zenith angle, defined such that cos θz = 1 corresponds to
downward-going and cos θz = −1 to upward-going neutrinos. While L ≈ h for
vertically down-going neutrinos, small variations in h can produce large changes
in L for near horizontal trajectories, since the trajectory is essentially tangent
to the Earth’s surface.

If neutrinos did not oscillate, the flux would be symmetric: Φ(θ) = Φ(π−θ),
since cosmic rays arrive isotropically and the atmosphere is uniform on average.
Instead, Nup(E) ̸= Ndown(E) because upward-going neutrinos travel baselines
up to ∼12,700 km, sufficient for significant oscillation, while downward-going
neutrinos travel only ∼15 km. The observation of this asymmetry by Super-
Kamiokande provided definitive evidence for neutrino oscillations [38].

16



1.4. ATMOSPHERIC NEUTRINOS

Figure 1.6: Calculated (νµ+ ν̄µ)/(νe+ ν̄e) ratio of the atmospheric neutrino flux
as a function of neutrino energy, using three different flux model calculations.
Figure from [48].

Figure 1.7: Geometry of atmospheric neutrino production. A neutrino produced
at height h above the Earth’s surface travels a baseline L to reach the under-
ground detector, depending on the zenith angle θ.
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Figure 1.8: Geometry of an atmospheric neutrino trajectory through the Earth.
The zenith angle at production θin and at detection θout satisfies θin = π− θout,
reflecting the up-down symmetry of atmospheric neutrino production. Figure
from [48].
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1.4.6 Atmospheric Neutrino Flux Modeling

Accurate neutrino flux modeling requires knowledge of the incoming cosmic ray
spectrum, hadronic interaction physics (p+N → π,K, etc.), and meson decay
kinematics. The dominant uncertainty comes from the hadronic cross sections,
particularly for forward meson production, where secondary pions and kaons
emerge at small angles relative to the incoming cosmic ray. This regime is
difficult to measure at accelerator experiments for three reasons: the forward
direction coincides with the beam pipe, so there is a geometric blind spot where
detectors cannot be placed; particle identification between pions, kaons, and
protons becomes increasingly difficult at high forward momentum; and most
existing data are taken on proton or carbon targets rather than the nitrogen and
oxygen nuclei that make up the atmosphere, requiring nuclear extrapolations.
Forward production dominates the atmospheric neutrino flux because forward
going mesons carry the largest fraction of the parent cosmic ray’s energy, so
uncertainties in this regime propagate directly into the predicted flux.

Several Monte Carlo flux calculations exist, including Honda, FLUKA, and
Bartol, each employing different hadronic interaction models (DPMJET, FLUKA’s
internal model, and TARGET, respectively). For this analysis we use the Honda
flux [45], the standard reference in oscillation physics experiments, which com-
bines the DPMJET-III hadronic interaction model (above 32 GeV) and the JAM
nuclear interaction model (below 32 GeV) with the NRLMSISE-00 atmospheric
model, tuned against atmospheric muon measurements. The calculation ac-
counts for all combinations of projectile target collisions: while most of the flux
comes from p+N and p+O, helium and heavier nuclei also contribute. For the
primary cosmic ray energies relevant to DUNE’s atmospheric neutrino sample
(approximately 1 to a few hundred GeV, producing neutrinos in the 100 MeV to
10 GeV range [32]), Honda is the standard reference used by Super-Kamiokande,
IceCube, and DUNE.

1.4.7 Oscillation Signatures in Atmospheric Neutrinos

As noted in Section 1.2.1, in the two-flavor approximation, the oscillation prob-
ability is

Pα→β = sin2(2θ) sin2
(
1.27

∆m2 (eV2)L (km)

Eν (GeV)

)
, (1.30)

[41]. The oscillation probability depends on the dimensionless phase ∆m2L
E , a

general property of neutrino oscillations.
To leading order, atmospheric neutrino oscillations are well described by two

flavor νµ disappearance driven by ∆m2
32 and θ23, with three flavor and matter ef-

fects providing subleading corrections. As shown in Table 1.2, atmospheric neu-
trinos span baselines of L = 15-12,700 km and energies E = 0.1-100 GeV [41].

This broad L/E coverage allows direct observation of the oscillation proba-
bility’s dependence on L/E. In 1998, Super-Kamiokande demonstrated this by
measuring the zenith angle dependence of atmospheric νµ events [38]: downward
going neutrinos (L ∼ 15 km) showed no deficit, while upward going neutrinos
(L ∼ 10,000 km) exhibited a clear deficit. The νe events showed no correspond-
ing deficit, indicating the dominant channel is νµ → ντ .

Because upward going neutrinos traverse the Earth’s mantle and core, they
undergo coherent forward scattering off electrons and nucleons. While νe can
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Figure 1.9: Ratio of observed to expected atmospheric νµ events as a function of
L/E. The dip around L/E ∼ 500 km/GeV corresponds to the first oscillation
minimum. Figure from [14].

Table 1.2: Characteristic baselines, energies, and resulting L/E coverage of
atmospheric neutrinos.

Quantity Typical range Physical origin
Baseline L ∼ 15–12,700 km Down-going to up-going trajectories
Energy E ∼ 0.1–100 GeV Atmospheric production spectrum
L/E ∼ 10−1–105 km/GeV Derived from L and E ranges

scatter via both charged current (W exchange) and neutral current (Z exchange),
νµ and ντ scatter only via neutral current. This generates an effective potential
experienced only by νe, as discussed in Section 1.2.2.

The DUNE atmospheric neutrino program complements beam-based mea-
surements by providing independent sensitivity to the neutrino mass ordering
and δCP . In the following chapter, we describe the DUNE experiment in detail.
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Chapter 2

The DUNE Experiment

The Deep Underground Neutrino Experiment (DUNE) is an international ex-
periment hosted by Fermilab and the U.S. Department of Energy. The experi-
ment will consist of a far detector module located underground at the Sanford
Underground Research Facility (SURF) in Lead, South Dakota, approximately
1300 km from Fermilab, as well as a near detector module located at Fermilab
in Batavia, Illinois. As the next generation of experiment designed to address
fundamental unresolved questions in modern neutrino physics, DUNE is a large
international effort consisting of over 1500 collaborators from more than 200
institutions [4].

DUNE will be the largest long-baseline neutrino experiment ever built, with
a baseline distance of 1300 km from Fermilab to SURF. While DUNE is cur-
rently under construction and has experienced numerous delays and cost growth,
Phase I beam operations are expected to begin in the early 2030s [4]. The exper-
iment, given its scale, has numerous benchmarked phases, making it effectively
a staged experiment.

Phase I, currently under construction, involves:

• Two far detector modules: FD1 (horizontal drift) and FD2 (vertical drift),
with cryostats being installed at SURF as of 2026–2027,

• A subset of the near detector complex,

• A 1.2 MW beam from the PIP-II upgraded accelerator at Fermilab.

Phase II is planned but not yet fully funded or deployed. This phase consists
of a third and fourth far detector module, the full near detector suite, and an
upgrade of the neutrino beam to 2.4 MW. While there is currently no firm com-
pletion date, design decisions are expected within the next few years. The full
four-module far detector is the ultimate goal, but meaningful physics, including
the mass ordering determination and CP violation searches, can be extracted
with just the first two modules.

DUNE seeks to address: precision measurement of the CP-violating leptonic
mixing phase δCP , the neutrino mass eigenstate ordering (hierarchy), precision
measurements of oscillation parameters such as θ23 (the atmospheric mixing
angle) and its octant, beyond-the-Standard-Model physics searches, supernova
neutrino detection, and proton decay searches. The DUNE experiment will
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integrate the world’s most intense neutrino beam with a deep underground,
state-of-the-art far detector using novel liquid argon detection technology.

In this chapter, we outline the physics goals, the Long-Baseline Neutrino
Facility (LBNF) beam, the near detector complex, the far detector, event re-
construction, and the atmospheric neutrino capabilities of DUNE.

2.1 Physics Goals

2.1.1 CP Violation

The search for leptonic CP violation is one of the central goals of the DUNE
physics program. CP violation in the lepton sector is of particular interest
because it may help explain the observed matter-antimatter asymmetry of the
universe through leptogenesis [4]. DUNE’s sensitivity to δCP emerges from
comparing νµ → νe and ν̄µ → ν̄e appearance rates in the long-baseline beam;
a difference between these rates beyond what is expected from matter effects
alone would indicate CP violation.

The 2023 Particle Physics Project Prioritization Panel (P5) identified DUNE
Phase II as the ”definitive long-baseline neutrino oscillation experiment of its
kind,” recommending early implementation of an accelerator upgrade to enable
2.1 MW beam operation, together with the deployment of a third far detector
module and an upgraded near detector complex [13]. Under this plan, DUNE is
expected to reach the Phase I design exposure of 120 kt·MW·yr by the mid-2030s
and 600 kt·MW·yr by the mid-2040s [13]. Detailed sensitivity projections based
on a full simulation and reconstruction of the DUNE far and near detectors are
presented in Ref. [5]: DUNE has the potential to observe CP violation in the
neutrino sector at 3σ (5σ) after an exposure of 5 (10) years, for 50% of all δCP

values [5].

2.1.2 Mass Ordering Determination

One of the primary goals of DUNE is to determine the neutrino mass ordering,
determining the sign of ∆m2

31 ≡ m2
3 −m2

1. As discussed in Chapter 1, the long
1300 km baseline and the resulting matter effects provide DUNE with strong
sensitivity to the mass ordering for any value of δCP .

2.1.3 Precision Oscillation Measurements

Another main goal of DUNE is the precision measurement of the mixing angle
θ23 and determination of which octant the mixing angle is in [4]. DUNE is
also designed to test the three flavor oscillation paradigm itself, for example
through searches for non-unitarity of the PMNS matrix, sterile neutrinos, and
non-standard neutrino interactions[4].

2.1.4 BSM Searches, Supernova Neutrinos, and Nucleon
Decay

DUNE is also uniquely positioned to search for supernova neutrino bursts (SNBs)
and for proton decay, a form of nucleon decay as of yet unobserved. The large
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underground liquid argon far detector provides an ideal environment for these
searches due to its massive fiducial volume and low background rates at depth.

2.2 LBNF Beam

Figure 2.1: Schematic of the LBNF beamline and near detector complex at
Fermilab. Figure from [4].

2.2.1 Fermilab Accelerator Complex

The Fermilab accelerator complex is a world-class particle beam facility. All
sensitivities discussed in this thesis, excluding atmospheric neutrino results (as
atmospheric neutrinos are not generated via the neutrino beam), are calculated
assuming a 1.2 MW neutrino beam with a corresponding rate of protons on
target (POT) per year on the order of 1.1× 1021 POT, assuming a 56% LBNF
beam uptime [4].

The PIP-II upgrade of the Fermilab accelerator complex will deliver between
1.0 MW and 1.2 MW of proton beam power from Fermilab’s Main Injector in
the energy range of 60–120 GeV at the start of DUNE operations, and provide a
platform for extending beam power to greater than 2 MW [4]. There is a further
planned upgrade that would bring the accelerator complex beam to provide up
to 2.4 MW of beam power.

2.2.2 Beam Production and Energy Spectrum

The protons from the Main Injector strike a graphite target, producing pions
and kaons. These secondary particles are focused by magnetic horns into a
decay pipe, where they decay primarily into νµ (or ν̄µ in antineutrino beam
mode) [4].

While the energy spectrum peaks around 2.5 GeV, the neutrino beam covers
a broad range of energies, allowing DUNE to be sensitive to both the first and
second oscillation maxima [4].

2.2.3 The 1300 km Baseline

The long baseline of 1300 km is a physics driven choice: the first oscillation
maximum occurs at approximately 2.5 GeV for ∆m2

32, matching the beam’s
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Figure 2.2: The LBNF neutrino flux as a function of energy at the far detector
location. Figure from [6].
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peak energy. Figure 2.3 shows the νµ → νe appearance probability at this
baseline as a function of neutrino energy. Given this baseline and the fact that
the beam traverses through the Earth from Fermilab (Batavia, IL) to SURF
(Lead, SD), matter effects become significant enough to enable robust sensitivity
to both the mass ordering and δCP [28].

Figure 2.3: The νµ → νe appearance probability at a baseline of 1300 km as
a function of neutrino energy for neutrinos (left) and antineutrinos (right), for
several values of δCP assuming normal ordering. The first oscillation maximum
near 2.5 GeV coincides with the LBNF beam peak energy. Figure from [28].

2.3 Far Detector

The DUNE far detector is located at the Sanford Underground Research Facility
(SURF) in Lead, South Dakota, at a depth of 4850 feet (approximately 1.5 km)
underground. The rock overburden provides roughly 4300 meters water equiva-
lent of shielding, reducing the cosmic ray muon rate to a level that enables rare
event searches and atmospheric neutrino measurements [4].

The far detector consists of four separate LArTPC modules, each containing
a fiducial mass of approximately 10 kt of liquid argon, for a total fiducial mass
of 40 kt. The large mass is essential for accumulating sufficient statistics from
the low-rate neutrino beam at a baseline of 1285 km, as well as for detecting
atmospheric neutrinos and potential nucleon decay or supernova neutrino burst
events [4].

2.3.1 LArTPC Operating Principle

Liquid argon time projection chambers detect charged particles through the ion-
ization they produce as they traverse the liquid argon volume. When a charged
particle passes through the argon, it ionizes argon atoms along its trajectory,
liberating electrons. A uniform electric field, maintained by a cathode at high
voltage and an anode at the opposite side of the detector, drifts these ionization
electrons toward the anode. Scintillation light is also produced promptly during
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the ionization process and is detected by a photon detection system, providing
the event start time (t0).

At the anode, the drifting electrons induce signals on sensing elements. In the
single-phase (horizontal drift) design adopted for the first far detector module
(FD1), these consist of three planes of sense wires oriented at different angles.
The first two wire planes (induction planes) record bipolar signals as charge
drifts past, while the third plane (collection plane) collects the charge, producing
a unipolar signal. By combining the wire signals with the drift time measured
relative to t0, the detector reconstructs three-dimensional images of particle
trajectories with millimeter-scale spatial resolution [4].

The second far detector module (FD2) employs a vertical drift design, in
which the electric field is oriented vertically and the charge is collected on hori-
zontal charge-readout planes at the top and bottom of the module. This design
allows for a longer maximum drift distance and a simplified detector construc-
tion [4].

2.4 Near Detector Complex

The DUNE near detector (ND) complex is located at Fermilab, approximately
574 m downstream of the neutrino production target. Its primary role is to
constrain the neutrino flux, cross-section, and detector response systematic un-
certainties that would otherwise limit the sensitivity of oscillation measurements
at the far detector. As shown in Figure 2.4, the ND complex consists of three
detector systems: ND-LAr, the Temporary Muon Spectrometer (TMS), and the
System for on-Axis Neutrino Detection (SAND) [29].

Figure 2.4: Schematic of the DUNE near detector hall in the on-axis configura-
tion (left) and with ND-LAr and ND-GAr in an off-axis configuration (right),
illustrating the DUNE-PRISM concept. SAND remains on the beam axis in
both configurations. The muon spectrometer shown here is ND-GAr, which will
replace TMS in Phase II. Figure from [29].

2.4.1 ND-LAr

ND-LAr is a modular liquid argon time projection chamber (LArTPC) that
serves as the primary detector for measuring neutrino interactions in the near
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detector complex. Because it uses the same target nucleus (argon) as the far
detector, cross section and detector response systematic uncertainties are highly
correlated between the two detectors, and ND-LAr measurements provide strong
constraints on the combined flux and interaction model used in the oscillation
analysis [29]. As shown in Figure 2.5, ND-LAr consists of 35 optically isolated
modules arranged in a 7×5 array, each module approximately 1×1×3 m3 and
divided into two LArTPCs by a central cathode. ND-LAr employs a pixelated
charge readout rather than the projective wire readout used in the far detec-
tor, providing direct three dimensional imaging of charge deposits. This avoids
the wire plane matching ambiguities (“ghost tracks”) that arise when multiple
particles traverse a wire based LArTPC simultaneously, which is particularly
important at the near detector site, where the high beam intensity produces
many overlapping neutrino interactions per spill [29].

Figure 2.5: Left: the full ND-LAr detector, composed of a 7 × 5 array of in-
dividual modules. Right: a single 1 × 1 × 3 m3 ND-LAr module, divided into
two optically isolated LArTPCs by a central cathode. Ionization electrons drift
toward pixelated charge readout anode planes on opposite faces, while scintil-
lation light is collected by light readout modules on the remaining two faces.
Figure from [29].

A key feature of the ND-LAr design is the DUNE Precision Reaction In-
dependent Spectrum Measurement (DUNE-PRISM) capability. By moving the
detector off the beam axis, DUNE-PRISM samples different neutrino energy
spectra at different off axis positions. This allows the near detector to effec-
tively map out the relationship between true and reconstructed neutrino energy,
reducing flux and cross section modeling uncertainties [29].

2.4.2 TMS

The Temporary Muon Spectrometer (TMS) is a magnetized detector located di-
rectly downstream of ND-LAr. It consists of alternating layers of steel absorber
plates and scintillator strip detector planes. The primary purpose of TMS is to
measure the charge sign and momentum of muons that exit ND-LAr, enabling
separation of νµ and ν̄µ charged-current interactions. This charge identifica-
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tion is essential for the CP violation measurement, which requires independent
constraints on neutrino and antineutrino cross sections [29].

2.4.3 SAND

The System for on-Axis Neutrino Detection (SAND) remains on-axis at all
times, monitoring the neutrino beam flux continuously even as ND-LAr and
TMS move off-axis for PRISM measurements. SAND reuses the superconduct-
ing magnet from the KLOE experiment at LNF and incorporates a tracking
system and electromagnetic calorimeter. By providing a persistent on-axis flux
measurement, SAND ensures that any time-dependent variations in the beam
are tracked and accounted for in the oscillation analysis [29].

2.5 Event Reconstruction

2.5.1 Particle Identification

Particle interactions in the DUNE far detector produce two fundamental topolo-
gies: tracks and showers. The energy loss per unit length, dE/dx, characterizes
the energy deposited by a charged particle as it travels through the LArTPC.
Different particles have characteristic dE/dx profiles, making it the main parti-
cle identification tool [4, 12]. This dE/dx based particle identification is critical
for distinguishing νe and νµ charged current interactions, which is essential for
the oscillation measurements discussed in Chapter 5.

Muons pass through the liquid argon as minimum ionizing particles (MIPs),
with dE/dx roughly constant at ∼2 MeV/cm, typically exiting the detector
before slowing enough to produce a Bragg peak. The Bragg peak is a sharp spike
in energy deposition occurring immediately before a particle comes to rest. As
the particle slows, it spends more time near each argon atom, transferring more
energy per unit length. Protons exhibit this feature prominently, with dE/dx
increasing dramatically in the last few centimeters of their track. Charged
pions resemble muons at high energies but can undergo hadronic interactions
with argon nuclei, producing a burst of secondary particles and a characteristic
kink in the track. If a pion stops without interacting, it produces a Bragg peak
similar to a proton, making pion identification challenging.

When electrons enter liquid argon, they immediately begin to lose energy
by emitting bremsstrahlung photons (high-energy photons radiated by the de-
celerating electron as it interacts with the electric fields of argon nuclei). These
photons then produce e+e− pairs, which radiate more bremsstrahlung photons,
amplifying the cascade. At the beginning of this shower, before any branching
occurs, one observes a single electron track with dE/dx at the MIP level of
∼2 MeV/cm, giving an important tagging characteristic for electron identifica-
tion. Critically, the shower is completely connected to the interaction vertex
with no empty space. Photons, on the other hand, are electrically neutral and
travel invisibly for several centimeters before pair-producing into an e+e− pair
and initiating a shower. Because the photon shower begins with two particles
rather than one, the dE/dx at the shower start is ∼4 MeV/cm (double MIP).
These two features, the presence or absence of a gap, and the single- vs. double-
MIP dE/dx at the shower start, together provide the primary handles for e/γ
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separation in a LArTPC [4]. This separation is important for rejecting neutral
current π0 backgrounds, in which a π0 → γγ decay can mimic a νe interaction.

The Pandora multi-algorithm pattern recognition framework [50] is the pri-
mary event reconstruction software used by LArTPC detectors in experiments
such as MicroBooNE, ProtoDUNE-SP, SBND, ICARUS, and DUNE. Pandora
reconstructs neutrino interaction events by building 3D tracks and showers from
raw wire signals through a chain of clustering and matching algorithms [31].
CNN-based classifiers complement this by providing hit-level track/shower dis-
crimination [30].

Figure 2.6: Examples of track, shower, and Michel electron topologies in a sim-
ulated ProtoDUNE-SP event, shown as CNN (Convolutional Neural Network)
input patches. The track topology shows a long, straight energy deposition
characteristic of a muon, while the shower topology shows the branching cas-
cade structure of an electromagnetic shower. Figure from [30].

2.5.2 Interaction Classification

The DUNE oscillation analysis depends on correctly sorting events into key cat-
egories. In νµ charged-current (CC) interactions, a neutrino exchanges a W
boson with an argon nucleus, producing a muon and hadronic activity at the
interaction vertex. This is the disappearance channel. In νe CC interactions, an
electron is produced instead, yielding an electromagnetic shower plus hadronic
activity at the vertex. This is the appearance channel. In neutral-current (NC)
interactions, a neutrino exchanges a Z boson, producing only hadronic activ-
ity with no charged lepton, so the neutrino flavor cannot be determined. NC
interactions in which a π0 is produced constitute the main misidentification
background: the π0 decays immediately into two photons, and the resulting
showers can mimic a νe CC event, particularly when one photon is low-energy
or the two showers overlap. The e/γ separation capability described above,
the conversion gap and single- vs. double-MIP dE/dx, is the primary tool for
rejecting this background [4].
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2.6 Atmospheric Neutrinos at DUNE Far De-
tector

The DUNE far detector is well suited to observe atmospheric neutrinos. The
full 40 kt fiducial mass of the far detector modules provides sufficient statistics
despite the relatively low atmospheric neutrino flux. Assuming neutrino oscilla-
tions, the expected event rates for a 40 kt detector are approximately 1600 fully
contained electron-like events per year, 2400 fully contained muon-like events
per year, and 790 partially contained muon-like events per year [4]. Fully con-
tained events are those in which the final-state lepton is tracked until it stops or
reaches the boundary of the active volume. Partially contained events are those
in which a final-state muon exits the detector before stopping. The deep under-
ground location of the far detector at SURF, at a depth of 4850 ft, sufficiently
suppresses the cosmic ray muon background to enable a high-purity atmospheric
neutrino sample [4]. Furthermore, atmospheric data collection can begin as soon
as the detector modules are filled with liquid argon, independent of the beam
commissioning timeline. The LArTPC imaging and calorimetry described in
Sections 2.3.1 and 2.5.1 enable lepton identification and energy reconstruction,
while the particle identification techniques discussed in Section 2.5.1 allow for
discrimination between νe-selected and νµ-selected event samples based on the
distinct topologies they exhibit in the detector.

One advantage of atmospheric neutrinos relative to beam neutrinos is the
broad and continuous coverage in L/E, ranging from ∼10−1 to ∼105 km/GeV
(see Table 1.2), compared to the single fixed baseline of 1300 km provided by the
LBNF beam. Up-going atmospheric neutrinos traverse the Earth’s mantle and
core, experiencing MSW matter effects (Section 1.2.2) that depend on the sign
of ∆m2

31. The MSW resonance enhances the oscillation probability for electron
neutrinos at energies of a few GeV if the mass ordering is normal (∆m2

32 > 0),
and for electron antineutrinos if the mass ordering is inverted (∆m2

32 < 0) [4].
This asymmetry between the neutrino and antineutrino channels provides sen-
sitivity to the neutrino mass ordering that is independent of the beam program.
Because both neutrinos and antineutrinos arrive simultaneously in the atmo-
spheric flux, no beam polarity switching is required. Additionally, the broad
range of baselines and energies provides complementary sensitivity to the θ23
octant and to ∆m2

32 beyond what the beam measurement alone can achieve.
For the analysis presented in Chapter 3, events are classified into νe-selected

and νµ-selected samples using the reconstruction and particle identification de-
scribed in Section 2.5. These samples are binned in reconstructed energy and
cos θZ into 260 analysis bins, with the binning scheme detailed in Section 3.4.1.
The sensitivity to oscillation parameters is extracted via profile likelihood meth-
ods using the GUNDAM fitting framework. The statistical methods, fitting
framework, and full analysis configuration are presented in Chapter 3.
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Chapter 3

The GUNDAM Framework
and Analysis

3.1 Overview

Chapters 1 and 2 developed the physics of neutrino oscillations and the DUNE
experimental apparatus. This chapter combines them into an analysis: a proce-
dure for extracting oscillation parameters from DUNE’s atmospheric neutrino
sample.

An oscillation analysis estimates the values of the PMNS oscillation param-
eters sin2 θ12, sin

2 θ13, sin
2 θ23, ∆m2

21, ∆m2
32, and δCP by comparing a predicted

event distribution to an observed one. In this analysis, events are binned in re-
constructed neutrino energy and reconstructed cosine of the zenith angle. The
prediction is assembled from the atmospheric neutrino flux (Section 1.4.6), the
three flavor oscillation probabilities including matter effects (Section 1.2.2), the
neutrino argon cross sections described by GENIE, and the LArTPC detector
response (Section 2.5). The extracted parameter values are those for which the
prediction best matches the data.

The parameters of the fit divide into two groups. Parameters of interest
are the physics quantities the analysis aims to measure: in this thesis, sin2 θ23,
∆m2

32, and δCP. The sign of ∆m2
32, which determines the neutrino mass or-

dering, is also a parameter of interest and is extracted through a dedicated
hypothesis test in Section 5.3. Nuisance parameters affect the prediction but
are not themselves the object of the measurement: the remaining oscillation
parameters, which are constrained more tightly by other experiments, and the
systematic parameters representing flux, cross section, and detector uncertain-
ties. Nuisance parameters are profiled during the fit.

A fully frequentist analysis treats all parameters as fixed but unknown and
constructs confidence intervals from the frequency with which a test statistic
would exceed a given threshold under repeated experiments. A fully Bayesian
analysis treats parameters as random variables with prior probability distribu-
tions and reports posterior distributions after conditioning on the data. This
thesis adopts a semi-frequentist approach, standard in neutrino oscillation anal-
yses at T2K [3], NOvA [7], and DUNE [4]: the parameters of interest enter
the likelihood without priors, while nuisance parameters are constrained by
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Gaussian prior penalty terms derived from external measurements. This avoids
specifying priors on δCP and the mass ordering, which is contested, while still
incorporating external constraints on the other oscillation parameters.

3.2 Statistical Framework

3.2.1 Systematic Uncertainties

Systematic uncertainties in a DUNE atmospheric neutrino analysis fall into
three broad categories. Flux uncertainties arise from the modeling of the at-
mospheric neutrino flux, including the primary cosmic ray spectrum, hadronic
interaction models, and the resulting neutrino energy and angular distributions
as computed by Honda et al. [46]. Cross section uncertainties reflect the limited
knowledge of neutrino nucleus interaction rates and final state topologies, as
modeled by generators such as GENIE [11]. Detector uncertainties account for
the response of the liquid argon TPC, including energy scale, particle identifi-
cation efficiency, and reconstruction biases.

The sensitivity studies presented in this thesis do not include systematic
uncertainties and therefore represent a statistical only sensitivity. The GUN-
DAM framework supports their inclusion through prior covariance matrices,
and a comprehensive treatment incorporating the full suite of DUNE system-
atic uncertainties is deferred to future work within the collaboration. The prior
configuration used in this analysis is detailed in Section 3.4.2.

3.2.2 The Extended Binned Likelihood

The likelihood L for the DUNE far detector is described by a Poisson distri-
bution, since atmospheric neutrino data consists of event counts grouped into
bins of reconstructed energy and zenith angle. A Poisson distribution gives the
probability of observing Nobs

i events in the i-th bin given a prediction of Npred
i

events in that bin. The likelihood is

L =

Nbins∏
i=1

(
Npred

i

)Nobs
i e−Npred

i

Nobs
i !

, (3.1)

where Npred
i depends on a set of physics and nuisance parameters.

When performing statistical analysis, one typically considers the likelihood
ratio rather than the likelihood itself. The likelihood ratio normalizes Eq. (3.1)
to the case where the prediction equals the observation in every bin, canceling
the factorials:

Lratio =

Nbins∏
i=1

(
Npred

i

)Nobs
i e−Npred

i(
Nobs

i

)Nobs
i e−Nobs

i

. (3.2)

Taking −2 lnLratio converts the product into a sum, yielding the ∆χ2 test statis-
tic:

∆χ2
stat = 2

Nbins∑
i=1

(
Npred

i −Nobs
i +Nobs

i ln
Nobs

i

Npred
i

)
. (3.3)
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The total test statistic adds a Gaussian penalty term for the nuisance pa-
rameter priors introduced in Section 3.1: ∆χ2

total = ∆χ2
stat +∆χ2

sys, where

∆χ2
sys =

Npar∑
p

Npar∑
q

∆θp (V
−1
θ )pq ∆θq , (3.4)

with θ⃗ the set of nuisance parameters, Vθ the prior covariance matrix encoding
their uncertainties and correlations, and ∆θp = θp − θnomp the deviation of
parameter p from its nominal value.

In practice, Monte Carlo predictions carry their own statistical uncertainty
due to finite sample sizes. The Barlow-Beeston method [15] extends the like-
lihood to account for this by introducing per bin scaling parameters that are
solved analytically during the fit. The specific implementation used in this
analysis is described in Section 3.3.1.

3.2.3 Parameter Estimation and Profiling

The oscillation parameters are estimated by finding the values that minimize
∆χ2

total. This is a maximum likelihood estimation (MLE) problem: the parame-
ter values that minimize ∆χ2 are the same values that maximize the likelihood.

In practice, the minimization is performed using Minuit2 [47], a general pur-
pose function minimization package. After convergence, the HESSE algorithm
computes an estimate of the parameter uncertainties from the inverse of the
second derivative matrix (Hessian) of ∆χ2 at the minimum. These Hesse errors
assume the likelihood surface is approximately parabolic near the minimum,
corresponding to Gaussian distributed parameter uncertainties.

All sensitivity results in this thesis use profile likelihood scans. For each fixed
value of the parameter θk, the ∆χ2 is minimized over all remaining parameters
η⃗. The resulting one dimensional curve,

∆χ2(θk) = min
η⃗

∆χ2(θk, η⃗)−∆χ2(θ̂k, ˆ⃗η) , (3.5)

gives the profiled ∆χ2 as a function of the parameter of interest, where θ̂k and ˆ⃗η
are the global best fit values. By Wilks’ theorem [62], this quantity follows a χ2

distribution with one degree of freedom, so that confidence intervals correspond
to ∆χ2 = 1.00 (1σ), 4.00 (2σ), and 9.00 (3σ).

The same profiling procedure extends to two parameters of interest. In a two
dimensional profile scan, both parameters are fixed on a grid of values and ∆χ2

is minimized over all remaining parameters at each grid point. The resulting
surface is projected as a contour plot, with confidence regions defined by the
two degree of freedom thresholds: ∆χ2 = 2.30 (1σ), 6.18 (2σ), and 11.83 (3σ).
The two dimensional contour results presented in Section 5.2 use this profiled
approach, with Minuit minimizing over the remaining oscillation parameters at
each grid point.

As a consistency check on the baseline configuration used throughout this
thesis, Figure 3.1 shows one dimensional profile likelihood scans for all six os-
cillation parameters on the 300 × 300 oscillation probability grid at 400 kt·yr
exposure. All six parameters produce clean curves with minima sitting at the
injected truth values, and the expected sensitivity hierarchy is reproduced: the
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atmospheric parameters (sin2 θ23, ∆m2
32, δCP) show local sensitivity from the at-

mospheric neutrino sample, while the solar sector parameters (sin2 θ12, sin
2 θ13,

∆m2
21) remain dominated by their external priors. This baseline configuration is

the starting point for the formal grid convergence study presented in Chapter 4
and for the sensitivity results presented in Chapter 5.

Figure 3.1: Baseline consistency check: one dimensional profile likelihood scans
for all six oscillation parameters using the 300× 300 oscillation probability grid
at 400 kt·yr exposure. At each scan point the parameter of interest is held fixed
at the scan value and the remaining five oscillation parameters are profiled over
by Minuit2. The pink band shows the NuFit 5.2 1σ range and the red triangle
marks the NuFit 5.2 best fit. Horizontal dashed lines at ∆χ2 = 1, 4, and 9
correspond to the 1σ, 2σ, and 3σ intervals by Wilks’ theorem. All six parameters
recover clean curves centered on truth, with the atmospheric sector parameters
(sin2 θ23, ∆m2

32, δCP) showing local sensitivity from the atmospheric neutrino
sample and the solar sector parameters (sin2 θ12, sin

2 θ13, ∆m2
21) dominated by

their external priors. The y-axis is labeled χ2 but denotes ∆χ2 relative to the
scan minimum.

The specific implementation of profiling within the GUNDAM framework,
including the minimization procedure and the construction of ∆χ2 profiles, is
described in Section 3.3.3. The one dimensional profile likelihood scans and
two dimensional profiled contours for the baseline configuration are presented
in Chapter 5.

3.2.4 The Asimov Fit

The sensitivity studies presented in this thesis evaluate the expected perfor-
mance of DUNE before any data have been collected. This requires a well de-
fined procedure for generating synthetic data that yields representative results.
The simulated dataset, introduced by Cowan et al. [24], serves this purpose.

An Asimov fit is constructed by setting the observed bin counts exactly equal
to the predicted expectation under a chosen set of true parameter values:

Nobs
i = Npred

i (θ⃗true) (3.6)
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for every analysis bin i. Because the data and prediction are identical at the
true values, the global minimum of the test statistic returns ∆χ2 = 0 at θ⃗ =
θ⃗true by construction. This removes statistical fluctuations entirely and isolates
the sensitivity arising from the physics content of the analysis: the oscillation
structure in the predicted spectra, the analysis binning, and the prior constraints
on the parameters.

The key property of the Asimov dataset is that it yields the median expected
sensitivity [24]. The test statistic ∆χ2 is itself a random variable, because its
value depends on the Poisson fluctuations in a given dataset. In a frequentist
framework, one could generate many pseudo experiments drawn from Poisson
statistics at the true parameter values, fit each one, and build a distribution of
test statistic values. This distribution is generally skewed and bounded from
below, so the mean and the median are not the same. The median is the natural
summary of typical sensitivity, since half of the pseudo experiments would give
a stronger result and half would give a weaker one. The result obtained from
the Asimov dataset corresponds to this median. It provides a representative
summary of the expected experimental sensitivity from a single fit, rather than
requiring thousands of pseudo experiments to be generated and individually
fitted.

This property makes the Asimov approach the standard tool for sensitivity
projections in neutrino oscillation experiments, including DUNE [4], T2K [3],
and NOvA [7]. It is well suited for studies requiring large numbers of fits, such as
the grid convergence study in Chapter 4 (where six grid configurations are each
scanned over six parameters), the two dimensional contour scans in Section 5.2
(where 2500 fits are performed per parameter pair), and the mass ordering
sensitivity study in Section 5.3 (where fits are repeated at eleven exposures
under four configurations).

The Asimov approach has a known limitation. Because it replaces statistical
fluctuations with the expectation value, it does not capture the spread of possi-
ble experimental outcomes. In regions of parameter space where the likelihood
surface is non parabolic or where discrete degeneracies exist (such as the θ23 oc-
tant degeneracy), the median sensitivity may not represent the full distribution
of outcomes. Characterizing this spread would require toy Monte Carlo studies,
which are beyond the scope of this thesis.

For this analysis, the Asimov truth values are taken from the NuFit 5.2
global fit (normal ordering, with SK atmospheric data) [35] as listed in Table 3.1.
The exposure is 400 kt·yr, corresponding to ten years of data collection with
the full four module DUNE far detector. As a validation of this procedure,
Section 3.6 presents an Asimov fit at the nominal parameter values with Hesse
error estimation enabled (Figure 3.8). The fit recovers the injected truth values
exactly, and the post fit Hesse errors are compared to the NuFit 5.2 prior widths,
confirming that the fitting framework is functioning correctly before proceeding
to the sensitivity results in Chapter 5.

3.3 The GUNDAM Framework

GUNDAM (Generalized and Unified Neutrino Data Analysis Methods) is a
binned likelihood fitting framework used across neutrino oscillation experiments,
including both long baseline and atmospheric analyses. Its purpose is to com-
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pare a predicted event spectrum to an observed or Asimov dataset and extract
the parameter values that best describe the data. The core framework is written
in C++ and built on ROOT, and is configuration driven: the samples, param-
eters, and fit settings are all specified through YAML or JSON files without
modifying the source code.

3.3.1 Overview and Design

The framework is organized into six core libraries, shown in Figure 3.2. The
FitterEngine is the main driver of the fit and delegates minimization to a
MinimizerBase backend, which can be configured for gradient based optimiza-
tion (via Minuit2), Markov Chain Monte Carlo sampling, or other algorithms
through a common interface. The FitterEngine drives the Propagator, which
turns a set of parameter values into a predicted spectrum by applying oscillation
probabilities and systematic effects to the input events. For likelihood evalu-
ation, the FitterEngine interfaces with the StatisticalInference library
through the LikelihoodInterface.

Event data is managed by the SamplesManager, where each Sample owns its
Event objects and the Histogram that summarizes them. Parameters are orga-
nized by the ParametersManager into ParameterSet groups. Each parameter
is applied to events through the DialDictionary, which serves as a reweighting
engine: DialCollection objects hold the DialBase implementations (normal-
izations, tabulated weights, splines, and so on) that define how an event weight
responds to a change in a given parameter.

The likelihood evaluated by the StatisticalInference library is a Barlow-
Beeston log likelihood [15], which extends the standard Poisson likelihood to
account for finite Monte Carlo statistics in each analysis bin. For a bin with
observed count ni and predicted count µi, GUNDAM introduces an auxiliary
scaling parameter βi that adjusts the prediction to µ̂i = βi µi. The per bin
contribution to −2 lnL is

−2 lnLi = 2
(
βi µi − ni

)
+ 2ni ln

ni

βi µi
+

(βi − 1)2

σ2
rel,i

, (3.7)

where σ2
rel,i = σ2

MC,i/µ
2
i is the relative variance of the Monte Carlo prediction in

bin i. The first two terms correspond to the Poisson log likelihood (up to a data
only constant), while the final term is a Gaussian penalty that constrains βi to
remain close to unity. For each bin, βi is solved analytically from the quadratic

βi =
−bi +

√
b2i + ci

2
, bi = µi σ

2
rel,i − 1 , ci = 4ni σ

2
rel,i . (3.8)

The total test statistic also includes Gaussian penalty terms for systematic
parameters:

−2 lnL =

Nbins∑
i

(
−2 lnLi

)
+

Nsyst∑
j

(
pj − p0j

σj

)2

, (3.9)

where p0j and σj are the prior central value and width of systematic parameter pj .
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Figure 3.2: Software architecture of the GUNDAM framework, showing the
six core libraries and their principal class hierarchies. The FitterEngine

delegates to a MinimizerBase backend and drives the Propagator for spec-
trum prediction. The StatisticalInference library provides the likelihood
evaluation through LikelihoodInterface. Event data is managed by the
SamplesManager, while oscillation and systematic parameters are organized by
the ParametersManager and applied to events through the DialDictionary

reweighting engine. Class names reflect the current GUNDAM source code.
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3.3.2 Oscillation Probability Calculation

Oscillation probabilities are computed by NuOscillator [61], which pre com-
putes three flavour transition probabilities on a two dimensional grid in true
neutrino energy E and cosine of the zenith angle cos θz. During the fit, prob-
abilities at arbitrary (E, cos θz) are obtained by interpolation from this table.
The fidelity of the interpolation depends on the grid resolution, motivating the
optimisation studies presented in Chapter 4.

Matter effects are incorporated using the Preliminary Reference Earth Model (PREM) [33],
which provides a radially symmetric density profile of the Earth. Neutrino pro-
duction heights in the atmosphere are averaged over the distribution discussed
in Section 3.5.

3.3.3 Minimization and Fitting

Oscillation parameters are estimated by minimising Eq. (3.9) withMinuit2 [47].
Confidence regions are constructed from the profile log likelihood ratio

∆χ2(θ) = −2 ln
L(θ, ˆ̂η)
L(θ̂, η̂)

, (3.10)

where θ̂ and η̂ denote the global best fit values of the parameters of interest
and nuisance parameters, respectively, and ˆ̂η is the conditional best fit of the
nuisance parameters at fixed θ. By Wilks’ theorem [62], ∆χ2 follows a χ2 dis-
tribution with degrees of freedom equal to the number of parameters of interest.
The relevant thresholds are:

• One parameter: ∆χ2 < 1.00 (1σ), < 4.00 (2σ), < 9.00 (3σ).

• Two parameters: ∆χ2 < 2.30 (1σ), < 6.18 (2σ), < 11.83 (3σ).

3.4 Analysis Configuration

The sensitivity studies in this thesis are carried out with Gundam by per-
forming a semi-frequentist fit using the Barlow-Beeston likelihood. GUNDAM
is configured through a dedicated set of configuration files maintained in the
gudi-anoa-sen25a repository. The configuration includes the event selections
and analysis binning (Section 3.4.1) and the oscillation parameters entering the
fit together with their associated priors and uncertainties (Section 3.4.2). The
oscillation probability grid and the precalculation of oscillation probabilities are
developed separately in Chapter 4.

The overall workflow is summarized in Figure 3.3. Generated Monte Carlo
events are reweighted by the expected flux, interaction cross section, and oscil-
lation probability before entering the fit. The Asimov fit then returns a best
fit point. A profile likelihood scan is performed by an external driver that re-
launches the fit at fixed values of the parameters of interest. Together, the
pieces described in this section define what a single point in the ∆χ2 profiles
shown in Chapter 5 represents.
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Figure 3.3: Analysis workflow used in this thesis. Configuration files in the
gudi-anoa-sen25a repository specify the binned Monte Carlo inputs for the νe-
and νµ-selected samples together with the oscillation and systematic parameter
priors. Oscillation probabilities are precomputed by TabulatedNuOscilla-
tor on a two dimensional grid in true neutrino energy and cos θz. A single
gundamFitter call reweights the Monte Carlo events by the flux, interaction
cross section, and oscillation probability, compares the resulting binned predic-
tions to the simulated dataset, and returns the best fit parameter values. The
simulated dataset is itself produced by running the reweighting pipeline once
at the injected truth values. Profile likelihood scans are produced by external
shell scripts that rerun the fit many times, each time holding the parameter of
interest fixed at a different value; the collected results form the ∆χ2 profiles
used in the sensitivity studies.
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3.4.1 Event Selection and Analysis Binning

Events are classified into two charged current selections based on the recon-
structed final state lepton: a νe selection and a νµ selection. The selection
criteria are described in Section 2.5.

Each sample is binned in two dimensions: reconstructed neutrino energy and
the cosine of the reconstructed zenith angle, cos θz ∈ [−1,+1], using 10 uniform
bins of width 0.2. The energy binning is sample dependent and uses non uniform
bin widths chosen to match the detector resolution and the oscillation structure
at each energy scale:

• νe selection: 16 reconstructed energy bins spanning 0–10 000 GeV, with
edges at 0, 0.07, 0.1, 0.15, 0.22, 0.33, 0.47, 0.7, 1.1, 1.7, 2.9, 5, 9, 16, 32,
48, and 10 000 GeV.

• νµ selection: 10 reconstructed energy bins spanning 0–10 000 GeV, with
edges at 0, 0.12, 0.22, 0.37, 0.63, 1.5, 4.0, 11, 19, 32, and 10 000 GeV.

This gives 16 × 10 = 160 bins for the νe sample and 10 × 10 = 100 bins for
the νµ sample, for a total of 260 analysis bins. The final bin in energy acts as
an overflow bin. We emphasize the distinction between the two binnings used
in this analysis: the analysis bins defined above are in reconstructed neutrino
energy and zenith angle, whereas the finer oscillation probability grid discussed
in Chapter 4 is in true neutrino energy and zenith angle. All studies in this work
use simulated datasets [24], in which the observed bin counts are set exactly
equal to the predicted expectation at the true parameter values. The Monte
Carlo samples correspond to an exposure of 400 kt·yr, equivalent to ten years of
data collection with the full four module DUNE far detector (4 × 10 kt fiducial
mass).

3.4.2 Oscillation Parameters Configuration in GUNDAM

The oscillation parameters used in the Asimov fits are taken from the NuFit 5.2
global fit [34, 35]. Two NuFit 5.2 configurations are used in this thesis. The
fit that includes Super-Kamiokande atmospheric data is used as the baseline,
and its injected truth values drive the profile likelihood scans of Section 5.1 and
the two dimensional contour scans of Section 5.2. The mass ordering sensitivity
study in Section 5.3 is run under both configurations: with SK atmospheric
data and without it. These two NuFit fits return different best fit values for
several oscillation parameters and different prior widths, and comparing them
is central to the mass ordering interpretation in that section. Table 3.1 lists the
injected truth values for both configurations and both orderings, and Table 3.2
lists the prior constraints for both configurations.
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Table 3.1: Oscillation parameters injected in the simulated datasets used in
this analysis, taken from the NuFit 5.2 global fit with and without Super-
Kamiokande atmospheric data [34, 35], for both normal (NO) and inverted
(IO) ordering. The with SK configuration is the baseline used in Sections 5.1
and 5.2; both configurations are used in the mass ordering study of Section 5.3.
For IO, ∆m2

3ℓ ≡ ∆m2
32 following the NuFit convention.

With SK atm Without SK atm
Parameter NO IO NO IO Unit

sin2 θ12 0.303 0.303 0.303 0.303 —
sin2 θ13 0.02225 0.02223 0.02203 0.02219 —
sin2 θ23 0.451 0.569 0.572 0.578 —
∆m2

21 7.41× 10−5 7.41× 10−5 7.41× 10−5 7.41× 10−5 eV2

∆m2
32 +2.507× 10−3 −2.486× 10−3 +2.511× 10−3 −2.498× 10−3 eV2

δCP −2.233 rad −1.466 rad −2.845 rad −1.292 rad rad

Table 3.2 lists the prior constraints applied to each oscillation parameter
under both NuFit configurations. The three nuisance oscillation parameters
(sin2 θ12, sin

2 θ13, and ∆m2
21) receive Gaussian priors with central values and

1σ widths from the corresponding NuFit 5.2 fit [35]; the three parameters of
interest (sin2 θ23, ∆m2

32, and δCP) are assigned flat priors and are constrained
entirely by the atmospheric neutrino data.

Table 3.2: Baseline prior constraints on oscillation parameters under both Nu-
Fit 5.2 configurations used in this analysis. Central values follow the corre-
sponding NuFit 5.2 fit [35]; Gaussian 1σ widths are from the covariance matrix
of each fit. The with SK configuration is used for the profile likelihood scans
and two dimensional contour scans in Chapter 5; the mass ordering sensitivity
study in Section 5.3 is performed under both configurations.

Central value ± 1σ width
Parameter Prior type With SK atm Without SK atm

sin2 θ12 Gaussian 0.303± 0.013 0.303± 0.012
sin2 θ13 Gaussian 0.02225± 0.00070 0.02203± 0.00062
sin2 θ23 Flat — —
∆m2

21 [10−5 eV2] Gaussian 7.41± 0.18 7.41± 0.21
∆m2

32 Flat — —
δCP Flat — —

This baseline configuration does not include systematic uncertainties on neu-
trino flux normalizations, interaction cross sections, or detector response. The
fits therefore represent a statistical only sensitivity. A comprehensive treatment
incorporating the full suite of DUNE systematic uncertainties is deferred to
future work within the collaboration.

3.5 Production Height Studies

As discussed in Section 1.4, atmospheric neutrinos are produced at varying alti-
tudes in the atmosphere, typically ranging from around 10 to 30 km depending
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on the energy and zenith angle of the parent meson. The production height
enters the oscillation calculation through the neutrino path length: a neutrino
produced higher in the atmosphere travels a slightly longer distance to the detec-
tor than one produced lower. Since oscillation probabilities depend on the ratio
L/E, the treatment of production height can in principle affect the predicted
event rates and the sensitivity to oscillation parameters.

There are two approaches to handling this in the analysis. The first is to
fix the production height at a single representative value, taken here to be
20 km. In this case, the oscillation probability for each event is computed using
a path length determined entirely by the zenith angle and the fixed altitude.
The second approach averages the oscillation probability over a distribution of
production heights for each flavor, binned in energy, zenith angle, and altitude
in 2.5 km height bins. The averaging replaces the oscillation probability at each
point in the energy zenith grid with a weighted sum over the height distribution.

The fixed height approach is computationally less expensive, since it avoids
the additional loop over height bins when tabulating the oscillation probabilities.
However, it is important to verify that this simplification does not introduce
a significant bias in the predicted event rates. To quantify the effect, both
configurations were run using the same 300 × 300 oscillation probability grid,
the same NuFit 5.2 normal ordering parameters, and the same Monte Carlo
samples. A simulated dataset was generated for each, and the predicted event
distributions were compared at the pre fit level.

The total difference between the two approaches for the νµ selection is−369.3
weighted events, corresponding to a relative change of −1.294%. The deficit
is systematic and negative across nearly all bins, with the largest differences
appearing in the oscillation maximum region. This is expected: height averaging
effectively smears the distribution of path lengths for a given zenith angle, which
smooths the oscillation pattern and reduces the event rate at the peaks.

For the νe selection, the total difference is only −3.6 weighted events, or
−0.014%, roughly 100 times smaller than the νµ effect. The physical explanation
is that νe at these energies originate primarily from the π → µ → e decay
chain. Because the intermediate muon travels on the order of kilometers before
decaying, the effective production point of the νe is spread out over a range of
altitudes regardless of where the pion was produced. This dilutes the sensitivity
to the initial production height.

3.5.1 Energy Dependence

Figures 3.4 and 3.5 show the event rate comparison as a function of reconstructed
and true neutrino energy, respectively. In both cases, the lower panels show the
relative difference defined as

Navg −Nfixed

Nfixed
× 100%. (3.11)

For νµ, the height averaged prediction is systematically lower across the full
energy range in both reconstructed and true energy, with the relative deficit
reaching roughly 1.5% in the sub GeV region where the oscillation probability
varies most rapidly with L/E. The true energy distribution shows a small posi-
tive excursion at the lowest energies (E ≲ 0.2 GeV), where the oscillation length
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becomes comparable to the height variation itself. For νe, the relative differ-
ences are at the level of 0.02–0.04% and show no coherent structure, consistent
with the expectation that the νe sample is insensitive to production height.

Figure 3.4: Reconstructed energy spectra for the νµ (left) and νe (right) selec-
tions comparing fixed production height and height averaged predictions. The
lower panels show the relative difference. The νµ deficit is broad and systematic,
peaking around 1.5% in the sub GeV region. The νe differences are negligible.

3.5.2 Zenith Dependence

Figures 3.6 and 3.7 show the event rates binned in true and reconstructed cos θz,
respectively, where cos θz = −1 corresponds to up going neutrinos and cos θz =
+1 to down going.

The νµ selection shows a clear pattern in both variables: the production
height effect is largest for near horizontal and slightly up going directions (cos θz ≈
0 to 0.3), reaching a relative difference of roughly 4% in true cos θz and 2.5%
in reconstructed cos θz. The smearing from zenith angle reconstruction soft-
ens the peak but preserves the overall shape. For steeply up going neutrinos
(cos θz < −0.5), the effect is smaller because the total path length through the
Earth is much larger than the 10 to 30 km height variation, making the frac-
tional change in L negligible. For steeply down going neutrinos, the oscillation
baseline is short enough that the oscillation probability is small regardless of
the exact height.

The νe selection shows no significant dependence on zenith angle in either
variable, with relative differences below 0.1% in all bins.
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Figure 3.5: True neutrino energy spectra for the νµ (left) and νe (right) selections
comparing fixed production height and height averaged predictions. The shape
of the νµ deficit is similar to the reconstructed energy case, with the addition
of a small positive excursion at the lowest energies. The νe differences remain
negligible.
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Figure 3.6: Event rates as a function of true cos θz for the νµ (left) and νe
(right) selections. The lower panels show the relative difference between height
averaged and fixed height predictions. The νµ effect is largest near the horizon
(cos θz ≈ 0 to 0.3), where the production height variation is a significant fraction
of the total path length.
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Figure 3.7: Event rates as a function of reconstructed cos θz for the νµ (left)
and νe (right) selections. The zenith angle reconstruction smears the sharp
near horizon feature seen in the true cos θz distribution but the overall pattern
is preserved. The νe differences remain negligible.
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3.5.3 Summary

The fixed production height approximation introduces a bias of at most 1.3% in
the νµ event rate and a negligible 0.014% in the νe event rate. All subsequent
sensitivity studies presented in this thesis, including the grid convergence studies
(Section 4.2), δCP profile likelihood scans, two dimensional confidence contours,
mass ordering sensitivity, and θ23 octant sensitivity, use the fixed production
height of 20 km.

3.6 Asimov Fit

A standard validation of the fitting configuration is performed by running a
single Asimov fit at the nominal parameter values with Hesse error estimation
enabled. In an Asimov fit, the observed event counts are set exactly equal to
the predicted counts under the nominal parameter values, such that the best
fit point is guaranteed to return the injection values with a likelihood at the
minimum of zero. This provides a clean test that the minimizer, oscillation
probability engine, and systematic parameter handling are all functioning cor-
rectly.

The post fit parameter errors returned by the Hesse algorithm are shown
in Figure 3.8. The solar sector parameters sin2 θ12, sin

2 θ13, and ∆m2
21 carry

NuFIT 5.2 Gaussian priors, and their post fit errors are shown normalized to the
prior σ: a ratio near unity indicates the atmospheric sample adds no information
beyond the external prior, while a ratio below unity would indicate the data
is actively constraining that parameter. The parameters of interest sin2 θ23,
∆m2

32, and δCP enter the fit with flat priors, so the Hesse errors reported for
them reflect the local curvature of the likelihood at the Asimov minimum rather
than a physical constraint; the sensitivity to these parameters is quantified by
the ∆χ2 profiles in Section 5.1 rather than by Hesse.

For the parameters of interest, the Hesse errors are compared against the
1σ intervals extracted from the profile likelihood scans (Section 5.1), defined
by ∆χ2 = 1 from the scan minimum. Agreement between the two indicates
the likelihood is approximately parabolic near the minimum and the Gaussian
approximation used by Hesse is valid; disagreement indicates a non Gaussian
likelihood, in which case the scan interval is used as the reported uncertainty.
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Figure 3.8: Postfit parameter uncertainties from the Asimov Hesse fit. For the
solar sector parameters sin2 θ12, sin2 θ13, and ∆m2

21, which carry NuFIT 5.2
Gaussian priors, the postfit errors are shown normalized to the prior σ (red
band); ratios close to unity indicate that the atmospheric sample does not im-
prove on the external constraint. For the parameters of interest sin2 θ23, ∆m2

32,
and δCP , which enter the fit with flat priors, the Hesse errors reflect the local
curvature of the likelihood at the Asimov minimum and are shown for diagnos-
tic purposes only; the physical sensitivity to these parameters is given by the
profile likelihood scans in Section 5.1.
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Chapter 4

Oscillation Probability
Calculation Optimization

4.1 Oscillation Grid Configuration

The GUNDAM framework computes oscillation probabilities on a two-dimensional
grid in true neutrino energy Eν and true zenith angle cos θz, using the NuOscillator
interface to CUDAProb3 for three-flavor calculations including matter effects
via the PREM Earth density profile. During fitting, probabilities at arbitrary
(E, cos θz) values are obtained by piecewise-linear interpolation between grid
points. The accuracy of this interpolation depends critically on the grid reso-
lution: if the spacing is too coarse relative to the oscillation structure, inter-
polation errors distort the predicted probabilities and could bias the extracted
oscillation parameters. Figure 4.1 shows the νµ → νµ survival probability evalu-
ated at high resolution (3000×1000). The oscillation structure is strongly energy
dependent: at low energies (E ≲ 1 GeV) the probability oscillates rapidly, while
at high energies the oscillations are slow and well resolved by any reasonable
grid. This motivates a grid that is fine at low energies and coarser at high
energies.

4.1.1 Interpolation Error Tolerance

During fitting, GUNDAM does not recompute the oscillation probability from
scratch for every Monte Carlo event. Instead, the probability is precomputed on
a fixed grid in true neutrino energy E and true zenith angle cos θz at the start of
each fit iteration, and the value for each individual event is obtained by interpo-
lation between neighboring grid nodes. The accuracy of this interpolation step
sets a floor on how faithfully the predicted event rate tracks the true oscilla-
tion probability, and therefore places a requirement on how finely the grid must
sample the oscillation structure. This subsection derives a sufficiency criterion
for the grid spacing, expressed as a minimum number of points per oscillation
period. The derivation below models the interpolation as piecewise-linear on a
pure sinusoid, which serves as a conservative analytic proxy rather than a de-
scription of the actual interpolation scheme used by TabulatedNuOscillator;
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Figure 4.1: Muon neutrino survival probability P (νµ → νµ) as a function of
true neutrino energy and true zenith angle, computed with CUDAProb3 at
3000×1000 (E, θz) resolution. The arrows on the left indicate neutrino direction:
cos θz = +1 corresponds to downward-going neutrinos (short atmospheric path),
cos θz = 0 to horizontal trajectories, and cos θz = −1 to upward-going neutrinos
that traverse the full Earth diameter. Rapid oscillations at low energies demand
fine grid spacing to avoid interpolation artifacts.

the empirical grid convergence study in Section 4.2 provides the direct test of
grid adequacy.

The maximum error of piecewise-linear interpolation of a function f(x) with
uniform spacing h is bounded by

ϵmax =
h2

8
max |f ′′(x)| . (4.1)

For a sinusoidal oscillation f(x) = sin(x), where ϵmax is the maximum allowed
error tolerance and max |f ′′| = 1 and h = 2π/N for N points per period, this
gives

ϵ =
π2

2N2
. (4.2)

Inverting for the number of points per period required to achieve a given toler-
ance:

N(ϵ) =

⌈
π√
2 ϵ

⌉
. (4.3)

Setting ϵ ≈ 0.077 (corresponding to a maximum interpolation error of ∼8%
on the oscillation probability) yields N ≈ 8 points per period. Figure 4.2 shows
this directly for sin2(x): at 4 points per period the interpolation residuals are
large, while at 8 points per period the error drops to ϵ ≲ 8%. This criterion was
also validated numerically by interpolating sin2(x) at various resolutions and
comparing to the exact function, with the results summarized in Table 4.1.

50
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Figure 4.2: Piecewise-linear interpolation of sin2(x) sampled at 4 points per
period (left) and 8 points per period (right). Green markers show the sample
locations, the blue curve shows the true function, and the red shaded band
shows the interpolation error. At 4 points per period the linear interpolant
visibly misses the peaks and troughs, while at 8 points per period the error
drops below the 8% tolerance criterion of Eq. 4.3.

Table 4.1: Validation of the interpolation error bound: number of equally-
spaced points per period required to achieve a given maximum error tolerance
on sin2(x).

Tolerance ϵ Points per period
3.0× 10−2 13
4.5× 10−2 11
6.7× 10−2 9
7.7× 10−2 ∼ 8

4.1.2 Three-Flavor Period Counting

Setting the grid resolution requires a concrete number: how many oscillation
periods does P (νµ → νµ) contain across the analysis energy range? Multi-
plying that count by the eight-points-per-period sufficiency criterion derived in
Section 4.1.1 fixes the required number of energy bins. The count must be
made on the full three-flavor probability rather than on an analytic two-flavor
form, because the three-flavor calculation includes solar oscillations driven by
∆m2

21, MSW resonances in the Earth’s mantle and core, and interference be-
tween the atmospheric and solar amplitudes. These contributions introduce
structure on shorter effective scales than the dominant atmospheric term alone,
and an analytic estimate built only from ∆m2

32 and a representative baseline
would undercount the true number of cycles.

The counting was performed directly on the simulated probability curve. A
one-dimensional slice of P (νµ → νµ) was computed with CUDAProb3 and the
PREM Earth density profile at cos θz = −1, corresponding to vertically up-
going neutrinos that traverse the full Earth diameter (L = 12,742 km). This
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zenith angle is the worst case for grid resolution: the long baseline compresses
the largest number of oscillation cycles into the analysis energy window, so a
grid that adequately samples cos θz = −1 samples every shorter baseline at
least as well. The probability was evaluated at high resolution and stored as a
one-dimensional histogram of P versus E, with the sampling chosen fine enough
that the counting itself was not limited by resolution of the input curve.

Each full oscillation period corresponds to one local minimum of P (νµ → νµ),
where the disappearance is maximal. The minima were located using SciPy’s
find peaks routine applied to 1−P (νµ → νµ): find peaks identifies local max-
ima, and the maxima of 1−P are exactly the minima of P . Before peak-finding,
the probability curve was smoothed with a Savitzky-Golay filter (window length
7, polynomial order 3) to suppress high-frequency numerical noise from the
PREM density steps without broadening the underlying oscillation features,
and a prominence threshold of 0.04 was applied to reject spurious fluctuations
while retaining every physical oscillation minimum. The procedure returned
approximately 115 oscillation periods across the full energy range.

Section 4.1.1 established that eight points per oscillation period are sufficient
to keep the piecewise linear interpolation error below ∼ 8%. This criterion was
chosen conservatively but kept as small as possible to limit the computational
cost of the fit, which scales with the number of grid points. Combining the 115
counted periods with the eight points per period criterion gives 8×115+1 = 921
energy bins.

The oscillation phase ϕ = 1.267∆m2 L/E is linear in 1/E, so full oscilla-
tion periods are uniformly spaced in that variable. Placing bin edges at equal
intervals in 1/E therefore puts the same number of grid points inside every
oscillation period across the full energy range, which is the condition under
which the eight points per period criterion applies uniformly. The grid of 921
energy bins was generated using a direct numpy.linspace construction between
1/Emax and 1/Emin, followed by inversion to recover energies. No adaptive step
logic or curve driven edge placement is used.

This grid, with 300 uniform bins in cos θz held fixed across all configurations,
is referred to throughout this chapter as the 921 × 300 grid. It represents the
minimum resolution that satisfies the analytic sampling criterion for the three
flavor probability at the worst case baseline, and it serves as one of the reference
configurations against which coarser grids are compared in Section 4.2.

4.1.3 Grid Construction Methods

Two methods were used to construct the grids tested in this study.

Pure uniform-in-1/E. The 921× 300 grid was generated using a new grid-
construction method developed for this analysis, motivated directly by the pe-
riod counting argument of Section 4.1.2. Given 115 oscillation periods across
the full energy range and an eight points per period target, 922 energy bin edges
were placed at equally spaced values of 1/E between 1/Emax and 1/Emin and
then inverted to obtain energies. No adaptive logic is applied at any stage, so
the grid contains relatively coarse spacing at high energy where the oscillation
phase evolves slowly. This is by design, not a defect: because the phase is linear
in 1/E, coarse E spacing at high energies corresponds to the same phase interval
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as fine E spacing at low energies, and the points per period density is preserved
across the full range.

The makeInverseEnergy algorithm. The 150× 300, 300× 300, 1500× 300,
and 4500 × 300 grids were generated using the makeInverseEnergy function
provided in the GUNDAM oscillation tools, which is the default grid construc-
tion algorithm shipped with gundamInputs. This algorithm starts from uniform
in 1/E spacing but applies a fractionLimit correction: if the ratio of consec-
utive bin widths in logE exceeds a threshold, additional bins are inserted to
prevent overly coarse spacing at high energies. The result is a hybrid scheme
that follows 1/E at low energies and transitions toward logarithmic spacing at
high energies. The behavior of the correction depends on the total bin count.
At 150 and 300 bins the fractionLimit threshold is triggered and the high
energy portion of the grid is pulled toward logarithmic spacing. At 1500 bins
and above, the threshold is never reached and the algorithm returns a grid that
is effectively indistinguishable from pure uniform in 1/E.

All grids use 300 uniformly distributed bins in cos θz.

Table 4.2: Oscillation probability grid configurations tested in this study. All
grids span E ∈ [0.1, 100] GeV and cos θz ∈ [−1, 0].

Grid (NE ×Ncos θ) NE Method Effective spacing
150× 300 150 makeInverseEnergy Hybrid 1/E + logE
300× 300 300 makeInverseEnergy Hybrid 1/E + logE
921× 300 921 Pure 1/E Uniform in 1/E
1500× 300 1500 makeInverseEnergy ≈ pure 1/E
4500× 300 4500 makeInverseEnergy ≈ pure 1/E

The five grids span more than an order of magnitude in energy resolution.
Only the 921× 300 grid has its bin count set by the sampling criterion derived
in this chapter: it is the smallest grid at which uniform in 1/E spacing places
eight points in every one of the 115 counted oscillation periods. The other
four grids come from different motivations. The 300 × 300 grid is the baseline
configuration used by GUNDAM and by the DUNE atmospheric analysis for
this work, and is the grid whose adequacy this study is ultimately meant to
assess. The 1500 × 300 and 4500 × 300 grids serve as high resolution refer-
ences against which coarser configurations are compared; at these bin counts
the makeInverseEnergy correction is never triggered, so both are effectively
pure uniform in 1/E. The 150 × 300 grid is included to establish the lower
bound of the convergence regime, below which grid effects become apparent.
The convergence of oscillation parameters across these five grids is examined in
Section 4.2.

4.2 Grid Resolution Studies

The oscillation grid configuration described in Section 4.1 proposes a 300× 300
grid as the baseline for this analysis. Before proceeding to physics extraction, it
is essential to verify that this grid provides sufficient resolution for the oscillation
probability calculation, and that the choice of grid does not bias the extracted
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oscillation parameters. This section presents a systematic convergence study
across the five configurations listed in Table 4.2, using the 4500 × 300 grid
(1.35× 106 nodes) as the reference against which coarser grids are evaluated.

4.2.1 Impact of Grid Resolution on Event Rate

The first test of grid adequacy is whether the predicted event rates are stable
across grid resolutions. Figure 4.3 overlays the predicted event spectra from the
five grids as a function of reconstructed neutrino energy (top row) and cos θZ
(bottom row), for both the νe-selected (left) and νµ-selected (right) samples.
The ratio panels show the fractional deviation of each grid relative to the 4500×
300 reference.

For the νe selection, all grids agree at the sub-percent level across the full
energy range. The νµ selection shows slightly larger deviations, particularly
in the 150 × 300 grid at high energies where the coarser energy binning under
resolves the rapid oscillation structure. Even for the νµ sample the fractional
differences remain below roughly 2% for all grids and below 1% for the 300×300,
921× 300, and 1500× 300 configurations. The cos θZ projections (bottom row)
show even better agreement, as the zenith binning is held fixed at 300 bins
across all configurations.

To understand where in the analysis phase space the grid resolution effects
are concentrated, Figure 4.4 presents two dimensional residual maps of the frac-
tional event rate difference ∆N/N between each coarser grid and the 4500×300
reference, binned in true energy and cos θZ . The leftmost column shows the
absolute event distribution from the reference grid for context.

The residual structure is concentrated in the region of upward-going neu-
trinos (cos θZ < −0.2) at energies between 1 and 30 GeV, precisely where the
atmospheric oscillation probability undergoes the most rapid variation. The νµ
sample (bottom row) shows systematically larger residuals than the νe sample
(top row), consistent with the νµ disappearance channel containing faster oscil-
lation structure that demands finer energy resolution. The 300×300, 921×300,
and 1500 × 300 grids show comparably small residuals across the full phase
space, while the 150 × 300 grid exhibits the largest deviations, particularly in
the upward-going, multi-GeV region where its resolution falls below the thresh-
old needed to resolve individual oscillation cycles.

4.2.2 Impact of Grid Resolution on Oscillation Parame-
ters

The most stringent test of grid adequacy is whether the choice of oscillation
grid resolution affects the extracted physics: the ∆χ2 profile likelihood curves
and their ∆χ2 = 1 crossing widths. For each of the five grid configurations, a
21-point profile likelihood scan was performed for all six oscillation parameters.
At each scan point the parameter of interest was held fixed at its scan value
and the remaining parameters were varied in the fit. (Table 3.1).

Figure 4.5 overlays the ∆χ2 curves for all six parameters across the five grid
resolutions. The atmospheric sensitive parameters, sin2 θ23, ∆m2

32, and δCP,
produce well-defined minima near the injected truth values, reflecting genuine
sensitivity from the atmospheric neutrino sample. The solar parameters (sin2 θ12
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Figure 4.3: Predicted event rate spectra for the νe-selected (left) and νµ-selected
(right) samples, shown as a function of reconstructed energy (top) and recon-
structed cos θZ (bottom), for five oscillation grid resolutions. The νe selec-
tion uses calorimetric electron energy (recoEnuEcalo) and electron zenith an-
gle (recoEle thetaZ), while the νµ selection uses calorimetric lepton energy
(recoEnuLepCalo) and muon zenith angle (recoMu thetaZ). Lower panels show
the fractional deviation of each grid relative to the 4500× 300 reference. In re-
constructed space, all grids agree at the sub-percent level across most of the
kinematic range; residual differences appear only at the highest reconstructed
energies where event counts are small.

55



CHAPTER 4. OSCILLATION PROBABILITY CALCULATION
OPTIMIZATION

Figure 4.4: Two-dimensional maps of the fractional event rate residual ∆N/N
[%] relative to the 4500 × 300 reference grid, shown in bins of true neutrino
energy and cos θZ for the νe selection (top) and νµ selection (bottom). The
leftmost column shows the absolute event distribution from the reference grid.
Residuals are concentrated in the upward-going, multi-GeV region where oscil-
lation structure is most rapid.

and ∆m2
21) and sin2 θ13 return curves dominated by their Gaussian prior con-

straints, confirming that the atmospheric data at this exposure contribute neg-
ligible additional information on these parameters. For all six parameters, the
curves from the five grids are visually indistinguishable on the scale of the full
∆χ2 range.

The residual panels in Figure 4.5 reveal the fine structure of the grid differ-
ences. The largest residuals appear in sin2 θ23 for the 150× 300 grid, where the
curve deviates from the reference by tens of units in ∆χ2 far from the minimum,
and in δCP for the same grid, where the residual reaches of order unity. For all
other grid and parameter combinations the residuals remain well below the dy-
namic range of the curves near the ∆χ2 = 1 crossing region that determines the
extracted width.

4.2.3 Quantitative Summary

To quantify the residual grid dependence, Figure 4.6 summarizes two metrics for
each parameter and grid configuration, both computed relative to the 4500×300
reference. The left panel shows the fractional shift in the width at ∆χ2 = 1,

∆wG =
|wG − wref |

wref
× 100%, (4.4)

where wG is the distance between the two points at which the curve for grid G
crosses ∆χ2 = 1, determined by linear interpolation. The right panel shows the
maximum absolute pointwise deviation,

RG = max
i

∣∣∆χ2
G(xi)−∆χ2

ref(xi)
∣∣ , (4.5)

where the maximum is taken over all scan points xi shared between grid G and
the reference. These two metrics are complementary. The width shift ∆wG
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Figure 4.5: Profile likelihood scan curves (∆χ2 vs. parameter value) for all six
oscillation parameters, overlaid for the five grid resolutions. At each scan point
the parameter of interest is held fixed at the scan value and the remaining
parameters are profiled over. Lower panels show the residual ∆(∆χ2) of each
grid relative to the 4500× 300 reference. The atmospheric parameters (sin2 θ23,
∆m2

32, δCP) show genuine sensitivity from the data, while the solar parameters
and sin2 θ13 are prior-dominated. All grids produce indistinguishable curves on
the scale of the full ∆χ2 range.

captures whether the 1σ uncertainty that would be quoted from a given grid
changes with resolution, while RG captures whether the curve shape deviates
anywhere along the scan, including regions far from the ∆χ2 = 1 crossing where
a large pointwise disagreement has no effect on the reported uncertainty. For
δCP, the ∆χ2 = 1 width is not reported because the likelihood curve does not
cross unity within the scan range at this exposure; only RG is quoted.

The 150×300 grid is included to establish the lower bound of the convergence
regime, and its behavior confirms the role of that bound. The width shifts at this
resolution reach 3.1% for ∆m2

32 and 1.6% for sin2 θ23, while all other parameters
stay below 0.02%. The pointwise deviations are far more dramatic: RG = 57.4
for sin2 θ23, 0.74 for δCP, and 0.22 for ∆m2

32. Taken together, these results
confirm that the 150×300 grid is insufficiently resolved for a reliable sensitivity
analysis.

For all configurations at 300 × 300 and above the picture changes qualita-
tively. The prior dominated parameters (sin2 θ12, sin

2 θ13, ∆m2
21) show width

shifts at or below 0.1% and RG values below 0.11 across every grid, reflecting
that the atmospheric sample provides negligible information on these parame-
ters and the likelihood surface is set almost entirely by the external priors. For
δCP, RG falls from 0.26 at 300× 300 to 0.14 at 1500× 300.

The atmospheric sensitive parameter most sensitive to grid resolution is
∆m2

32. At 300 × 300 the width shift is 2.4%, falling to 2.0% at 921 × 300 and
to 0.09% at 1500 × 300. The modest improvement from 300 to 921, despite
the three-fold increase in energy bins, indicates that the finite-resolution effect
on the ∆m2

32 width near its minimum is not primarily set by the density of
points per oscillation period in the energy grid. Only when the grid is refined to
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1500×300 does the ∆m2
32 width converge to the reference at the sub-0.1% level.

On sin2 θ23, the width shifts remain modest across all grids (1.2% at 300× 300,
0.5% at 921× 300), while the RG values are larger and not monotonic with grid
size: the 921×300 grid yields RG = 8.3 against RG = 1.3 for 300×300. Because
these pointwise deviations occur in regions of the scan far from the ∆χ2 = 1
crossing, they do not affect the extracted 1σ uncertainty.
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Figure 4.6: Quantitative summary of grid resolution effects on the profile like-
lihood comparison, computed relative to the 4500 × 300 reference grid. Left:
fractional shift in the width at ∆χ2 = 1, ∆wG (Equation 4.4). Right: maximum
absolute pointwise ∆χ2 deviation RG (Equation 4.5), plotted on a logarithmic
vertical axis. The 150× 300 grid (pink diamonds) exhibits width shifts of 3.1%
for ∆m2

32 and 1.6% for sin2 θ23 and a pointwise deviation of RG = 57.4 for
sin2 θ23, confirming it is insufficiently resolved for a reliable sensitivity analysis.
All configurations at 300 × 300 and above show width shifts at or below 2.4%
and are discussed in the text. Width shifts for δCP are not reported because the
likelihood curve does not cross ∆χ2 = 1 within the scan range.

4.2.4 Conclusion

On the basis of these comparisons, the 300 × 300 grid (generated with the
makeInverseEnergy algorithm) is adopted as the baseline configuration for all
subsequent analyses in this work. Across the four parameters for which the
∆χ2 = 1 width is well defined, the 300 × 300 grid agrees with the 4500 ×
300 reference to better than 0.01% on the prior-dominated parameters sin2 θ12,
sin2 θ13, and ∆m2

21, to 1.2% on sin2 θ23, and to 2.4% on ∆m2
32. The largest

of these, the 2.4% shift on ∆m2
32, is small compared to the roughly 1 to 2%

projected 1σ precision on ∆m2
32 from DUNE atmospheric data at the exposure

considered here, and translates to a change in the reported uncertainty that
is well below the experimental systematic budget. The pure uniform in 1/E
921×300 grid, designed around the three-flavor period counting criterion derived
in Section 4.1.2, produces a width shift of 2.0% on ∆m2

32, only marginally smaller
than the baseline, indicating that the residual width effect at 300 × 300 is not
primarily driven by the energy grid spacing. Only the 1500× 300 grid reduces
the ∆m2

32 width shift below 0.1%, and at a threefold cost in oscillation nodes
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relative to the baseline. The 300 × 300 configuration is therefore sufficient for
the sensitivity studies presented in the remainder of this thesis.
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Chapter 5

DUNE Sensitivity to
Atmospheric Neutrino
Oscillations

In this chapter, we present sensitivity results using the 300 × 300 (Eν , cos θz)
baseline grid validated in Chapter 4, with simulated data generated at the Nu-
Fit 5.2 best fit values (normal ordering, with Super-Kamiokande atmospheric
data; Table 3.1). All results represent a statistical only sensitivity; systematic
uncertainties on flux, cross sections, and detector response are deferred to future
work within the collaboration. Section 5.1 presents one dimensional profile like-
lihood scans for all six oscillation parameters. Section 5.2 maps the correlations
between the atmospheric sector parameters through two dimensional profiled
likelihood contour scans. Section 5.3 evaluates the mass ordering sensitivity as
a function of exposure under two configurations of external constraints.

5.1 One-Dimensional Profile Likelihood Scans

For each of the six oscillation parameters, we perform a one dimensional profile
likelihood scan by varying the parameter of interest over a range of ±10σ around
its NuFit 5.2 central value in 21 equally spaced steps, where σ denotes the
NuFit 5.2 1σ width. At each scan point the parameter of interest is held fixed at
its scan value and the remaining five oscillation parameters are profiled: Minuit2
minimizes the negative log likelihood over them at each point. The test statistic
is ∆χ2, defined relative to the global minimum of −2 lnL across the scan. By
Wilks’ theorem the resulting curves follow a χ2 distribution with one degree of
freedom, so the ∆χ2 = 1, 4, and 9 crossings correspond to the 1σ, 2σ, and 3σ
confidence intervals on the scanned parameter. The two dimensional profiled
contours presented in Section 5.2 extend this procedure to pairs of parameters,
simultaneously profiling the remaining four.

The results divide into two categories. Three parameters, sin2 θ12, sin
2 θ13,

and ∆m2
21, are prior dominated: the atmospheric neutrino sample at DUNE

does not significantly improve upon the precision set by the external NuFit
constraints. The remaining three, sin2 θ23, ∆m2

32, and δCP, are parameters
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to which DUNE atmospheric neutrinos are expected to contribute sensitivity
beyond the priors, though as discussed below the degree of constraint varies
considerably among them.

5.1.1 Prior-Dominated Parameters

Figure 5.1 shows the profile likelihood scans for sin2 θ12, sin
2 θ13, and ∆m2

21. All
three curves are clean, symmetric parabolas whose ∆χ2 = 1 crossings coincide
with the NuFit 5.2 prior band (pink shading), and the minima sit at the injected
truth values to within numerical precision.

The parameters sin2 θ12 and ∆m2
21 govern oscillations at the solar ∆m2

21

scale. Because ∆m2
21 is roughly 30 times smaller than ∆m2

32, the associated os-
cillation phase ∆m2

21L/4E remains small even for the longest atmospheric base-
lines. Thus, atmospheric neutrino data provide negligible constraining power
on these parameters relative to existing global fits.

Their influence on the atmospheric event rate is indirect, entering through
sub-leading terms in the three-flavor oscillation probability, and is far too weak
to compete with the precise constraints from KamLAND and solar neutrino
experiments encoded in the NuFit priors. Similarly, sin2 θ13 is constrained to
sub-percent precision by the reactor experiments Daya Bay, Double Chooz, and
RENO. While θ13 does affect the atmospheric νµ → νe appearance channel
(Equation 1.13), the prior is sufficiently tight that the atmospheric data cannot
meaningfully narrow it further.

These scans also serve as a consistency check on the fit configuration: clean
parabolas centered on the injected truth values confirm that the likelihood eval-
uation, parameter injection, and profiling machinery are functioning correctly.
Any deviation from this behavior for the prior dominated parameters would
point to a problem in the fit configuration rather than a physical effect.
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Figure 5.1: One dimensional profile likelihood scans for the three prior-
dominated oscillation parameters: sin2 θ12, sin

2 θ13, and ∆m2
21. At each scan

point the parameter of interest is held fixed at the scan value and the remaining
five oscillation parameters are profiled over by Minuit2. The pink band shows
the NuFit 5.2 1σ range and the red triangle marks the NuFit 5.2 best fit. The
horizontal dashed lines at ∆χ2 = 1, 4, and 9 correspond to the 1σ, 2σ, and 3σ
intervals by Wilks’ theorem. All three parameters recover clean parabolas con-
sistent with their input prior widths, indicating that the atmospheric neutrino
sample does not add significant constraint beyond the external priors.
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5.1.2 Atmospheric Neutrino Oscillation Parameters

Figure 5.2 shows the profile likelihood scans for the three parameters to which
DUNE atmospheric neutrinos are most sensitive. As with the prior dominated
scans, the non-scanned oscillation parameters are profiled over at each scan
point, so the resulting ∆χ2 curves give confidence intervals on the scanned
parameter after accounting for the best fit response of the remaining parame-
ters. The full allowed regions that account for the correlations between sin2 θ23,
∆m2

32, and δCP are presented as profiled two dimensional contours in Section 5.2.

sin2 θ23: The mixing angle θ23 governs the dominant νµ disappearance channel.
In the two flavor approximation, the survival probability depends on sin2 2θ23
(Equation 1.9), which is symmetric about θ23 = π/4 and therefore insensitive
to the octant. However, the full three flavor oscillation probabilities, partic-
ularly the νµ → νe appearance channel whose leading term scales as sin2 θ23
(Equation 1.13), partially break this degeneracy. Matter effects in upward go-
ing atmospheric neutrinos further distinguish the two octants.

The resulting curve exhibits a visible asymmetry, with ∆χ2 rising more
steeply on the lower octant side than on the upper octant side. The ∆χ2 = 1
crossings sit at approximately sin2 θ23 ≈ 0.425 and 0.475, giving a 1σ interval
of roughly 0.05 that is comparable in width to the NuFit 5.2 prior band in this
region. The broader rise on the upper octant side reflects the residual octant
degeneracy, partially but not fully broken by matter effects at this exposure.

∆m2
32: The atmospheric mass splitting sets the frequency of νµ disappearance

oscillations and is imprinted directly on the position of the first oscillation dip in
the L/E distribution (Figure 1.9). The profile scan for ∆m2

32 is tightly peaked
around the injected truth, with ∆χ2 = 1 crossings at approximately ∆m2

32 ≈
2.48 and 2.54×10−3 eV2. The resulting 1σ interval of roughly 0.06×10−3 eV2 is
narrower than the NuFit 5.2 prior band, indicating that the atmospheric sample
at this exposure provides additional constraint on ∆m2

32 beyond the NuFit prior.
Of the six oscillation parameters, this is the one to which the atmospheric sample
is most sensitive, as the dip position can be precisely located given sufficient
statistics and energy resolution. The curve is nearly symmetric and parabolic
near the minimum, consistent with Gaussian behavior in the regime close to the
truth value.

δCP: The CP-violating phase enters the atmospheric oscillation probabilities
through the sub-leading νµ → νe appearance channel (Equation 1.19), where
the CP-odd interference term is proportional to sin δCP. Unlike long baseline
beam experiments, where the fixed baseline and peaked energy spectrum allow
a direct rate comparison between neutrino and antineutrino modes, atmospheric
neutrinos sample a continuous distribution of L/E values. Any CP-violating ef-
fect is diluted by the broad energy spectrum and the integration over production
heights and zenith angles.

The δCP profile scan is dramatically broader than the other two sensitive
parameters and is not symmetric about the minimum. Moving to the right of
the injected truth (toward δCP = 0), the likelihood rises sharply and peaks at
∆χ2 ≈ 26 near δCP ≈ +0.63 rad before falling again toward +π. Moving to the
left (toward −π), ∆χ2 remains essentially flat and does not cross unity within
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the scan range. A well defined two-sided ∆χ2 = 1 interval therefore cannot be
extracted from this scan. Consistent with this, the post-fit Hesse uncertainty on
δCP is approximately six times the NuFit 5.2 1σ width (Figure 3.8), reflecting
the shallow curvature of the profile likelihood near the minimum rather than
a constraint competing with NuFit. The atmospheric sample alone does not
meaningfully constrain δCP at this exposure. This is consistent with the expec-
tation that atmospheric δCP sensitivity is limited compared to dedicated beam
measurements. The primary value of the atmospheric channel for δCP lies in its
complementarity to beam results: because the atmospheric measurement uses
different baselines, energies, and systematics, it provides an independent cross
check when eventually combined with the DUNE beam analysis.
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Figure 5.2: One dimensional profile likelihood scans for the three parameters
to which DUNE atmospheric neutrinos are most sensitive: sin2 θ23, ∆m2

32, and
δCP. At each scan point the parameter of interest is held fixed at the scan
value and the remaining five oscillation parameters are profiled over. The pink
band shows the NuFit 5.2 1σ range and the red triangle marks the NuFit 5.2
best fit. The sin2 θ23 curve exhibits an asymmetric structure reflecting residual
octant sensitivity. The ∆m2

32 curve is tightly peaked, with the ∆χ2 = 1 interval
narrower than the NuFit prior band. The δCP curve is highly asymmetric: ∆χ2

rises sharply toward positive δCP and remains below unity across the scan range
on the negative side, so no two sided 1σ interval can be extracted. The full
allowed regions including correlations between these parameters are presented
in Section 5.2.

5.1.3 Summary

The one dimensional profile likelihood scans confirm the expected sensitivity
hierarchy for DUNE atmospheric neutrinos. The solar parameters and θ13 are
entirely prior dominated, serving as consistency checks on the fit configuration.
The atmospheric mass splitting ∆m2

32 is the parameter to which the atmospheric
sample is most sensitive, benefiting from the direct imprint of the oscillation
frequency on the L/E distribution. The mixing angle θ23 shows genuine atmo-
spheric sensitivity with an asymmetric curve reflecting partial octant resolution.
The CP phase δCP is not meaningfully constrained by the atmospheric sample
alone, though it will provide an independent measurement when combined with
the beam program.

The two dimensional profiled contour scans presented in Section 5.2 extend
this analysis to pairs of atmospheric sector parameters, profiling over the remain-
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CHAPTER 5. DUNE SENSITIVITY TO ATMOSPHERIC NEUTRINO
OSCILLATIONS

ing four at each grid point to map the correlated allowed regions for sin2 θ23,
∆m2

32, and δCP.

5.2 Two-Dimensional Contour Scans

To map the correlations between oscillation parameters and quantify the al-
lowed regions in parameter space, three two dimensional profiled likelihood scans
were performed over pairs of (δCP, sin

2 θ23), (δCP, ∆m2
32), and (sin2 θ23, ∆m2

32).
Each scan evaluates a 50×50 grid (2500 points), where the two scan parameters
are fixed at each grid point and all remaining oscillation parameters are profiled
(minimized) using the GUNDAM fitter. The grid ranges are summarized in Ta-
ble 5.1. Confidence regions are drawn at the two degree of freedom thresholds
∆χ2 = 2.30, 6.18, and 11.83, corresponding to 1σ, 2σ, and 3σ, respectively.
One dimensional profile likelihoods are obtained by projecting the minimum
∆χ2 onto each axis.

Table 5.1: Grid ranges for the three two dimensional profiled likelihood scans.
Each scan uses a 50× 50 uniform grid (2500 points).

Scan Parameter 1 Range Parameter 2 Range

δCP vs sin2 θ23 δCP [−π, π] sin2 θ23 [0.41, 0.59]
δCP vs ∆m2

32 δCP [−π, π] ∆m2
32 [2.30, 2.70]× 10−3 eV2

sin2 θ23 vs ∆m2
32 sin2 θ23 [0.40, 0.60] ∆m2

32 [2.20, 2.80]× 10−3 eV2

5.2.1 sin2 θ23 vs ∆m2
32

Figure 5.3 shows the two dimensional profiled ∆χ2 surface for sin2 θ23 versus
∆m2

32. Of the 2500 grid points, 1604 fits converged successfully, providing suffi-
cient coverage to draw the 1σ, 2σ, and 3σ contours. The profiled best-fit values
(sin2 θ23 = 0.4531, ∆m2

32 = 0.002506 eV2) are in close agreement with the in-
jected NuFit 5.2 truth (sin2 θ23 = 0.451, ∆m2

32 = 0.00251 eV2), confirming that
the Asimov fit correctly recovers the input parameters for these two quantities.

The 1σ contour is closed and compact, indicating strong constraining power.
The shape is elongated toward higher sin2 θ23, reflecting an asymmetry between
the lower and upper octants: atmospheric neutrino disappearance is governed
by sin2 2θ23, which is symmetric about maximal mixing (sin2 θ23 = 0.5), so
values above 0.5 produce a mirror degeneracy. The injected truth lies in the
lower octant (sin2 θ23 = 0.451), and the tighter constraint on the lower side
reflects DUNE’s ability to partially resolve this octant ambiguity through matter
effects and the broad energy coverage of atmospheric neutrinos. The ∆m2

32

constraint is tight, with the 1σ band spanning roughly [2.44, 2.56]× 10−3 eV2,
consistent with the precision expected from the many oscillation periods sampled
by atmospheric neutrinos traversing the Earth.

5.2.2 Contours involving δCP

The two remaining scans probe the sensitivity to the CP-violating phase δCP in
combination with sin2 θ23 and ∆m2

32. These pairings are motivated by known
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Figure 5.3: Two dimensional profiled ∆χ2 contour for sin2 θ23 versus ∆m2
32.

Contours are drawn at ∆χ2 = 2.30, 6.18, and 11.83 (corresponding to 1σ, 2σ,
3σ for 2 DOF). The red star marks the profiled best fit; the green triangle
marks the injected NuFit 5.2 truth. Side panels show the one dimensional
profile likelihoods obtained by minimizing ∆χ2 along the orthogonal axis.
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correlations in the oscillation probabilities. The sub-dominant νµ → νe appear-
ance probability couples δCP and sin2 θ23 through the leading term, which is
proportional to sin2 θ23 sin2 2θ13 f(δCP): a shift in θ23 can be partially com-
pensated by a shift in δCP to produce a similar appearance rate, giving rise
to the well-known octant and δCP degeneracy. Similarly, δCP and ∆m2

32 are
correlated because the CP interference term is proportional to sin δCP modu-
lated by sinusoidal factors of ∆m2

32L/4E, so shifts in either parameter produce
correlated changes in the predicted energy spectrum. These correlations are
hidden in one dimensional profile likelihoods and can only be assessed through
two dimensional scans.

Figure 5.4 shows the δCP versus sin2 θ23 contour and Figure 5.5 shows the
δCP versus ∆m2

32 contour. In both cases, the sin2 θ23 and ∆m2
32 best-fit values

lie close to truth, and the profiled best fit for δCP is consistent with the injected
value, with the minimum occurring at δCP ≈ −2.24 rad compared to the injected
NuFit 5.2 value of −2.233 rad. This small offset reflects a near-degeneracy in
the likelihood surface rather than a bias in the fit.

Figure 5.4: Two-dimensional profiled ∆χ2 contour for δCP versus sin2 θ23. Con-
tours are drawn at ∆χ2 = 2.30, 6.18, and 11.83 (1σ, 2σ, 3σ for 2 DOF). The red
star marks the profiled best fit; the green triangle marks the injected NuFit 5.2
truth. Side panels show the one-dimensional profile likelihoods.
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Figure 5.5: Two dimensional profiled ∆χ2 contour for δCP versus ∆m2
32. Con-

tours are drawn at ∆χ2 = 2.30, 6.18, and 11.83 (1σ, 2σ, 3σ for 2 DOF). The red
star marks the profiled best fit; the green triangle marks the injected NuFit 5.2
truth. Side panels show the one-dimensional profile likelihoods.
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5.3 Mass Ordering Sensitivity

The neutrino mass ordering refers to whether the third mass eigenstate ν3 is
heavier (normal ordering, NO) or lighter (inverted ordering, IO) than ν1 and
ν2. As discussed in Section 1.2.2, the sign of ∆m2

31 determines whether the
MSW resonance condition is met for neutrinos or antineutrinos as they propa-
gate through the Earth. For normal ordering (∆m2

31 > 0), the resonance occurs
in the neutrino channel, while for inverted ordering (∆m2

31 < 0), it occurs in
the antineutrino channel. Since the neutrino interaction cross section and atmo-
spheric flux are both larger than their antineutrino counterparts, the resonance
enhancement produces a larger observable effect when it falls in the neutrino
channel. DUNE’s atmospheric neutrino sample can therefore provide sensitivity
to the mass ordering that is complementary to the beam-based measurement.

5.3.1 Method

The mass ordering sensitivity is evaluated using an Asimov hypothesis test. For
a given true ordering, a simulated dataset is generated using the NuFit 5.2 [35]
best-fit oscillation parameters for that ordering. Importantly, the best-fit val-
ues differ between the two orderings: in particular, the NuFit 5.2 fit with SK
atmospheric data places NO in the lower octant (sin2 θ23 = 0.451) and IO in the
upper octant (sin2 θ23 = 0.569), while the fit without SK data places both or-
derings in the upper octant (sin2 θ23 ≈ 0.57). As discussed below, this difference
plays a significant role in the results.

Each Asimov dataset is fit twice: once under the same-ordering hypoth-
esis (matching the injection) and once under the opposite-ordering hypoth-
esis. The ordering is enforced in the fit through the GUNDAM parameter
PMNS SIGN MASS SQUARED 32, whose sign determines whether the oscillation prob-
ability engine uses ∆m2

32 > 0 (normal ordering) or ∆m2
32 < 0 (inverted order-

ing); its magnitude carries no physical meaning. This parameter is held fixed
throughout the fit, while the remaining oscillation parameters are profiled within
a single ordering hypothesis under their prior constraints. The sensitivity is de-
fined as √

∆χ2
MO =

√
χ2
opposite − χ2

same, (5.1)

where χ2
same and χ2

opposite are the best fit negative log likelihoods under the
same-ordering and opposite ordering hypotheses, respectively. This procedure is
repeated at eleven exposure values ranging from 40 to 2000 kt·yr (corresponding
to 1 to 50 years of running with a 40 kt far detector module). The analysis
includes only oscillation related systematic uncertainties; flux, cross-section,
and detector response systematics are not included.

The study is performed under two configurations of the NuFit 5.2 global fit:
one that includes Super-Kamiokande atmospheric data and one that excludes
it. The injected truth values, prior central values, and 1σ widths for both
configurations are listed in Table 3.2.

5.3.2 Results

Figure 5.6 shows the mass ordering sensitivity as a function of exposure using
NuFit 5.2 with SK atmospheric data included. Assuming IO is the true ordering,
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the sensitivity reaches approximately 3.2σ at 2000 kt·yr. Assuming NO is the
true ordering, the sensitivity is lower, reaching approximately 2.0σ at the same
exposure.

Figure 5.6: Mass ordering sensitivity as a function of exposure for DUNE atmo-
spheric neutrinos, using NuFit 5.2 oscillation parameters with SK atmospheric
data. The blue curve assumes normal ordering is true, and the red curve as-
sumes inverted ordering is true.

Figure 5.7 shows the same study using NuFit 5.2 without SK atmospheric
data. The sensitivities are notably higher: approximately 4.3σ for true NO and
3.9σ for true IO at 2000 kt·yr. The ordering of the curves also reverses, with
NO truth now giving higher sensitivity than IO truth.

5.3.3 MSW Resonance and Octant Competition

The reversal of the sensitivity curves between the two configurations can be
understood as a competition between two physical effects.

The first is the MSW matter resonance. For normal ordering, the resonance
falls in the neutrino channel, which has higher statistics due to larger flux and
cross section. This gives NO truth a natural advantage in terms of the observable
signal. For inverted ordering, the resonance falls in the antineutrino channel,
where the statistics are lower. In the absence of other effects, one would therefore
expect NO truth to yield higher sensitivity than IO truth.

The second effect is the θ23 octant. The appearance probability P (νµ → νe)
scales with sin2 θ23: a value in the upper octant (sin2 θ23 > 0.5) produces more
νe appearance events than a value in the lower octant, effectively providing a
“signal boost” for the mass ordering measurement.

Without SK atmospheric data, the NuFit 5.2 best fit places both orderings
in the upper octant (sin2 θ23 ≈ 0.57). In this case the octant effect is similar for
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Figure 5.7: Mass ordering sensitivity as a function of exposure for DUNE at-
mospheric neutrinos, using NuFit 5.2 oscillation parameters without SK atmo-
spheric data. Both orderings reach higher significance compared to the with-SK
configuration, and the relative ordering of the curves is reversed.

both orderings and the MSW resonance dominates, yielding higher sensitivity
for NO truth. This is the expected behavior.

With SK atmospheric data, however, the NuFit 5.2 best fit shifts the NO
value into the lower octant (sin2 θ23 = 0.451) while keeping IO in the upper
octant (sin2 θ23 = 0.569). The upper octant signal boost for IO truth com-
pensates for its lack of MSW resonance in the neutrino channel, and the lower
octant suppression for NO truth weakens its MSW advantage. The net result
is that IO truth achieves higher sensitivity than NO truth when SK constraints
are included.

Additionally, the overall sensitivity is lower in the with-SK configuration
because the tighter external constraints on the oscillation parameters give the
minimizer more freedom to partially absorb the wrong-ordering hypothesis by
adjusting the profiled parameters, reducing the ∆χ2.

5.3.4 Comparison

Figure 5.8 combines all four sensitivity curves and includes a lower panel showing
the difference in significance between the two NuFit configurations. For both
true orderings, removing the SK constraints increases the sensitivity by roughly
0.5 to 1.5σ across the exposure range, with the difference growing at higher
exposures.

5.3.5 Summary

DUNE’s atmospheric neutrino sample provides meaningful sensitivity to the
neutrino mass ordering, reaching up to 3-4σ depending on the true ordering
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Figure 5.8: Comparison of mass ordering sensitivity between the two NuFit 5.2
configurations. The upper panel shows all four sensitivity curves (NO and IO
truth, with and without SK atmospheric data). The lower panel shows ∆σ =
σnoSK − σwSK for each true ordering.
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and the external constraints assumed. The sensitivity depends not only on the
MSW matter effect but also on the θ23 octant assumed for each ordering, illus-
trating the interplay between these two physical effects. The analysis presented
here includes only oscillation related systematics, so these results represent an
upper bound on the atmospheric only contribution. In practice, the atmospheric
measurement will be combined with DUNE’s beam based mass ordering analysis
to strengthen the overall determination.
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Conclusion

As the next generation of long baseline neutrino oscillation experiment, DUNE
is positioned to address several of the open questions in modern particle physics,
from the neutrino mass ordering to the extent of CP violation in the leptonic
sector. DUNE’s atmospheric neutrino program is complementary to its long
baseline beam program, providing independent sensitivity to oscillation param-
eters such as sin2 θ23 and ∆m2

32. Because of the wide range of L/E coverage
spanning roughly 10−1 to 105 km/GeV, atmospheric neutrinos are sensitive to
multiple oscillation regimes simultaneously, allowing the full shape of the oscil-
lation curves to constrain the atmospheric sector parameters rather than the
narrow L/E window accessible to a fixed baseline beam experiment. Atmo-
spheric neutrinos also carry a different systematic budget than beam neutrinos
for the mass ordering measurement: while the beam determination relies on
robust modeling of beam flux and cross sections, atmospheric mass ordering
sensitivity is primarily set by the zenith angle shape of the sample. Further-
more, matter effects vary continuously with baseline, and atmospheric neutrinos
probe everything from short downward going trajectories to upward going neu-
trinos that traverse the core of the Earth, providing a path to the mass ordering
that is independent of the beam program.

In this thesis, we performed Asimov sensitivity studies using the GUNDAM
fitting framework at a 400 kt·yr exposure, corresponding to ten years of data
collection with the full four module DUNE far detector. The injected truth
oscillation parameters were taken from the NuFit 5.2 global fit with Super-
Kamiokande atmospheric data (Table 3.1). The analysis configuration uses a
common binning of 260 reconstructed level analysis bins, with 160 bins in the νe
selection and 100 bins in the νµ selection, each binned in reconstructed energy
and in 10 uniform bins of the cosine of the reconstructed zenith angle. We use
the Barlow-Beeston likelihood, in which per bin Monte Carlo statistical uncer-
tainties are absorbed into analytically profiled scaling factors. The only free
parameters in the fit are the six oscillation parameters, and Minuit2 is used to
minimize the negative log likelihood over them. For our 1D profile likelihood
scans, the scanned parameter was held fixed at each grid point while Minuit2
profiled over the remaining oscillation parameters, yielding the minimum ∆χ2

at each point. For our 2D profile likelihood scans, the two scanned parameters
were fixed at each grid point and Minuit2 profiled over the remaining oscilla-
tion parameters, yielding the ∆χ2 surface from which confidence intervals were
extracted. The scope of this thesis is a statistics only sensitivity study, with no
flux, cross section, or detector systematic uncertainties included in the fit. This
choice isolates the statistical power of the DUNE atmospheric neutrino sample
at 400 kt·yr and provides an upper bound on the achievable sensitivity. A full
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systematic treatment for the DUNE atmospheric sample is an active area of
development within the collaboration and is left to future work.

Our convergence study established that the 300 × 300 (true energy × true
zenith) oscillation probability grid used as the GUNDAM default is sufficient to
capture atmospheric oscillation features. Against the 4500× 300 reference, the
300 × 300 grid agrees to better than 0.01% in the ∆χ2 = 1 width on the prior
dominated parameters sin2 θ12, sin

2 θ13, and ∆m2
21, to 1.2% on sin2 θ23, and to

2.4% on ∆m2
32, the largest of the five and still small compared to the projected

precision on ∆m2
32 from DUNE atmospheric data at this exposure. A coarser

150× 300 grid was shown to fail this test, with the recovered ∆m2
32 and sin2 θ23

profile widths biased by 3.1% and 1.6% respectively and with pointwise ∆χ2

deviations reaching 57 units on sin2 θ23. Convergence was confirmed through
comparisons of charged current event rates, 2D residuals, and profile likelihood
scans across five grid resolutions. We further established that fixing the atmo-
spheric neutrino production height at 20 km, rather than averaging over the
full height distribution, biases the predicted event rate by only −1.294% in the
νµ sample and −0.014% in the νe sample, justifying the use of the fixed height
approximation in all subsequent fits.

The 1D profile likelihood scans show that the parameters DUNE atmospheric
neutrinos meaningfully constrain are ∆m2

32 and sin2 θ23. ∆m2
32 is the most

tightly constrained of the six oscillation parameters, with the ∆χ2 = 1 crossing
well within the NuFit 5.2 prior band, reflecting the direct imprint of the oscil-
lation frequency on the L/E distribution. sin2 θ23 exhibits a visible asymmetry
in its scan, reflecting partial but incomplete resolution of the octant degeneracy
through three flavor and matter effects. δCP receives only a weak, broad con-
straint in this fit, with a post fit Hesse error roughly six times the NuFit 5.2
prior width (Figure 3.8). This apparent sensitivity is itself partly an artifact
of the statistics only configuration: flux, cross section, and detector systemat-
ics would absorb much of it in a realistic fit. An independent measurement of
δCP from atmospheric data alone is therefore not realistic at this exposure, and
the value of the atmospheric channel for δCP lies in its eventual combination
with the DUNE beam program. The solar parameters ∆m2

21 and sin2 θ12, along
with sin2 θ13, are entirely prior dominated in the GUNDAM atmospheric fit
configuration, and the recovery of clean parabolas centered on truth for these
parameters serves as a consistency check on the fit machinery.

The 2D profiled likelihood contours map the correlations between the at-
mospheric sector parameters. The sin2 θ23 versus ∆m2

32 contour closes at 1σ
around the injected truth, with the profiled best fit recovering sin2 θ23 = 0.4531
and ∆m2

32 = 2.506× 10−3 eV2, in close agreement with the NuFit 5.2 injection.
The δCP versus sin2 θ23 and δCP versus ∆m2

32 contours both confirm that δCP

is poorly localized by the atmospheric sample alone: the profiled best fit sits
within a fraction of a radian of the injected NuFit 5.2 truth, but the contours
extend across most of the scanned δCP range.

The mass ordering sensitivity reaches 3 to 4σ at 2000 kt·yr, depending on
the true ordering and the choice of external constraints. Using NuFit 5.2 priors
that include Super-Kamiokande atmospheric data, DUNE atmospheric neutri-
nos achieve approximately 3.2σ assuming true inverted ordering and 2.0σ as-
suming true normal ordering. Removing the SK constraints from the priors
raises both significances and reverses their relative ordering, yielding 4.3σ for
true NO and 3.9σ for true IO. This reversal reflects a competition between two
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physical effects: the MSW resonance, which favors NO truth because the matter
enhancement falls in the higher statistics neutrino channel, and the θ23 octant
assumed for each ordering, which favors IO truth in the with-SK configuration
because NuFit 5.2 places NO in the lower octant and IO in the upper octant.
The interplay of these two effects, rather than either alone, sets DUNE’s atmo-
spheric mass ordering reach.

The results presented in this thesis should be read as an upper bound on
the achievable sensitivity of DUNE’s atmospheric neutrino program. A full sys-
tematic treatment incorporating Honda flux uncertainties, GENIE cross section
uncertainties, and LArTPC detector response uncertainties will degrade these
statistics only sensitivities by an amount that remains to be quantified within
the collaboration. Several extensions of this work are natural next steps. The
grid convergence study in Chapter 4 used uniform binning in true cos θz, but
a non uniform zenith binning aligned with the core mantle boundary may im-
prove sensitivity in the energy and baseline regime where the MSW resonance
enhances the oscillation probability. A dedicated octant sensitivity study, com-
plementary to the mass ordering work in Section 5.3, would quantify how much
of the residual octant asymmetry seen in the sin2 θ23 versus ∆m2

32 contour can
be resolved at higher exposures. The injected truth values can also be updated
to NuFit 6.1 once those constraints are available, and the analysis rerun for
direct comparison with the most recent global fit. Finally, the principal value of
the DUNE atmospheric neutrino program lies in its complementarity with the
long baseline beam measurement: atmospheric neutrinos provide independent
sensitivity to ∆m2

32 and θ23, an independent route to the mass ordering through
Earth traversing matter effects, and a δCP cross check that does not share the
beam program’s flux and cross section systematics. Because atmospheric data
collection can begin as soon as the first far detector modules are filled with
liquid argon, well before beam commissioning is complete, the analysis frame-
work, oscillation grid, and fitting procedures developed in this thesis position
the DUNE atmospheric neutrino program to deliver its first oscillation results
during the experiment’s earliest physics capable phase.
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