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Abstract

Walking is one of many basic human motor functions, yet replicating it in robotic systems
remains a complex problem. Historically, the design of walking mechanisms has relied on
human intuition and iterative refining. Some well-known mechanisms, like Theo Jansen,
have been invented by artists rather than engineers. In this paper, we present a novel, auto-
mated pipeline that includes dataset generation, filtering, and an optimization procedure
for synthesizing 1-DOF geometrically feasible walking mechanisms. Four million mech-
anisms were simulated and evaluated for 25 mechanism types, for a total of 100 million
mechanisms. Quantitative design criteria for walking motion were identified and applied
to retain a total of 23,250 valid, stable walking mechanisms. We then apply a custom
optimization process to adjust near-walking mechanisms whose joints run into the ground.
A custom function is used to minimize the error related to ground intersection and step
uniformity. The computational generation and optimization of walking linkages demon-
strated in this work aims to systematically generate a large number of design concepts for
walking mechanisms. While the focus of this work is on the synthesis of mechanisms for
walking robots, the same methodology could be generalized to identify mechanisms for a
wide range of applications beyond walking robots.

Keywords: kinematics; mechanisms; robotics; simulation; computational design; datasets;
optimization; kinematic synthesis

1. Introduction
This paper presents a kinematic synthesis pipeline for planar single-degree-of-freedom

(1-DOF) geometrically feasible walking mechanisms. Building on simulation-based mech-
anism synthesis and analysis frameworks [1,2], we introduce a design-criteria-driven
workflow that (i) formalizes geometric constraints specific to walking, (ii) performs large-
scale simulation and dataset filtering under these constraints, and (iii) refines near-feasible
candidates via optimization using a custom design-driven objective. The pipeline produces
both a reusable synthesis workflow (generator) and a curated dataset of feasible 1-DOF
walking mechanisms. Throughout this paper, the term “walking mechanism” refers to
linkages that satisfy geometric criteria for walking feasibility. Evaluation is conducted
at the kinematic level, where walking potential is assessed from the resulting foot trajec-
tory geometry; dynamic stability and contact-force effects are beyond the scope of the
present study.
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Planar 1-DOF walking linkages have a rich history and continue to attract interest in
robotics and mechanism design. Classic examples include Chebyshev-type leg mechanisms,
Klann six-bar linkages, and Theo Jansen’s multi-link walkers [3–6]. Figure 1 shows these
three existing walking linkages.

(a) (b) (c)

Figure 1. The figure shows three existing walking linkages drawn and simulated in MotionGen [1]:
(a) Jansen Linkage, (b) Klann Linkage, (c) Trotbot Linkage.

Historically, many of these designs relied heavily on intuition, manual iteration, and
physical prototyping. In contrast, modern robotics and mechanism design increasingly
demand computational tools that can systematically explore large design spaces while
enforcing task-specific constraints (e.g., ground contact behavior, clearance, and gait-like
features). Walking mechanisms provide an especially useful testbed because successful de-
signs must satisfy multiple interacting criteria beyond reproducing a single coupler curve.

Mechanism synthesis aims to determine mechanism topology and dimensional param-
eters to satisfy prescribed path, motion, or function requirements, as treated extensively
in classical synthesis texts [7,8]. Analytic approaches such as kinematic mapping and
algebraic fitting provide unified formulations for motion synthesis and have been extended
toward simultaneous type-and-dimension synthesis [9]. To make these synthesis tech-
niques practical, interactive tools have been developed, notably MotionGen for real-time
four-bar motion generation with pose and geometric constraints [2].

More recently, there has been a growing interest in combining large-scale data genera-
tion with machine learning for mechanism design. Prior work proposed learning-based
synthesis of defect-free mechanisms and methods to handle uncertain user inputs, includ-
ing image-based representations of input curves and invariant/normalized representations
of coupler curves [10–12]. Large datasets have accelerated data-driven design, e.g., the
LINKS dataset of 100M planar linkage mechanisms [13] and a curated dataset of nearly 3M
single-DOF planar 4-, 6-, and 8-bar mechanisms with open/closed coupler curves [14]. In
rehabilitation-oriented motion design, representative pipelines combine data generation,
learned representations, and retrieval/selection to produce multiple candidate mechanisms
under practical constraints [15]. Beyond Variational Auto Encoder (VAE)-style embeddings
and retrieval, other learning paradigms have also been explored, including conditional
GANs under constraints [16], reinforcement-learning-based synthesis [17], graph-based
generative approaches for linkage graphs [18], sequence-model-based mechanism design
automation [19], and conditional generative modeling applied to six-bar synthesis [20].

Frequently, mechanism design problems are reduced to finding suitable combinations
of links and joints that generate a given path, such as that of a foot point during average
walking motion. However, path-matching alone is often insufficient for broader robotics
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design tasks requiring satisfying multiple and often conflicting design specifications. First,
many applications admit families of functional mechanisms rather than a single best-fitting
curve; optimizing only for a target trajectory can overlook alternatives whose coupler curves
differ slightly yet still satisfy the task. Second, existing pipelines do not provide a general
method to filter or curate large datasets using application-specific geometric criteria, especially
when those criteria involve more than curve similarity. Third, practical design problems
impose hard feasibility constraints that must be satisfied in addition to producing a plausible
path. For walking mechanisms, examples include requiring a closed foot trajectory, enforcing
a sufficiently flat stance phase for ground contact and propulsion, ensuring adequate step
height and step length, and preventing non-foot joints or links from intersecting the ground
during motion. These requirements motivate a synthesis pipeline that treats “walking-ness”
as a constrained objective rather than as a byproduct of path similarity.

To overcome these limitations while leveraging the scalability of data-driven ap-
proaches, we propose a design-criteria-driven synthesis pipeline that treats “walking-ness”
as multi-criteria satisfaction rather than path similarity. Unlike pure learning methods that
excel at efficient search but can struggle with hard constraints, our approach combines
large-scale simulation with explicit geometric filters, offering complementary advantages:
(1) guaranteed geometric feasibility through direct constraint checking, (2) sufficient sam-
pling within the constrained region, (3) explicit criteria formulation allowing transparent
tuning for specific applications, and (4) interpretable failure modes when mechanisms are
rejected. This approach maintains scalability while introducing application-specific intelli-
gence through targeted filtering criteria and soft optimization of near-feasible designs. As a
result, our pipeline provides a verified training dataset with explicit feasibility boundaries
that can bootstrap and validate learned models.

Implementation scope: We demonstrate this pipeline on four types of planar four-
bar mechanisms with revolute (R) and prismatic (P) joints—RRRR, RRRP, RRPR, and
PRPR—and five six-bar mechanisms, classified into two Watt types and three Stephenson
types (Figure 2). Additionally, we include different variants of these five types where
coupler points are placed on different links. For details on these kinematic structures,
see [21]. The resulting dataset provides not just feasible mechanisms but also the geometric
criteria that define their feasibility, enabling both direct application and further learning-
based refinement.

(a) Watt 1 (b) Watt 2 (c) Stephenson 1 (d) Stephenson 2 (e) Stephenson 3

Figure 2. Five types of six-bar mechanisms in our work.

Although developed and demonstrated for walking, the methodology is intended to
generalize to other robotics mechanism design tasks where feasibility and performance are
defined by geometric/kinematic criteria. The main contributions of this paper are:

1. Geometric constraint formulation for walking mechanisms: We propose a scal-
able computational pipeline to identify planar walking mechanisms from randomly
generated linkages by enforcing five explicit geometric criteria.
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2. Large-scale simulation and dataset filtering: We generate a large-scale dataset by
sampling linkage joint coordinates from an explicit distribution (uniform within fixed
bounds) and simulating each candidate across 25 structural subtypes. Then, we eval-
uate approximately 108 candidates in total (4 M per subtype) and retain 23, 250 fea-
sible walking mechanisms after filtering. Our implementation runs efficiently on
High-Performing Computing resources (e.g., ∼5–6 h per 4 million candidates for a
representative subtype on the SeaWulf computing cluster from Stony Brook Univer-
sity (Website for SeaWulf: https://rci.stonybrook.edu/HPC/understanding-SeaWulf
(accessed on 21 January 2026)).

3. Optimization-based refinement of near-feasible designs: We further improve walka-
bility via a derivative-free optimization that adjusts only ground-violating joints. We
use Differential Evolution [22] with penalty-based constraint handling to minimize
a composite objective that discourages invalid stance detection, ground penetration,
and poor trajectory closure, and we terminate after a fixed evaluation budget or when
the best objective value stalls.

The remainder of this paper is arranged as follows. Section 2 describes the dataset gen-
eration, filtering procedure, and the design-driven objective used for fine-tuning. Section 3
reports filtered dataset statistics and representative walking results, and evaluates the
effectiveness of the optimization step. Section 4 concludes with a discussion of limitations
and implications for broader robotics mechanism design.

2. Methodology
The methodology developed in this work builds upon an existing mechanism simula-

tion framework by Lyu et al. [2]. The overall workflow consists of three stages: simulation
(Section 2.1), dataset filtering (Section 2.2), and fine-tuning (Section 2.3) (Figure 3).

Neither random sampling nor numerical optimization alone is sufficient. In a design
space with at least ten dimensions (RRRR, for example), sampling only produces subop-
timal solutions. Meanwhile, nonlinear optimization initialized from random parameters
frequently fails to converge, incurring substantial computational cost. We therefore com-
bine the two: sampling provides good initial guesses, and optimization refines them to
best-fit mechanisms efficiently.

Therefore, in the simulation stage, we sample large numbers of randomized mecha-
nism parameters and perform kinematic simulation to generate candidate motions for the
selected mechanism families. In the filtering stage, we evaluate a set of walking-specific
geometric criteria on the simulated motions and retain only candidates that satisfy the
feasibility conditions, resulting in a curated dataset of potentially walkable mechanisms. Fi-
nally, the fine-tuning stage refines near-feasible candidates by adjusting design parameters
to correct geometric violations that prevent walking (e.g., non-foot joints intersecting the
ground). This refinement is formulated as an optimization problem with a custom, design-
driven objective constructed from the same geometric criteria together with a measure of
walking effectiveness. Figure 3 provides an overview of the complete pipeline.
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Figure 3. Design pipeline for walking mechanism generation, filtering, and optimization. The dashed
arrows represent an iterative refinement loop: near-feasible mechanisms from filtering are optimized,
with successful candidates evaluated using the filters again.

2.1. Simulation

We use the simulator developed by Lyu et al. [2] to generate kinematic trajectories from
randomized initial joint configurations. Given initial joint coordinates and a specification
of the mechanism type, the simulator outputs the coupler curves (trajectories) of all joints
over a full motion cycle.

To support large-scale sampling, we first generate random coordinate values and store
them in a matrix R ∈ R108×16 prior to simulation. These values are between −10 to 10,
because we standardize the simulation result with respect to the coupler path using the
method in [15] so that the curve is invariant to translation, rotation, scaling, and reflection.
Additionally, unlike [23], which uses the Fourier Descriptor (FD), the method in this work
does not require full rotation or a fixed number of points.

Each row of R contains 16 scalars, interpreted as 8 planar (x, y) pairs, which is sufficient
to provide randomized coordinates for all joints required by the 4-bar and 6-bar families
considered in this work (five joints for 4-bar mechanisms, and seven or eight joints for6-
bar mechanisms).

R =



x(1)1 y(1)1 x(1)2 y(1)2 · · · x(1)8 y(1)8

x(2)1 y(2)1 x(2)2 y(2)2 · · · x(2)8 y(2)8

x(3)1 y(3)1 x(3)2 y(3)2 · · · x(3)8 y(3)8
...

...
...

...
. . .

...
...

x(108)
1 y(108)

1 x(108)
2 y(108)

2 · · · x(108)
8 y(108)

8


.
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The kinematic structure of each mechanism type is encoded by three matrices, B, S,
and I, following the representation in [2]. These mechanisms are collectively saved with
their matrices in a dictionary (See a definition of BSIdict in [21]).

The binary incidence matrix B specifies link–joint connectivity. Formally, the B matrix
is defined as

B ∈ {0, 1}ℓ×n,

where n is the number of joints, ℓ is the number of link-incidence rows (including the
ground row), and bij denotes the element in row i and column j.

The first row in the matrix B is defined as

b1 = [b11, b12, . . . , b1n], b1j =

1 if joint j is grounded,

0 otherwise.

while the rows 2 through l are defined as For each link row i = 2, . . . , ℓ,

bi = [bi1, bi2, . . . , bin], bij =

1 if joint j lies on link i,

0 otherwise.

For mechanism types that include prismatic joints (i.e., collinearity constraints), the
corresponding S matrix is non-empty. Each row of S stores a triplet of joint indices that
must remain collinear. For example, if joints P, q, and r are constrained to lie on the same
line, then the row [p, q, r] appears in S.

The actuator specification is stored in the I matrix. Similar to S, each row of I contains
three joint indices defining the actuation constraint, together with a fourth entry indicating
actuator type. For a rotary actuator that enforces the angle between vectors v⃗qp and v⃗qr (with
joint indices P, q, and r), the corresponding row is [p, q, r, 0]. For a linear actuator, v⃗qr defines
the reference direction and v⃗qp defines the actuated length, yielding the row [p, q, r, 1].

Given a set of random joint coordinates together with the matrices B, S, and I for
a selected mechanism type, the simulator outputs a tensor P ∈ R2×m×N , where m is the
number of joints and N is the number of simulated time steps. The first dimension (of
size 2) corresponds to (x, y) coordinates. We write

P =
[
P(0), P(1), . . . , P(N−1)

]
,

where each

Pi =

[
x(i)1 · · · x(i)m

y(i)1 · · · y(i)m

]
∈ R2×m

contains all joint positions at simulation step i. From this tensor, we extract the trajectory of
the coupler point and denote it by

P = {P(0), P(1), . . . , P(n)}, Pi ∈ R2,

where Pi is the planar position of the coupler at simulation step i, and n = N − 1.

2.2. Dataset Filtering

After simulating each mechanism from randomized parameters, we evaluate a set of
geometric criteria to determine whether the candidate should be retained in the dataset.
These criteria are derived from common design considerations for planar 1-DOF walking
mechanisms reported in prior design-oriented studies and articles [24–26]. Only mecha-
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nisms that satisfy all required feasibility conditions are saved to the database for down-
stream analysis and refinement.

The adopted criteria are:

1. Closed foot trajectory: the selected coupler curve (foot point) must form a closed,
periodic curve over a full actuation cycle (Section 2.2.1).

2. No self-intersection: the coupler curve must be a simple closed curve (i.e., it must
not intersect itself) (Section 2.2.1).

3. Bounded curvature/smoothness: the trajectory must not contain excessively sharp
corners or abrupt direction reversals; equivalently, curvature and/or the turning angle
between successive samples must remain below a specified threshold (Section 2.2.2).

4. Existence of a stance segment: the trajectory must contain a sufficiently long “flat”
portion suitable for ground contact during stance (Section 2.2.3).

5. Stance proportion constraint: depending on the intended robot configuration (e.g.,
the number of legs operating in parallel), the stance segment must occupy at least a
minimum fraction of the full cycle (duty factor) (Section 2.2.3).

6. Ground clearance for non-foot joints: when the mechanism is oriented such that the
stance segment lies on the ground line, no other joint trajectory (and, if applicable, the
mechanism geometry) may intersect the ground (Section 2.2.4).

Motivation for geometric criteria: Each filtering criterion corresponds to a physical
requirement for walking. Closure ensures a periodic, continuous motion for repeated
stepping. Self-intersection avoidance prevents ambiguous foot positions, which could
interfere with the stance portion of a step. Smoothness corresponds to foot acceleration
profiles; sharp, angled portions in the coupler curve would create uneven acceleration.
Flat stance segments enable ground contact and propulsion. Ground clearance prevents
mechanical interference. These geometric proxies allow efficient screening before expensive
dynamic simulation.

Within these algorithms, many thresholds are used to calculate the different properties
of the mechanisms. They are outlined inAppendix A.

2.2.1. Closed Coupler Curve and Self-Intersection Test

To ensure that the simulated coupler curve defines a valid closed foot trajectory
for walking, we perform two preliminary checks: (i) closure and (ii) self-intersection
(Algorithm 1). A walking trajectory must be periodic; otherwise, the mechanism cannot
sustain continuous stepping over repeated cycles, even if other criteria are satisfied. In
addition, we reject self-intersecting trajectories because a self-intersection implies that
the curve is not a simple closed path; this can yield ambiguous contact/stance regions
and non-unique horizontal positions for the same phase, which is undesirable for stable
forward walking.

For the classic four-bar linkages, analytical criteria such as Grashof’s condition can
be used to determine the existence of a continuously rotating crank. However, for six-bar
topologies (e.g., Watt and Stephenson types), the Grashof condition is not applicable. Since
the objective of this work is to identify mechanisms that generate closed and periodic walk-
ing trajectories, closure is verified directly at the trajectory level by simulating one full input
cycle and ensuring periodic return to the initial configuration within numerical tolerance.
This approach guarantees closed output behavior for all types of kinematic structures.

Closure test. Let P = {P(0), P(1), . . . , P(n)} denote the sampled points of the coupler
trajectory returned by the simulator. Rather than comparing only the first and last samples,
we search for a return-to-start event within the trajectory, since some simulations may
contain multiple cycles or partial overlaps, in which case the final sample may not coincide
with a true cycle boundary. Specifically, we compute the minimum distance from the
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start point P0 to later samples Pi while skipping an initial prefix to avoid trivial near-
start matches:

Qc = min
i≥imin

∥P(i) − P(0)∥2,

where imin = 40 in our implementation (Figure 4), and n = 512 is the total number of
samples. We declare the trajectory to be closed if Qc < τ, where τ = 0.1 is a tolerance
that admits small numerical gaps while still rejecting clearly open curves. Although a
self-intersecting trajectory may also yield a small value of Qc, such cases are subsequently
rejected by the self-intersection test.

Algorithm 1: Coupler Curve Closure and Self-Intersection Tests

Input: P = {P(0), P(1), . . . , P(n)}, closure tolerance τ = 0.1
Output: booleans is_closed, is_self_intersecting

1 Function IsSimple(P):
2 S← {P(i)P(i+1) | i ∈ [0, n− 1]};
3 foreach pair (sa, sb) ∈ S× S with no shared vertices do
4 if sa ∩ sb ̸= ∅ then
5 return False;
6 end
7 end
8 return True;
9 end

10 is_self_intersecting← not IsSimple (P);
11 Qc ← ∞;
12 for i← 40 to n do
13 d← ∥P(i) − P(0)∥;
14 Qc ← min(Qc, d);
15 end
16 is_closed← (Qc < τ);
17 return is_closed, is_self_intersecting;

Figure 4. The closure test performed on the coupler curve in Algorithm 1. The blue curve is the
coupler curve that we are evaluating, the red line indicates the distance P(i) − P(0), and the purple
dashed line indicates the iteration through the curve.
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Self-intersection test. Let P = {P(0), P(1), . . . , P(n)} denote the sampled planar trajec-
tory, and define the associated polyline segments

S = { P(i)P(i+1) | i = 0, . . . , n− 1 }.

The curve is declared self-intersecting if there exist two non-adjacent segments
P(i)P(i+1), P(j)P(j+1) ∈ S with |i− j| > 1 such that

P(i)P(i+1) ∩ P(j)P(j+1) ̸= ∅.

Adjacent segments sharing a common endpoint are excluded from this test. In practice,
this amounts to checking all pairs of non-adjacent segments for intersection using standard
segment–segment intersection predicates. If any such intersection is found, the boolean
flag is_self_intersecting is set to True and the curve is rejected.

2.2.2. Smoothness Test

We assess the smoothness of a coupler curve using its curvature. Large curvature
values correspond to sharp turns or abrupt changes in direction, which are generally
undesirable for walking trajectories.

To reduce sensitivity to sampling noise, we smooth the sampled (x, y) coordinates us-
ing a one-dimensional Gaussian filter. We then compute first- and second-order derivatives
via numerical gradients and evaluate the curvature at each sample point as

κ =
|x′y′′ − y′x′′|
(x′2 + y′2)3/2 .

If the maximum curvature along the curve exceeds a threshold α, the trajectory is
rejected as non-smooth. In our experiments, α = 15 provided an effective cutoff for
eliminating trajectories with excessively sharp features. Algorithm 2 summarizes the
procedure, and Figure 5 visualizes three example coupler curves with curvature values
shown by color.

Algorithm 2: Smoothness Test via Curvature Thresholding.

Input: Coupler coordinates P = {(xi, yi)}, smoothness threshold α

Output: has_sharp_corners
1 x, y← gaussian_filter_1D(P, smoothing σ = 1)
2 Compute x′ = ∇x, y′ = ∇y, x′′ = ∇x′, y′′ = ∇y′

3 κi =
|x′iy

′′
i −y′i x

′′
i |

(x′2i +y′2i )3/2 ∀ i

4 has_sharp_corners← true_if_any(κi > α)
5 return has_sharp_corners

2.2.3. Flatness Detection: Stance, Contact, and Ground Model

In this work, we define stance and ground contact using a purely geometric approximation
based on the shape of the foot trajectory. The selected coupler point is treated as the contact
point, and the ground is modeled as a straight line inferred from the flat portion of the
trajectory via least-squares fitting. To reason about flatness consistently, we analyze trajectories
in a ground-aligned coordinate frame obtained by rotating the curve so that its dominant
direction of motion is horizontal. The stance phase is then identified as the longest near-
horizontal segment of the trajectory in this aligned frame. This definition provides a practical
proxy for foot-ground contact and does not attempt to model contact forces, slip, or dynamics.
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(a) (b) (c)

Figure 5. The figure shows three example coupler curves with curvature color-mapped along their
lengths. A log scale for curvature is used for better visualization. (a) is the first example, (b) is the
second example, and (c) is the third example.

The flat portion of the coupler curve corresponds to the stance phase of walking,
during which the foot remains approximately in contact with the ground and provides
support and propulsion.

We detect this stance segment by (i) rotating the trajectory so that the dominant
direction of variation aligns with the x-axis, and (ii) identifying regions with sufficiently
small slope in the rotated frame.

To align the curve, we apply Principal Component Analysis (PCA) to the sampled
(x, y) points and rotate the trajectory such that the first principal component (the direc-
tion of greatest variance) is aligned with the x-axis. For walking-like trajectories, the
stance segment is typically the longest near-linear portion and therefore dominates the
variance, making this alignment a practical approximation. After alignment, we compute
the slope, and the points with slope magnitude below a threshold are labeled as “flat”; in
our implementation, we use ϵ = 0.0075. See Figure 6 for illustration.

We then identify contiguous runs of flat points and define the flatness fraction as
the length of the longest flat run normalized by the total curve length (Algorithm 3). The
minimum required flatness fraction depends on the desired duty factor and the number
of legs operating in parallel. As a simple guideline, if N identical legs are phase-shifted
to provide continuous ground contact, each leg typically requires a stance fraction of at
least 1/N of the cycle. In this study, we accept a trajectory if at least one quarter of the
cycle is classified as flat (flatness fraction ≥ 0.25), corresponding to a nominal requirement
of N ≤ 4 legs for continuous contact under ideal phase scheduling. Additional legs may
be needed in practice for stability and balance, which are hardware-level considerations
beyond the scope of this work.

While vertical deviation constraints could limit absolute displacement along the
y-axis, they do not directly suppress local oscillatory behavior within a tolerance band.
By monitoring the derivative dy

dx during the stance phase, the method enforces directional
consistency and limits small oscillations that could otherwise occur while remaining within
vertical bounds.

The derivative is computed using sufficiently fine discretization of the trajectory, and
numerical stability was verified empirically during implementation.

https://doi.org/10.3390/machines14030253
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Algorithm 3: Flat Region, indices, and flatness fraction detection via PCA
Alignment

Input: Coupler coordinates P = {(xi, yi)}, slope threshold ϵ = 0.0075, minimum
flat fraction fmin = 1/4

Output: flat_indices, flat_fraction, is_flat
1 P← resample_uniform(P, 512);
2 rotated_curve← pca_align(P);
3 flat_mask← |gradient(rotated_curve[:, 1])| < ϵ;
4 max_run← 0; run_indices← [];
5 current← [];
6 for i = 0 to length(P)− 1 do
7 if flat_mask[i] then
8 current.append(i);
9 if len(current) > max_run then

10 max_run← len(current); run_indices← current.copy();
11 end
12 else
13 current← [];
14 end
15 end
16 flat_fraction←max_run / length(P);
17 is_flat← flat_fraction ≥ fmin;
18 return run_indices, flat_fraction, is_flat;

Figure 6. Visualization of the flatness detection by aligning the principal axis and detecting low
slope regions. The orange line indicates the principal axis, the dashed purple arrow shows the
algorithm iterating over the coupler curve, and the red portion indicates the run of points with low
slopes below the slope threshold ϵ.

2.2.4. Ground Intersection Test

The final test verifies ground clearance: when the mechanism is oriented such that
the foot is supported by its flat stance segment, no other joint trajectory should intersect
the ground. We approximate the ground by a line ℓ fitted in the least-squares sense to the
detected stance-phase foot points. Specifically, ℓ is chosen to minimize the sum of squared
orthogonal distances to these points. We then compute the signed distance of every joint
position to ℓ, with the sign chosen so that the supporting foot points lie on the zero or
negative side. The mechanism passes the test if, for all time steps, every non-foot joint
remains strictly on the positive (clearance) side of ℓ. See Algorithm 4 and Figure 7. In this
algorithm, m and b are the slope and y-intercept, respectively.
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Figure 7. This figure shows an example mechanism that does not pass the ground intersection test
(left), and one that passes the test (right).

Algorithm 4: Joint-Ground Intersection Test.
Input: Coupler path P = {(xi, yi)}, joint coordinates J = {(xi, yi)}, flat indices Iflat

Output: isGroundClear
1 (m, b)← linear_regression(PIflat )
2 dpath ← Py − (mPx + b)
3 majoritySign← sign(∑ dpath)

4 djoints ← Jy − (mJx + b)
5 isGroundClear← all(sign(djoints) is equal to majoritySign)
6 return isGroundClear

2.3. Optimization Methodology

Even after passing the geometric filters, some candidates still fail functionally because
one or more non-foot joints intersect the best-fit ground line estimated from the stance
segment of the foot trajectory. Physically, this corresponds to linkages whose joints collide
with the ground, preventing locomotion (Figure 8).

Figure 8. An example of a near-walking 6-bar mechanism. Initial joint positions are shown as green
X’s, and all joint trajectories are shown. In this specific mechanism, joints 0 and 2 are grounded. The
coupler curve passes through all criteria; however, joints 3 and 4 pass through the ground line. The
offending portion intersecting the ground line is marked in red.
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In practice, many of these near-feasible mechanisms require only small geometric
adjustments to resolve the collision. Modest perturbations of one or two joint locations
can often restore ground clearance while preserving the overall walking-like trajectory.
Discarding such candidates would therefore eliminate designs that are close to feasible and
potentially valuable.

For this reason, we retain a subset of near-feasible mechanisms that do not strictly sat-
isfy the ground-clearance condition and subsequently refine them through an optimization-
based fine-tuning step (Algorithm 5).

Algorithm 5: Optimization of Mechanisms with Ground Intersections
Input: Initial parameters θ, mechanism representation matrices B, S and I, flatness

threshold ϵ

Output: Optimized trajectories P∗, and configuration θ∗

1 Simulate to obtain all joint trajectories P = simulate(θ, B, S, I)(Section 2.1)
2 Resample P uniformly along its path.
3 Retrieve coupler curve CC from trajectory.
4 Compute ground line (m, b, s) = compute_ground_line_with_sign(CC)
5 Identify joints intersecting the ground:

Jadj = find_joints_below_ground(P, m, b, s)
6 Define optimization variables ϕ (offsets for joints in Jadj).

7 Set search bounds ϕ ∈ [−5, 5]2|Jadj |.

8 Define error function E(ϕ):
9 For a given ϕ, obtain mechanism initial state θ′ = apply(θ, ϕ, Jadj).

10 Obtain new trajectories P′ = simulate(θ′, B, S, I).
11 Compute geometric penalties (I, W, L, C) from P′ and return total error

E(ϕ) = I + W + L + C.
12 Minimize E(ϕ) using Differential Evolution until convergence:
13 ϕ∗ = arg minϕ E(ϕ)
14 Apply optimal offsets ϕ∗ to θ∗ and regenerate optimized trajectories

P∗ = simulate(θ∗, B, S, I).
15 return P∗, θ∗

Specifically, we identify the set Jadj of joints whose simulated trajectories violate the
ground-clearance test. We optimize only these joints by applying planar offsets ϕ to
theirinitial coordinates, keeping all other joints fixed. The search domain is ϕ ∈ [−5, 5]2|Jadj|.
We use Differential Evolution (DE), a population-based, derivative-free optimizer suit-
able for non-smooth objectives [22], which is used in other linkage synthesis works [27].
Other optimization algorithms, like improved artificial bee colony (IABC) [28] and ge-
netic algorithms [29], are also used in linkage mechanism design [30–32]. Constraints
are handled implicitly by the kinematic simulator (which rejects invalid configurations)
and explicitly via penalty terms added to the objective. Unless otherwise stated, we use
standard DE hyperparameters (population size, mutation, and recombination) and stop
after a fixed maximum number of objective evaluations or when the best objective does not
improve for G generations.

To enable this refinement, the ground-intersection filter is implemented as a
lightweight feasibility check rather than an exhaustive verification of all joint trajecto-
ries, thereby admitting imperfect designs for downstream correction.

We formulate fine-tuning as the minimization of a custom, design-driven objective that
penalizes ground violations while encouraging preservation of walking-relevant trajectory
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features. The objective is intentionally design-driven rather than physically based, reflecting
the geometric nature of the filtering criteria used throughout the pipeline.

Specifically, the objective consists of four terms:

1. Intersection penalty (I): penalizes self-intersection of the foot trajectory.
2. Walking penalty (W): penalizes degradation of walking features, including insuffi-

cient stance flatness and overly sharp turns.
3. Ground-violation penalty (L): penalizes the extent of non-foot joint trajectories that

lie below the estimated ground line.
4. Closure penalty (C): penalizes loss of periodicity (i.e., trajectories that become effec-

tively open).

The overall objective is defined as

E = I + W + L + C. (1)

The following subsections define each term.
Penalty weighting rationale: The penalty weights (2× 107, 1× 104, 1× 102, 4× 108)

reflect constraint hierarchy. Self-intersection (I) and closure (C) receive heaviest penalties
as they represent fundamental infeasibility. Ground violation (L) uses quadratic scaling
to strongly penalize persistent collisions while allowing small violations during optimiza-
tion. Walking features (W) receive moderate penalties as they degrade performance but
don’t preclude functionality. These weights were tuned empirically to balance constraint
satisfaction with optimizer convergence.

2.3.1. Intersection and Walking Penalties (I, W)

The intersection and walking penalties are auxiliary terms that discourage degen-
eracies which would invalidate the walking trajectory during optimization. Empirically,
large penalty weights were required to reliably suppress self-intersection and to enforce
the stance and smoothness constraints.

The intersection penalty is defined as

I =

2× 107, if the foot trajectory is self-intersecting,

0, otherwise.

The walking penalty W discourages (i) loss of stance flatness and (ii) loss of smoothness.
We define

W =


1× 104, if ∃(xi, yi) ∈ P[flat_indices] such that

∣∣∣ dy
dx (xi, yi)

∣∣∣ > ϵ,

1× 102, if ∃i such that κi > α,

0, otherwise,

where ϵ is the flatness slope threshold, κi is the curvature at the i-th sampled point of the
curve, and α is the curvature threshold.

2.3.2. Ground-Violation Penalty L

The ground-violation penalty encourages the optimizer to eliminate collisions between
non-foot joints and the ground by reducing the portion of joint trajectories that lie below
the estimated ground line.

Let the ground line be given by y = mx + b, as estimated from the stance segment
of the foot trajectory. For each non-foot joint j, let {pj,k}T

k=1 denote its sampled planar
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trajectory. We define the ground-violation measure ξ as the total arc length of trajectory
segments whose endpoints lie below the ground line:

ξ = ∑
j ̸=foot

T−1

∑
k=1

pj,k , pj,k+1∈B

∥∥pj,k+1 − pj,k
∥∥,

where
B =

{
(x, y) ∈ R2

∣∣∣ y < mx + b
}

denotes the region below the ground line. The ground-violation penalty is then defined as

L =
(
108 ξ

)2.

This formulation penalizes both the extent and persistence of ground penetration
while allowing small violations to be corrected through optimization.

2.3.3. Closure Penalty C

To encourage periodic walking motion, we penalize trajectories that fail to return
sufficiently close to their starting point over one cycle. Let {pk}T

k=1 denote the sampled
foot (coupler) trajectory. We define the closure quality

Qc = min
k≥kmin

∥pk − p1∥,

where kmin excludes the initial portion of the trajectory to avoid trivial near-matches (we
use kmin = 40). This is the same closure definition used earlier for hard filtering of open
trajectories, here reused as a soft penalty during optimization.

The closure penalty is defined as

C =

0, Qc ≤ τ,

4× 108 (Qc − τ)3, Qc > τ,

where τ = 0.1 is the closure tolerance. This formulation penalizes open trajectories while
allowing small deviations from perfect closure.

3. Results
3.1. Dataset Generation

Dataset generation was performed on Stony Brook University’s SeaWulf comput-
ing cluster. We simulated approximately 4× 106 mechanisms for each of 25 mechanism
subtypes (i.e., on the order of 108 total candidates). Among all simulated candidates,
23,250 mechanisms satisfied the proposed geometric criteria and were retained in the
dataset. Figure 9 shows representative examples from the resulting dataset, and Table 1
shows the number of mechanisms generated per type, and aggregate statistics for each
family. (For six-bar families, different variants define the coupler point on different links.
The corresponding kinematic structures are publicly provided in the BSIdict at [21].)
The filtered dataset of 23,250 mechanisms is publicly available [33] and contains data of
mechanism type and initial joint coordinates.

3.2. Optimization Results

A subset of the retained mechanisms still exhibits geometric violations that prevent
physical walking, most commonly due to non-foot joints intersecting the estimated ground
line. We therefore evaluate the proposed fine-tuning procedure (Figure 3) for correcting
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these near-feasible candidates using the custom objective defined in Section 2.3. Three
representative near-walking mechanisms are selected, and ten independent optimization
trials are performed for each. Table 2 reports the corresponding success rates, and Figure 10
compares the trajectories before and after optimization.

Across the evaluated cases, optimization success rates ranged from 30–90%. Failures
were primarily associated with trajectories becoming effectively open (loss of closure)
or with persistent ground intersections of non-foot joint trajectories. Consistent with
intuition, candidates that were closer to feasibility at initialization typically required smaller
adjustments and achieved higher success rates. Since differential evolution is stochastic,
repeated runs can yield different outcomes; we therefore report results over multiple trials
for each mechanism (Table 2).

Table 1. Number of Generated Mechanisms in Filtered Dataset and their Acceptance Rates.

Mechanism Type Count Mechanism Acceptance Rate (%)

Total (4-bar + 6-bar) 23,250 0.02325000

4-bar Mechanisms 12,783 0.07989375
RRRR 3926 0.09815000
RRRP 8219 0.20547500
RRPR 621 0.01552500
PRPR 17 0.00042500

6-bar Mechanisms 10,467 0.01246071
Stephenson (all variants) 3781 0.00859318
Watt (all variants) 6686 0.01671500

Table 2. Optimization Results for Selected Mechanisms.

Mechanism Type Success Fail

Example Mechanism 1 8 2
Example Mechanism 2 6 4
Example Mechanism 3 6 4

Table 3 shows the detailed error components for the three representative mechanisms
for their original, successful and failed optimization runs. Successful optimization elim-
inates or significantly reduces error components: ground violation penalty L is reduced
to zero in successful cases, while failed optimizations show L values one-to-two orders of
magnitude higher, indicating persistent ground intersections and the optimizer getting
stuck in local minima. Intersection penalty I and closure penalty C remain zero across all
cases, confirming these hard constraints were maintained consistently. Walking penalty W
is presented in some original mechanisms but is eliminated during successful optimization.
The dramatic reduction in total error (up to 17 orders of magnitude for Mechanism 1)
demonstrates the effectiveness of the penalty-based optimization approach.

Table 4 shows detailed improvement percentages for all error components from Table 3.
Analysis of successful versus failed optimization runs reveals a clear trend: mechanisms
with lower initial ground-violation penalties (L) exhibit higher convergence rates, whereas
candidates with large initial L values are more likely to fail.

These observations suggest that the proposed differential evolution framework is
effective as a refinement tool for mechanisms that are already close to geometric feasibility.
Rather than transforming highly infeasible candidates, the optimizer reliably corrects minor
violations while preserving closure and intersection constraints. This behavior aligns with
the intended design of the filtering–optimization pipeline.
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Figure 9. Selected walking mechanisms from the filtered dataset rendered using the MotionGen
(2026) software . Subfigures (a–d) are 4-bar RRRR mechanisms, (e–h) are 4-bar RRRP mechanisms,
(i–l) are 4-bar RRPR mechanisms, (m–p) are Stephenson 6-bars, and (q–t) are Watt 6-bars.
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Figure 10. Optimization results for three example mechanisms. Each row corresponds to results
for one example mechanism. Each column shows a stage of optimization: the original mechanism,
asuccessful optimization, and afailed attempt. One representative success and failure are shown
per mechanism. (a,d,g) are the original three mechanisms, (b,e,h) are the succesfully optimized
mechanism versions, and (c,f,i) are the failed optimization runs. Note the common features in the
failed optimization trials shown—most failed runs were because the coupler curvesremain under the
ground line (c,f) or because the curve became open (c,f,i).
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Table 3. Optimization Error Component Analysis for Representative Mechanisms.

Mechanism State I W L C Total Error

Mechanism 1
Original 2.00× 108 1.00× 104 5.49× 1016 0.0 5.49× 1016

Success 0.0 0.0 0.0 0.0 0.0
Fail 0.0 0.0 8.88× 1018 0.0 8.88× 1018

Mechanism 2
Original 0.0 1.00× 104 3.59× 1016 0.0 3.59× 1016

Success 0.0 1.00× 104 0.0 0.0 1.00× 104

Fail 0.0 0.0 1.95× 1018 0.0 1.95× 1018

Mechanism 3
Original 0.0 0.0 6.05× 1017 0.0 6.05× 1017

Success 0.0 0.0 0.0 0.0 0.0
Fail 0.0 0.0 1.00× 1018 0.0 1.00× 1018

Table 4. Optimization Improvement Metrics for All Error Components.

Case I (Intersection) W (Walking) L (Ground) E (Total)
Initial Final Initial Final Initial Final Initial Final

Mech 1 Success 2.00× 108 0.0 1.00× 104 0.0 5.49× 1016 0.0 5.49× 1016 0.0
Reduction 100% 100% 100% 100%

Mech 1 Fail 2.00× 108 0.0 1.00× 104 0.0 5.49× 1016 8.88× 1018 5.49× 1016 8.88× 1018

Reduction 100% 100% −16,172% −16,172%

Mech 2 Success 0.0 0.0 1.00× 104 1.00× 104 3.59× 1016 0.0 3.59× 1016 1.00× 104

Reduction — 0% 100% >99.9999%

Mech 2 Fail 0.0 0.0 1.00× 104 0.0 3.59× 1016 1.95× 1018 3.59× 1016 1.95× 1018

Reduction — 100% −5331% −5331%

Mech 3 Success 0.0 0.0 0.0 0.0 6.05× 1017 0.0 6.05× 1017 0.0
Reduction — — 100% 100%

Mech 3 Fail 0.0 0.0 0.0 0.0 6.05× 1017 1.00× 1018 6.05× 1017 1.00× 1018

Reduction — — −65% −65%

3.3. Optimization Robustness Evaluation

To evaluate robustness beyond the three illustrative examples in Table 2, the opti-
mization procedure was applied to a total of 10 near-walking mechanisms, including the
three representative examples previously presented and seven additional cases randomly
selected from the filtered dataset.

The mean final error across all 10 cases was µ = 8.85 × 1017, with standard de-
viation σ = 2.68 × 1018. These statistics are summarized in Table 5 Considering only
converged cases, the success rate was 50%, increasing to 70% when including partially
improved solutions.

Among these 10 cases:

• 5 converged to zero total error,
• 2 achieved substantial reduction in geometric error but retained minor walk penalties,
• 3 did not converge to feasible closed configurations.

Across the ten evaluated mechanisms, five converged to zero total error, while two
exhibited substantial error reduction but did not fully eliminate ground violations. Three
cases diverged due to loss of trajectory closure. The mean final error therefore reflects a
mixture of successful and failed trials, inflating the average despite complete convergence
in half of the cases. When considering only successful runs, the final error is identically zero.
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Table 5. Statistical summary of optimization performance over 10 additional near-walking
mechanisms.

Metric Value

Mean Initial Total Error 1.62× 1018

Mean Final Total Error 8.85× 1017

Standard Deviation (Final Error) 2.68× 1018

Full Convergence Rate 50%
Improvement Rate (Final < Initial) 70%

3.4. Comparative Analysis with Classic Walking Mechanisms

In this section, we compare a representative mechanism discovered through our ge-
ometric filtering pipeline with the classic Klann linkage (Stephenson III configuration).
Figure 11 presents a side-by-side comparison of (left) the Klann linkage, (middle) a geomet-
rically feasible Watt I mechanism from our dataset exhibiting similar walking characteristics,
and (right) a modified version of the generated mechanism adjusted for manufacturability
using straight links.

(a) (b) (c)

Figure 11. Comparison of classic and generated walking mechanisms. (a): Klann linkage (Stephenson
III). (b): geometrically feasible Watt I mechanism discovered through the proposed filtering pipeline.
(c): refined version of the generated mechanism with straight links for manufacturability.

All these three mechanisms produce feasible walking trajectories. However, mecha-
nism in Figure 11b,c require only two ground joints, whereas the Klann linkage in Figure 11a
needs three. This reduction may simplify structural support and anchoring requirements
in practical implementations.

To further examine kinematic behavior, Figure 12 compares the foot trajectories and
instantaneous velocity fields of the Klann linkage, the generated mechanism, and the refined
generated mechanism. The resulting coupler curves exhibit comparable stride geometries
and ground-contact behavior. Additionally, the velocity vectors of the generated mechanism
indicate smoother kinematic transitions under the applied geometric constraints. This is
especially seen throughout the stance phase, suggesting improved kinematic continuity
under the geometric constraints enforced during filtering and optimization.

The rightmost configuration in Figure 11 illustrates a manually refined variant of the
generated mechanism in which triangular links are replaced with straight members to
reflect improved manufacturability. This modification was performed to demonstrate that
geometrically feasible walking behavior can be preserved under structural simplification.
While the present optimization framework does not explicitly enforce manufacturability
constraints, this example suggests that additional objective terms or geometric penalties
could be incorporated in future work to systematically account for fabrication-oriented
design considerations.
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(a) (b) (c)

Figure 12. Foot trajectory and velocity comparison between the three mechanisms. (a): The foot
trajectory of the existing Klann Linkage. (b): Foot trajectory of the discovered Watt mechanism.
(c): Foot trajectory of the modified Watt mechanism. Comparable stride envelopes are observed
in (b,c). The generated mechanism exhibits smoother velocity direction transitions during stance.

While this comparison does not constitute a full dynamic or energetic evaluation,
it demonstrates that the proposed geometric synthesis framework is capable of produc-
ing structurally distinct walking mechanisms with kinematic behavior comparable to
established designs, and that these mechanisms can be further adapted to practical engi-
neering considerations.

4. Conclusions and Future Outlook
This paper presented a design-criteria-driven kinematic synthesis pipeline for planar

1-DOF walking mechanisms within selected 4-bar and 6-bar mechanism families. The
proposed workflow combines large-scale simulation, automated geometric filtering, and
optimization-based refinement to construct a curated dataset of feasible walking candidates
and to improve near-feasible designs.

Using the proposed filters, we evaluated approximately 100,000,000 mechanisms
across 25 subtypes and obtained a dataset of 23,250 walking mechanisms. Only approxi-
mately 0.024% of the sampled designs satisfied the walking criteria, indicating that feasible
walking behavior is rare under naive random sampling and that multi-criterion feasibility
constraints significantly restrict the design space. To increase yield beyond filtering alone,
we introduced a custom, design-driven objective for refinement of near-feasible candi-
dates. Across the tested cases, the optimization success rate ranged from 30–90% (Table 2),
demonstrating that targeted refinement can substantially improve feasibility relative to
pure sampling and filtering.

Looking ahead, the central idea of treating application performance as computable
geometric/kinematic criteria suggests a general path toward task-specific dataset con-
struction and synthesis in mechanism design. Future work will focus on extending
the approach to additional mechanism families and applications, improving sampling
strategies to reduce computational cost, and integrating learning-based models to guide
search toward high-feasibility regions of the design space while preserving strict feasibility
checks via simulation.

Additionally, although the present work focuses on geometric feasibility and large-
scale mechanism generation, the resulting database of over 23,000 walking-feasible designs
presents an opportunity for future statistical analysis. Pattern extraction techniques could
be applied to investigate correlations between link-length ratios, joint distributions, and
qualitative walking characteristics. Such analysis may enable the derivation of higher-level
structural design principles beyond the geometric criteria imposed in this study.
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4.1. Limitations

A primary limitation is computational cost. In this study, only 0.024% of the 100 million
evaluated mechanisms passed the filters, implying that brute-force dataset generation can
require large-scale computation for narrow or strict criteria. On average, evaluating and
filtering 4 million mechanisms for a single subtype required approximately 5–6 h on
Stony Brook University’s SeaWulf computing resources. Running the same workload on
typical personal hardware would be substantially slower, which may limit practicality for
users without access to high-performance computing or for problems with similarly low
feasibility rates.

A second limitation is that the filtering criteria are application-dependent. While the
pipeline is general, each new robotics task requires the specification of appropriate feasi-
bility and performance criteria (e.g., collision avoidance, workspace constraints, payload
clearance, or timing requirements). Designing such criteria may require domain expertise
and iterative validation to ensure that the filters reflect the true functional requirements
rather than an overly restrictive proxy. Nevertheless, once formulated, these criteria can be
evaluated systematically at scale within the same simulation–filter–refine framework.

4.2. Integration with Physical Design

While this work focuses on geometric feasibility, future work could potentially explore
physical implementation. Generated mechanisms could be coupled with: (1) dynamic
analysis via physics-based linkage simulation to evaluate stability, contact forces, and
torque, (2) control synthesis for actuation timing, (3) morphological optimization for leg
compliance and energy efficiency, and (4) manufacturing constraints (link thickness, joint
clearances). Our filtered dataset provides a high-quality starting point for these downstream
design stages. Additionally, transmission angles are not explicitly constrained in the present
study. Incorporating transmission-angle bounds represents another important extension
for future physically realizable designs.
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Appendix A. Variable Definitions and Thresholds

Table A1. Notation used in the paper.

Symbol Meaning

τ Closure tolerance (0.1)
α Curvature threshold for smoothness (15)
ϵ Slope threshold for flatness (0.0075)
Qc Closure quality (min distance from start)
κi Curvature at point i
fmin Minimum flat fraction (flat proportion of coupler curve)
P Coupler coordinates P = {P(0), P(1), . . . , P(n)}, P(i) = {(xi, yi)}
J Initial joint coordinates J = {(xi, yi)}

Threshold Justification: Threshold values were empirically determined through it-
erative refinement on representative mechanisms across all mechanism families. τ = 0.1
allows for numerical precision while ensuring periodic motion. α = 15 eliminates sharp
turns while preserving walking-like smoothness. ϵ = 0.0075 ensures sufficiently horizontal
stance phases for ground contact. fmin = 0.25 permits four-legged walking configurations.
These values were validated by manual inspection to appropriately balance filtering rigor
with mechanism diversity.
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