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1 Introduction

Kinematic simulation plays a vital role in reducing design costs
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The analysis is two-phased: a reduction phase that eliminates redundant constraints and
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enhance solving efficiency, the method adopts a skeleton-first, body-next strategy, supported
by constraint-type-specific rules. As a result, the framework achieves the following:
(1) robust handling of arbitrary mixtures of planar geometric constraints, including
those involving rolling joints and circular gears; (2) efficient performance with an
overall time complexity of O(|V|?) for reduction and decomposition, enabling real-time
simulation suitable for a web-based computer-aided design application. By introducing
conceptual edges and rule-based deduction from the point-based model, this method
offers a unified and scalable tool for mobility analysis, constraint reduction, and struc-
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useful. One effective strategy in kinematic simulation is the idea
of constraint decomposition, which breaks down the geometric con-

and enabling rapid prototyping by allowing engineers to analyze
and refine mechanisms without the need for physical prototypes
[1]. Mechanism design has largely been an iterative process,
where performance is evaluated through simulation, and configura-
tions are adjusted accordingly. For example, evolutionary algo-
rithms [2-4] are commonly employed to gradually improve
designs by iterating through cycles of simulation, evaluation, and
refinement [1]. Since each iteration depends on running simulations,
reducing simulation time is crucial for making the design process
more efficient and practical.

Recent advances in mechanism design have incorporated data-
driven approaches, which rely on generating large sets of kinematic
samples to train neural network models [5-14]. However, these
approaches require efficient generation of massive datasets to be
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straint system of mechanisms into smaller, sequentially solvable
subsystems. This method reduces numerical complexity and accel-
erates simulation times [15], thereby enhancing both optimization-
based and data-driven design methodologies. Other recent works,
such as Ref. [16], have therefore focused on establishing systematic
guidelines for generating and validating synthetic datasets in engi-
neering design, emphasizing the importance of representation, sam-
pling strategy, and realism for effective downstream learning.

To achieve this, we adopt a point-based constraint model previ-
ously developed in our work [17], which provides an algebraic struc-
ture in which the constraint equations for distance, line (slot), angle
(rotary actuator), and angle—angle (wheel/gear train) are constructed
using point locations. Building on this foundation, we propose a two-
phase algorithm: a reduction phase that reduces redundant com-
ponents, followed by a decomposition phase that applies strongly
connected component (SCC) analysis and topological sorting to con-
struct a sequentially solvable subsystem hierarchy.

Our methodology integrates insights from multiple strands of
prior work. The reduction process is conceptually related to the
graph-constructive method of Fudos and Hoffmann [18], while our
skeleton-first, body-next solving philosophy draws from the
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decomposition—recombination strategy proposed by Ait-Aoudia and
Foufou [19], which first solves the numerical system from the skel-
eton and then extends the solution to the full body that contains
it. However, solving a constraint system for a linkage demands a
solution path that originates from the ground. In this regard, the
structural foundation of our decomposition builds upon the Pinned
Laman Theorem [20], which ensures generic rigidity with respect
to a fixed ground. Furthermore, our adaptation of the pebble game
introduces two new constructs—cluster and rigid structure—that
parallel the notion of “component” (i.e., maximal block) in the
work of Lee and Streinu [21]. Unlike their setting, however, our
framework accommodates multiple edge types, and these constructs
have different meanings depending on their specific uses.

In terms of theoretical underpinnings, our independence tests and
sparsity conditions align closely with the graded sparse graph theory
developed by Lee and Streinu [21]. Their formalization of pebble
game algorithms for (k, £)-sparse graphs supports the correctness
of our approach in the combinatorial sense. However, unlike their
uniform treatment for all edges in the graph, we differentiate
between static, dynamic, and conceptual edges, each governed by
additional geometric semantics tailored to linkage mobility analysis.
Furthermore, their other related work [22] utilizes a self-loop as the
graph semantics for the slider, which differs from our setup.

Comparatively, our graph semantics is closer to what is proposed
by Jackson and Owen [23], who model 2D point-line rigidity via a
unified vertex-edge formulation. While their framework explicitly
includes both point and line vertices (P- and L-vertices) with
defined edge types (i.e., PP-, PL-, LL-edges), our point-based
model avoids the use of LL-edges by encoding angle constraints
through three-point relations. This abstraction helps prevent edge
cases involving geometric degeneracy of rigid graphs constructed
by a set of LL-edges.

Complementary to the pebble game algorithm, a related key work
[24] by Berg and Jorddn recasts the pebble-game-style rigidity tests
as an orientation-and-reachability framework, yielding an O(n?)
algorithm that computes rigid, redundantly rigid, M-connected,
and maximal globally rigid components. For a broader background
in graph theory and combinatorial optimization, see Frank’s mono-
graph [25].

Notably, this work makes the following contributions:

(1) We demonstrate the applicability of the pebble game frame-
work to arbitrary combinations of planar revolute, prismatic,
and rolling joints, including complex couplings such as gears
and slots. In particular, the graph decomposition technique
stems from the pinned Laman theorem presented in the
works by Sljoka et al. [20], and the graph semantics stems
from the point-based model [17].

(2) We propose a two-phase analysis algorithm—reduction and
followed by decomposition-with O(|V|?) time complexity.

(3) By using the edge-cluster dictionary data structure, we treat
the decomposition of linkages as finding the rigid structure
from the combination of clusters, to further decompose the
numerical system underlying the constraint graph.

The remainder of this article is structured as follows: Sec. 2 presents
the reduction and decomposition procedure for the pebble game
framework for mechanisms with distance constraints only, before
we move to mechanisms with linear and/or angle-angle constraints
in Sec. 3. Next, a planar geared linkage system is analyzed in detail
in Sec. 4. Then, we discuss the potential use of our work in Sec. 5.

Furthermore, for ease of reading, we split the presentation of the
point-based model into two parts: Sec. 2 introduces the first two
types of edges, while Sec. 3 presents the remaining types of
edges and their corresponding rules as they become necessary.

1.1 A Note on Terminology and Symbols. While this article
is intended for the mechanical engineering community, the
terminology employed aligns more closely with graph theory con-
ventions. For instance, elements commonly referred to as joints in
mechanical design are denoted as vertices in this work. Following
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the nomenclature used by Jackson and Owen [23], each P-vertex
is a point corresponding to a specific pair of (x, y)-coordinates in
the numerical simulation. Similarly, what is typically called a link
—rigid body comprising multiple points—is referred to here as a
P-cluster, representing a rigid group of P-vertices. Throughout
this article, the term cluster always refers to such a rigid group of
vertices.

To refer to graph vertices more generally, we use the symbol v,
regardless of their type. An edge between vertices i and j is
written as v;v;, and its directed version is denoted v;v; when speci-
fying its orientation is necessary.

The symbol P is context-dependent in our framework. In figures,
P refers to a specific point in the linkage model (i.e., its geometric
position), whereas in the text, P may also denote a set of graph ver-
tices. To distinguish these uses, we explicitly refer to the location of
v; when discussing P; in figures.

The length of a PP-edge v;v; is denoted by [v,v;|. Finally, for any
set A, we use the standard notation |A| to indicate the number of ele-
ments it contains.

2 The Classic Pebble Game Framework

We use the term classic to refer to cases where each edge in the
graph corresponds to exactly one distance constraint, as established
in prior foundational works [20,26,27]. Without delving into imple-
mentation details, the mobility analysis framework proceeds as
follows:

(1) Extract the constraint edges and categorize them into two
types: non-dynamic and dynamic.

(2) Analyze the non-dynamic edges using the constraint graph
and reduce the constraint system as much as possible.

(3) Construct a pinned constraint graph from the non-dynamic
and dynamic edges.

(4) Decompose the pinned constraint graph into Assur graphs,
and determine the appropriate solver for each Assur graph
based on the types of edges it contains.

The constraint edges are derived from a set of input matrices. As
this process is peripheral to the pebble game itself, the details are
deferred to the Appendix.

This section is organized as follows. First, we introduce the two
primary types of edges in the point-based model, which can be
directly integrated into the classic pebble game framework, and
provide a simple example to illustrate the overall process. We
then present the mathematical background and describe the algo-
rithms used within the pebble game framework in the remainder
of the section.

2.1 The PP-Edges in the Point-Based Model. Following the
convention from Jackson and Owen [23], we term the edges corre-
sponding to the distance constraints PP-edges, from the fact that
two P-vertices can define a PP-edge. However, there are two types
of PP-edges in the point-based model: static and dynamic. Specifi-
cally, a static edge is a PP-edge with a constant length, and a
dynamic edge is a PP-edge whose length is actuator-dependent.
A PP-edge between v; and v; corresponds to the equation as shown
in Eq. (1).

\/(xi_xj)2+(.Yi_yj)2_diJ=0 M

where d;; is the distance between P; and P;. Figure 1 illustrates the
two types of actuators in the point-based model, rotary and linear.
For the rotary actuator, the dynamic edge is v,v3, whose length can
be computed according to Eq. (2).

d3n = \/d|22 +di, —2d,3-dyycos(az2) 2)
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Fig. 1 Two types of dynamic edges: rotary (P2, P3) on the left,
and linear (P4, Ps) on the right

where a3 | is the angle input from the rotary actuator defined by the
three P-vertices v, v2, and vs. Comparatively, the length of a
dynamic edge from a linear actuator is the output of a linear actuator,
and we can directly get its value before solving any unknown
variables.

In the pebble game framework, each degrees-of-freedom (DOF)
is manifested with exactly one pebble. Figure 2 illustrates its appli-
cation to a simple planar kinematic structure featuring a PP-edge
and a rotary actuator. In this figure, v; and v; are the ground
P-vertices. v; and v, define the PP-edge v,v,. The actuator is
defined by the three P-vertices v, v, and v3, and represented
with the dynamic edge v,v3. In a pinned constraint graph, each
ungrounded vertex is assigned two pebbles, and each grounded
vertex has zero pebbles, as illustrated in Fig. 2(b). One edge is
inserted into the graph at a time, at the cost of one pebble, as dem-
onstrated in Figs. 2(c) and 2(d). Furthermore, when all the pebbles
are used up, it has zero mobility, and we can create the solving path.

Specifically, the directed graph in Fig. 2(d) shows that v,
depends on v; and v3, suggesting that we can use the two distance
constraints corresponding to v,v; and v,v3, and the location of v;
and vs, to find the location of v,. In practice, the location of v, is
solved using arc intersection, with v; and v3 serving as two circle
centers whose radii are the |v,v;| and |v,v3], respectively. Finally,
we add the cross-product constraint equation, as shown in
Eq. (3), to determine the solution, because the graph includes the
actuator loop defined by vy, v,, and vs.

(3 —x1)(y2 —y1) — (2 —x1))(3 —y1) —d31 - di2 - sin(az,12) =0
(3)

@  p, o,
P, v
V3
AR R
(c) (d)
%) - )
V; vV

VSB V3

Fig.2 Pebble assignment in a simple planar mechanism during
pinned constraint graph construction
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2.2 Math Preliminary for Mobility Analysis. The pebble
game framework is an algorithmic tool designed to test the rigidity
conditions defined by Laman’s theorem [28], which states that:

A graph G = G(V; E) (where V is the set of vertices and E is the
set of edges) is generically minimally rigid, or (2, 3)-tight, if it sat-
isfies the following:

(1) Cardinality condition: The graph has exactly 2|V| — 3 edges,
where |V| is the number of vertices.

(2) Subset condition: For every subset of edges E’' C E, the set of
vertices V' from these edges satisfies: |E'| < 2|V(E")| — 3.
This is also known as the (2, 3)-sparsity condition.

2 <

The three terms, “generic,” “rigid,” and “minimal” correspond to
three different properties of a constraint graph. Specifically, the
term “generic” is used against the edge cases (e.g., singularity
cases) [29], where the exact distances among these vertices are non-
trivial. For example, if the length sum of three edges in a four-bar
linkage is equal to the length of the last edge, then all its four
bars cannot move with respect to each other, while a generic
four-bar linkage has one DOF when we fix one of the bars to the
ground. Next, the term “rigid” means that every vertex within the
graph does not change distance with respect to all other vertices
in the graph. Finally, the word “minimal” means every edge
within the graph is independent. In terms of edge counts,
“minimal” corresponds to Laman’s subset condition. If the graph
is minimally rigid, then it satisfies both Laman’s cardinality and
subset conditions, and is (2, 3)-tight. Removing an edge from a
(2, 3)-tight graph results in a generically flexible structure.

Following the paradigm introduced by Jacobs and Hendrickson
[27], and later generalized by Lee and Streinu [21], a pebble is a
conceptual token used to test whether an edge can be added to a
graph without violating the (k, £)-sparsity condition. For planar
geometric constraint systems, the typical parameters are k =2 and
£ =3. The pebble game proceeds as follows:

(1) Each vertex is initialized with k pebbles.

(2) The directed graph begins with no edges.

(3) To insert an edge, the algorithm must collect at least € + 1
pebbles on its two endpoints.

(4) If successful, one pebble is removed and the edge is added
with an orientation indicating the direction of pebble
removal.

(5) Pebbles may be moved along existing directed edges, subject
to specific rules, to facilitate gathering pebbles at the
intended endpoints.

The first core operation is edge insertion. Each insertion comes
with an independence test: an edge is considered independent if
its addition preserves the (k, £)-sparsity condition. Rules 3 and 4
above guarantee that, after inserting the edge and consuming one
pebble, the graph and all its subgraphs retain at least £ free
pebbles—thereby satisfying Laman’s condition.

The second key operation is pebble redistribution, which reallo-
cates pebbles by traversing directed paths. For instance, given edges
viV; and v;Vy, if v; and v; have no free pebbles but v; has one, we can
reverse the edges to v;7; and v,7;, allowing v; to reclaim a pebble.
This process is shown in Fig. 4. We employ breadth first search
(BFS) [30] to locate such paths efficiently.

Finally, we define the key terms used throughout this work. Some
concepts span different levels of abstraction, as illustrated in Fig. 3.

e A fixed vertex is either a ground P-vertex or one assigned a
specific solving method during decomposition. Otherwise, it
is considered unfixed. For example, a ground P-vertex is
fixed, because it does not change its location.

e Pinning a pebble refers to removing a free pebble from a vertex
without adding an edge. It can later be restored through unpin-
ning. A pinned vertex is one with zero free pebbles.

e An edge is a set of two vertices. When inserted as a directed
edge, it consumes one free pebble from its tail. The length
of a PP-edge is defined as the Euclidean distance between
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Fig. 3 Concept hierarchy

its two P-vertex endpoints. PP-edges are classified as either
static (constant length) or dynamic (length depends on actuator
input). An edge is called conceptual if one of its endpoints is
not a P-vertex.

e A block is a (2, 3)-tight graph [21], with a single edge being
the smallest possible block. A P-block contains only
P-vertices.

o A cluster is a set of vertices that a block represents. A P-cluster
is a P-block composed solely of static edges. Each dynamic or
conceptual edge is treated as a cluster of two vertices. A cluster
is unfixed if it contains any unfixed vertex.

o A rigid structure is a collection of clusters whose correspond-
ing blocks together form a (2, 3)-tight subgraph. This concept
is used in the decomposition phase, where rigidity is assessed
based on the union of the blocks representing these clusters.

2.3 Representing a P-Cluster With a Minimal Set of
Edges. In the classic case, a P-cluster contains two or more
P-vertices. If it contains exactly two vertices, it can be represented
by a single edge. For P-clusters with more than two vertices, a
minimal representation can be constructed using Henneberg I
moves [31]. Specifically, we begin by selecting two vertices to
form an initial PP-edge, then iteratively connect each remaining
vertex to the initial pair using two new edges. This process pre-
serves minimal rigidity, as the base case satisfies Laman’s condition
(JE|=1=2%x2-3=2|V|-3), and each new vertex contributes
exactly two edges, maintaining the (2, 3)-tight condition. See
Fig. 4 for an illustration.

While other minimally rigid representations of a P-cluster exist,
we adopt this construction for ease of implementation. Any graph
satisfying Laman’s condition is equivalent in terms of its effect
on the remaining structure during decomposition.

This equivalence is further leveraged in Sec. 2.8, where we delib-
erately rearrange intra-cluster edges to use an alternative representa-
tion. Since all such forms are (2, 3)-tight, they are interchangeable
from the perspective of structural analysis.

2.4 Source of Edges. We have created a set of matrices to uni-
formly describe the kinematic components that appear in the planar
linkage system. Their definitions are presented in the Appendix, as
this increases the reading load, but it is not directly related to the
pebble game.

In our framework, the edges are derived from these matrices and
are stored in two bins: EB for non-dynamic edges and ED for
dynamic ones. Edges in EB participate in both the reduction and
decomposition phases, while those in ED are used only during
decomposition, since their actuator-dependent length changes
violate rigidity assumptions and cannot be merged into a rigid

121009-4 / Vol. 17, DECEMBER 2025
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Fig. 4 (a) and (b) A P-cluster and its block representation;
(c) and (d) two consecutive pebble redistributions—first from
v3 to v4, then from v4 to vs

body. Figure 2 illustrates the edge adding process. In particular,
Fig. 2(d) shows v,7; as a static edge and v,v; as dynamic.

2.5 Graph Construction in Reduction. Algorithm 1 outlines
the graph construction process with independence testing during the
reduction phase. Each vertex is initialized with two pebbles, and the
directed graph starts without any edges, following Rules 1 and 2
from Sec. 2.2. The algorithm then performs edge insertion accord-
ing to Rules 3 and 4, and reallocates pebbles as needed following
Rule 5. The result is a directed, minimal graph G constructed
from the edge bin EB.

Algorithm 1: Graph construction for reduction phase

Input: Edge bin EB (non-dynamic edges)
Output: Directed graph G = (V, E)
Initialize vertex set V induced by EB;
Initialize edge set E < @;
Assign two pebbles to each vertex in V;
foreach edge ¢ = viv, € EB do
if vi and v, each have at least 2 free pebbles then
Insert directed edge v\ v, into E;
Remove one pebble from v;;
else
Reallocate pebbles in G = (V, E) to maximize free pebbles at v; and
V23
if vi and v, each have at least 2 free pebbles then
Insert directed edge vV, into E;
Remove one pebble from v;;
else
| // Edge is considered redundant and skipped
return G = (V, E);

2.6 Reduction With Rigidity Test. The second step of the
reduction phase aims to minimize the number of clusters by identi-
fying the maximal P-cluster for each PP-edge in the classical
setting. This is done by progressively expanding each cluster
from a single edge—the smallest possible cluster—to include as
many vertices following Laman’s rigidity conditions. This expan-
sion process is referred to as a “merge” in the work of Fudos and
Hoffmann [18].

The reduction process can begin with any edge in the graph. The
two endpoints of the edge can always be made to collectively hold
three free pebbles through a redistribution process, since any sub-
graph induced by G satisfies Laman’s theorem. Once these three
pebbles are removed—i.e., pinned and no longer available for redis-
tribution—any adjacent vertex is considered rigidly connected to
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the initial pair of vertices if no free pebble can be retrieved through
any valid redistribution path. This condition holds because the exis-
tence of four or more free pebbles in such a configuration would
violate Laman’s cardinality condition, implying the subgraph
lacks at least one necessary edge. This check is formalized as a
rigidity test (see Algorithm 2).

Algorithm 2: Rigidity test for one edge and a vertex (sub-
process of Algorithm 3)

Input: Directed Graph G = (V; E) from Algorithm 3, vertices v;, v, from
edge v|7,, and testing vertex v
Output: True / False
// Each vertex is assigned two free pebbles initially in Algorithm 1, but
their assignment can be different in G from Algorithm 3.
The distribution of free pebbles can be either (2, 1) or (1, 2) for v; and v;.
Find 1 through BFS, and pin this pebble;
Find 1 through BFS, and pin this pebble;
Find 1 free pebble for vy, if not possible then find 1 free pebble for v,;
Pin the three free pebbles on the two vertices from the above step;
If any of the above steps is not possible, raise Error; # The graph violates
Laman’s subset condition
Search 1 free pebble for v3;
Unpin all pebbles in v; and v; # Test completed
|if a free pebble is found for v; then
return False; / Flexible
else
return True; / vi, v, and v3 are rigidly connected

Algorithm 3: Reduction via rigidity condition

Input: Directed Graph G = (V; E) from Algorithm 1
Output: Cluster Set CS
Initialize an empty set CS;
Initialize an empty set ESS;
Initialize an edge bin EB by copying all directed edges in £ and making
them undirected;
while EB is not empty do
Extract vertices v; and v, from edge v;v, from EB;
Create a new empty cluster NC and add vy, v, to it;
Create a new empty edge set NES and add v;v; to it;
Initialize pivot set PV « {v;, v,};
Initialize an empty new pivot set NPV « @;
while PV is not empty do
foreach vertex v € PV do
foreach adjacent vertex v of v do
if v3v is not in EB then
Continue; / Skip the tested edges
Perform the rigidity test for v|, v, and v3 with Directed Graph
G;
if v3 is not in NC and satisfies rigidity condition against v| and
v, then
Add v; to NC;
Add v; to NPV,
foreach adjacent vertex v4 of v do
| if v4 € NC then
Remove edge viv4 from EB;
Add edge vsv4 to NES;
if NPV is empty then
Add NC to the cluster set CS;
Add NES to the edge set ESS;
break / Exit inner while loop because expansion is no longer
possible
otherwise, PV « NPV, // Continue cluster expansion
Set the cluster with at least two ground P-vertices as the ground cluster C,
in CS;
Apply *rules in Sec. 3* to update CS;
return CS;

Journal of Mechanisms and Robotics

Algorithm 4: Edge-cluster dictionary creation

Input: Dynamic Edge Set ED and Cluster Set CS from Algorithm 3
Output: Edge Cluster Dictionary ECD
Initialize an empty Edge Cluster Dictionary ECD;
foreach Cluster C; € CS U ED do
For every two vertices v; and v, (v # v2) in C;, assign key (vy, v2) with
value Cj;
return ECD;

The rigidity test is applied iteratively to expand each cluster. Spe-
cifically, for two vertices v; and v, connected by the directed edge
viV,, we first evaluate all adjacent vertices (e.g., v3) that are con-
nected to either v; or v, regardless of edge direction. If v3 is deter-
mined to be rigid with respect to v; and v, the search is expanded
from v3 to additional untested vertices. Once a cluster is fully max-
imized, the edges induced by that cluster are removed from further
consideration.

The complete clustering procedure is described in Algorithm 3.
Here, CS denotes the set of discovered clusters, and ESS is the cor-
responding set of edge sets (hence the double “S”).

When the clustering procedure concludes, the algorithm desig-
nates one cluster as the ground cluster—a cluster whose P-vertices
remain fixed throughout the kinematic simulation. In the point-
based model, at least two such vertices are fixed by construction
and belong to the same cluster, enabling unambiguous identification
of the ground cluster. This cluster serves as the reference frame for
both the Assur graph decomposition and subsequent numerical
computations. During the reduction phase, the ground cluster may
expand as additional P-vertices are merged into it.

Furthermore, it is important to note that the resulting clusters after
the outermost while loop are not necessarily P-clusters, as this
process may involve the introduction of conceptual edges—partic-
ularly when the constraint graph includes a line or angle—angle con-
straints, in the non-classic case. In such cases, additional rule-based
processing is required, and this goes after the identification of
ground clusters. However, for graphs composed exclusively of
P-vertices and distance constraints, all identified clusters are
P-clusters, and the step labeled “Apply rules in Sec. 3” can be
omitted entirely.

2.7 Creation and Use of Edge-Cluster Dictionary. With the
cluster set CS obtained from Algorithm 3, we construct an edge-
cluster dictionary ECD that maps all possible intra-cluster edges.
Specifically, every pair of P-vertices within a P-cluster corresponds
to a potential distance constraint. Thus, a P-cluster containing n ver-
tices implies up to n(n — 1)/2 such constraints. However, not all of
these are represented explicitly as edges in the directed graph. Oth-
erwise, the graph would be over-constrained and no longer minimal,
rendering the decomposition algorithm adapted from Ref. [20]
infeasible. Nevertheless, these implicit constraints remain informa-
tive and can be utilized to reduce computational costs. See Algo-
rithm 4 for the creation of the edge-cluster dictionary ECD,
which takes in the vertex pair as input and returns the cluster it
belongs to as output.

Furthermore, it is important to note that the clusters in CS are not
necessarily P-clusters; They may also contain the dynamic edges
from the actuators introduced by ED and the conceptual edges intro-
duced by line or angle—angle relationships. In such cases, these
edges form their own clusters of two vertices.

2.8 Rigid Structure and Its Skeleton. Inspired by the skele-
ton concept by Ait-Aoudia and Foufou [19], we formally define
the skeleton of a rigid structure and the related concepts in our
work as follows:

(1) Each cluster is representable by a block, regardless of which
minimal representation is chosen.
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(2) Each skeletal vertex appears in at least two different clusters
in the rigid structure.

(3) Each skeletal edge appears in between the skeletal vertices of
the same cluster.

(4) In a particular minimal representation of a cluster in the rigid
structure, the subgraph induced by all the skeletal edges
within that cluster is (2, 3)-tight. The remaining vertices in
the cluster can be rigidly represented using Henneberg I
moves by connecting each to two skeletal vertices within
the same cluster.

(5) The skeleton is the (2, 3)-tight graph formed by the union of
all skeletal vertices and skeletal edges across the clusters in
the rigid structure.

We should note that the skeleton is sometimes found by dynami-
cally changing the (2, 3)-tight graph within one cluster, so that the
least number of edges is used in each solving step. The detailed
process of extracting the skeleton is presented in Algorithm 6 in
linkage decomposition. Furthermore, an example is demonstrated
in Fig. 6.

2.9 Assur Graph Decomposition. The decomposition is the
pivotal part of the work. During this process, the graph is recon-
structed and decomposed, and the ordered solving steps are pro-
duced. This part is inspired by Ref. [20], but we add the use of
skeleton edges in our work to further decompose the numerical
system as much as possible.

In the decomposition phase, the vertices are split into two catego-
ries: pinned and unpinned. In terms of the pebble game framework,
the pinned vertices have two pebbles, just like the unpinned verti-
ces, but all their pebbles are reclaimed by themselves and are
made unavailable after edge addition is complete. This ensures
the independence of each edge before we move to the next stage.
We define a pinned graph by G(I, P; E), where [ is the set of
inner vertices, also known as the moving vertices, and P is the set

Vg Q 8 Vg ©
\ vy Vi
o o 0+—0
7 Vv v
v, o V3 4 v, o V3 &
V2 V2

pat R

Fig. 5 (a) and (b) P-vertex-only linkage mechanism and its
graph representation, (c) condensed graph, and (d)—(f) consecu-
tive Assur graphs in the mechanism
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Fig. 6 (a) Initial structure, (b) reduced structure, (c) possible
pinned graph 1, and (d) possible pinned graph 2

of pinned vertices, also known as fixed vertices. E is the set of
edges, where each edge has at least one endpoint in /. The edge
that has one inner vertex and one pinned vertex is termed outer
edge in this work, and others are termed inner edges.

We can decompose the constraint graph using the pinned Laman
Theorem [20]. Specifically, a pinned graph G = G(I, P; E) is stati-
cally determinate if and only if |E|=2|/| and for all subgraphs
G(I', P’; E') the following conditions hold:

M |E'| L2II')if [P 22,
Q) |[E|<2)l'|-1if [P|=1,and
) |E| <2I'| -3 if |P|=@

These three subset conditions of the Pinned Laman Theorem are
automatically satisfied when all edges in the graph are independent.
Therefore, the core condition we verify is |E| = 2|I|, where the set P
contains the pinned vertices, and / contains the unfixed vertices
to be fixed. Each vertex in / can be computed from the known
positions in P using the constraints defined by the edges in E.
Examples of such pinned, statically determinate graphs are shown
in Figs. 2(d), 5(b), 6(c), and 6(d).

Given the cluster set CS obtained from the reduction phase, we
reconstruct a constraint graph using these non-reducible clusters
and generate edges via Henneberg I moves. In addition to these
cluster-based edges, the decomposition phase includes all
dynamic edges in ED. After all edges are added, we remove the
edges from the ground cluster to ensure compatibility with the
pinned graph model. See Algorithm 5 for details.

Algorithm 5: Pinned graph construction

Input: Set of Vertices V, Dynamic Edge Set ED, and Cluster Set CS from
Algorithm 3
Output: Pinned Directed Graph G = G(I, P; E)
// Step 1: Represent a moving cluster with Henneberg I moves
Initialize an empty edge bin EB;
foreach C; € CS do
Pick the first two vertices v; and v, from the cluster;
Add edge v;v, to EB;
For every remaining vertex v3 in C;, Add v;v3 and v,v3 to EB;
//Step 2: Assign edges in the pinned graph
Assign 2 pebbles to each vertex in V;
Copy the ground cluster C, to set P;
Copy remaining vertices V ~ P to set [;
Initialize an empty edge set E < @&;
Create a directed graph G = G(I, P; E);
foreach edge e = viv, € EB U ED do
if v; and v, each have 2 pebbles then
Remove one free pebble from vy;
Insert edge vV, to E;
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else
Maximize pebbles for vy, v,;
if vi and v, each have 2 pebbles then
Remove one free pebble from v;;
Insert edge vV, to E;
else, terminate; / Over-determinate
// Step 3: Pin all ground vertices
Remove all edges generated from C,. In addition, reclaim the pebbles
from these edges for the ground vertices;
foreach vertex v € C, do
Reassign pebbles in G to maximize pebbles for v;
if v has two free pebbles do
Pin two pebbles on v;
else, terminate; / over-determinate
return G(I, P; E);

Next, the resulting pinned graph can be decomposed into Assur
graphs—minimal, rigid subgraphs with zero mobility that do not
contain a smaller substructure of the same property [32]. Notably,
this decomposition minimizes the number of variables to solve
per numerical subsystem, thereby reducing solving time in the sub-
sequent numerical analysis [15].

However, several concepts from graph theory [33] are necessary
to understand the decomposition process

(1) A directed graph G is said to be strongly connected if, for any
two vertices v; and v;, there exists a directed path from v; to
v;. An SCC is a maximal set of vertices in which every vertex
is reachable from every other vertex in the set. SCCs are dis-
joint, and the smallest possible SCC consists of a single
vertex.

(2) A cycle in a graph G is a sequence of edges that starts and
ends at the same vertex without repeating any edges. A
directed cycle is a cycle where all edges follow the same ori-
entation. A directed graph is acyclic if it contains no directed
cycles.

(3) SCCs can be efficiently computed using Tarjan’s algorithm

[34], which we adopt in our implementation due to its

linear time complexity of O(|E|). For each SCC, we classify

edges as either inner flows—edges between vertices within
the SCC—or outgoing flows—edges from a vertex in the

SCC to a vertex outside the SCC. We use the term “flow”

to distinguish this from the notions of “inner” and “outer”

edges in the Pinned Laman Theorem, because a pinned and
statically determinate graph is not necessarily an Assur
graph.

Contracting each SCC into a single vertex (by removing

inner flows and replacing each group of vertices with a rep-

resentative vertex) results in a directed acyclic graph. This
transformation is useful for establishing a solvable order of
subsystems.

4

~

Because ground vertices never hold free pebbles, they always
serve as endpoints in directed edges. Each ground vertex forms
its own singleton SCC with no inner flows. Additionally, these
SCCs correspond to the starting points of the constraint-solving
process, and their locations are known and unchanged throughout
the simulation. Furthermore, an Assur graph is defined by the set
of edges in the inner flows and outgoing flows of a given SCC,
along with the vertices induced by these edges [20]. Subsequently,
we can sort these Assur graphs and find the underlying numerical
solving path. See Algorithm 6 for the detailed decomposition
process, and Fig. 5 for the decomposition example of a
P-vertex-only linkage.

Algorithm 6 is lengthy and complex, so we break it down into
several steps and explain the variables within. The first step is
finding the Assur graphs. This can be achieved by using Tarjan’s
algorithm [34] to find the SCCs and their corresponding inner
flow and outgoing edges. For a set of Assur graphs AGS, we
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denote the ith Assur graph as AG;, a directed subgraph consisting
of (1) the vertex set SCC;, (2) the inner flow edges SCCIE;,
which are contracted during the condensation process, and (3) the
outgoing edges SCCOE;, which originate from vertices in SCC;
and point to vertices in other SCCs. The corresponding vertex of
SCC; in the condensed graph is denoted CV;, and the associated
condensed edge set is denoted CE;. When the pinned directed
graph is condensed to a condensed graph CG, we have its con-
densed edges CE and condensed vertices CV. In particular, a con-
densed vertex CV; corresponds to the set of vertices SCC;, and
they are the inner vertices for the Assur graph AG;. Additionally,
when we exclude the vertices in SCC; from the set of vertices
induced by the outgoing edges of SCCOE;, we have the set of
pinned vertices for the Assur graph AG;. Figures 5(b) and 5(c) illus-
trate the pinned graph and its condensed form, respectively. Fur-
thermore, the pinned graph includes three Assur graphs shown in
Figs. 5(d)-5(f).

The second step is sorting these Assur graphs. As demonstrated
in Fig. 5, some Assur graph has their pinned vertices on the inner
vertices of other Assur graphs, so the former is dependent on the
latter. Sorting this dependency is termed topological sort, and we
use Kahn’s algorithm [35] to sort the vertices in the condensed
graph so that we know the order and dependency of each condensed
vertex and correspondingly the order and dependency of each Assur
graph. Notably, Kahn’s algorithm sorts the vertices based on the
exact opposite direction of the edges in the condensed graph CG,
so we need to reverse all the edges in CE to get the sort order.

The third step is to analyze the Assur graphs in sorted order and
mark computational methods to solve the underlying numerical
system. In the algorithm, the Assur graph is reflected by its SCC.
Furthermore, the first SCCs are not necessarily Assur graphs
because each of these SCCs includes only one ground vertex and
has an empty SCCOE and SCCIE. When these SCCs are processed,
the algorithm starts finding the skeleton in each Assur graph AG;.
To achieve this, it first finds the unfixed clusters in the rigid struc-
ture using ECD, and stores them in a list CL;. Then, the algorithm
performs operations on each of these clusters to find the skeletal
vertices. Next, it computes the skeleton edges for the unfixed
clusters. In particular, if the cluster has more than two skeleton ver-
tices, these vertices are connected using the Henneberg I moves.
Specifically, if the cluster has non-skeletal vertices, this cluster is
a P-cluster, and each non-skeletal vertex can be rigidly and mini-
mally connected with two selected skeletal P-vertices within the
same cluster. The location of these non-skeletal P-vertices is
solved after the numerical system corresponding to the skeletal
edges is solved. Finally, after analyzing all Assur graphs, the algo-
rithm determines the complete solving path SP.

A P-cluster-only mechanism that shows the extraction of the
skeleton with the use of ECD is shown in Fig. 6. In this example,
the P-cluster of four vertices, v;, vy, vs, and vg is represented with
two different induced graphs shown in Figs. 6(c) and 6(d). We
can see that starting from the ground PP-edge v,vs;, we can use
Hennberg I moves to create the remaining part of this graph accord-
ing to Fig. 6(d). Specifically, the construction order is v, v4, then vs
and vs. In numerical solving, this means we can find the location of
these four P-vertices in the construction order using arc intersection.
However, this is not possible for the graph shown in Fig. 6(c), start-
ing from v4. Instead, when we finished solving the location of v,,
the location of the remaining unfixed P-vertices v4, vs, and vg
will be solved using six distance constraints corresponding to the
six PP-edges, namely v,vs, VvaVg, V3V4, V4Vs, V4Vg, and vsvg, and
the location of two depending P-vertices v, and vs3, as indicated
by the graph in Fig. 6(c). In general, numerically solving 2|V/|
unknown variables incurs a solving time of oIV 1191,
which is highly inefficient, compared to the computing process indi-
cated by the graph in Fig. 6(d).

Algorithm 6 presents three solving methods: “fixed,” “arc inter-
section,” and “optimization.” The first two are self-explanatory.
For the optimization-based approach, we employ the Levenberg—
Marquardt algorithm [36]. It is important to note, however, that
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while the solving method may be labeled as “optimization,” the
pebble game framework itself only outputs the system of constraint
equations; it does not prescribe a specific numerical method. In
practice, various alternative solvers—such as other numerical opti-
mization techniques [37,38] or symbolic approaches [39,40]—may
also be used.

Algorithm 6: Decomposition of constraint system

Input: Cluster Sets (CS) from Algorithm 5
Output: Solving Path SP
if |E| # 2|I| then
| Raise Error; / Generically flexible graph
Initialize empty solving path SP;
Apply Tarjan’s Algorithm on G to find the set of Assur graphs AGS;
foreach AG; in AGS do
Extract vertex set SCC;, innerflow edges SCCIE;, and outgoing edges
SCCOE;
Condense the SCCs into condensed vertices CV and find condensed
directed edges CE with SCCOEs;
Reverse all edges in CE to represent solving order;
Construct a directed Condensed Graph CG = G(CV, CE);
Apply Kahn’s Algorithm to CG for topological sorting;
foreach SCC; in sorted order do
if SCC; corresponds to a ground vertex then
Mark the vertex as fixed, set “fixed” as solving method, and add to
SP;
continue / Skip to next SCC
Identify clusters for each edge in SCCIE; U SCCOE; using ECD, and
store unfixed cluster C; in list CL;;
Initialize empty skeleton edge set SES;
Initialize empty solving subpath SSP;
Count the number of appearances for each vertex in the cluster of CL,
and store the vertices as skeletal vertices V; for each cluster C; when the
number of appearances is equal to or greater than 2;
foreach C; in CL; do
// Compute skeletal edges
Compute SE; from V; using Henneberg 1 moves and add to SES;
// Assign computing method for non-skeletal P-vertices
Pick two vertices v, and v, from V;;
foreach remaining vertex v3 in cluster C; ~ V; do
Mark v; as fixed and set ““arc intersection’’ as solving method,
using PP-edges viv3 and v,v3, and location of v; and v;;
Add solving step to SSP;
if SES includes exactly two PP-edges then
Mark the unfixed vertices in SES as fixed and set “arc intersec-
tion” as solving method, using edges in SES, and fixed vertices
in SES;
else, mark the unfixed vertices in SES as fixed, and set “optimization”
as solving method, using edges in SES, and fixed vertices in SES;
if new set of fixed vertices includes actuation loop(s) that was not pre-
viously included then
Add these constraint equations to the last solving step in SP;
Add SSP to the end of SP;
return SP;

2.10 Time Complexity. The time complexity of each step in
our framework is analyzed below. Let | V| denote the number of ver-
tices, |E| the number of edges, |EB| the number of non-dynamic
edges in the initial edge bin, and |ED| the number of dynamic
edges (i.e., actuators).

2.10.1 Henneberg I-Based Edge Generation. For each cluster,
the Henneberg I move-based construction produces at most 2|V/|
edges in a minimally rigid graph, yielding a complexity of O(|V]).

2.10.2 Pebble Reallocation. Pebble reallocation via path rever-
sal has a worst-case cost of O(|V| + |E|), which simplifies to O(|V|)
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in sparse graphs. Both depth-first search [34] and BFS [30] can be
used, each running in linear time with respect to |V|.

2.10.3 Independence and Rigidity Tests. The independence
test checks whether a new edge violates Laman’s condition by
locating four free pebbles. In the worst case, this takes
O4|V]) = 0(V]). The rigidity test (Algorithm 2) has similar com-
plexity, except that the final pebble must lie on a different vertex,
which does not affect the asymptotic bound. As a result, the
graph construction during reduction (Algorithm 1) takes
O(|V||EBJ|), and the graph construction during decomposition
(Algorithm 5) takes O(|V|ED| + |V|?). Given that |EB| = O(|V|)
in common cases (i.e., not many repeated edges on the same two
vertices) and |ED| = O(1) in typical actuator-driven systems, both
processes reduce to o(V)?).

2.10.4 Edge-Cluster Dictionary Creation. The edge-cluster
dictionary (Algorithm 4) is built from a minimal graph with
O(|V|) vertices. There are at most O(|V|?) vertex pairs, and edges
from ED are added directly. Thus, the overall cost is
O(V|* + [ED)) = O([V*).

2.10.5 Clustering Procedure. The clustering process (Algo-
rithm 4) also has complexity O(|V|*), despite involving three
nested loops. This bound is justified as follows:

(1) The outer loop is O(|E|), effectively O(]V|), because the
algorithm tests each edge in EB which satisfies Laman’s
subset condition in this stage.

(2) The inner loop is O(|V]), because the rigidity test is per-
formed, and other operations are either constant or sublinear
in |V].

(3) The input graph is sparse with |E| <2|V], so the average
degree of a vertex is 2|E|/|V| < 4.

(4) Each edge is tested against its adjacent vertices. For an edge
e = v;v;, the number of rigidity tests is bounded by

2|E|
|E| X (—x2 —2)
VI

which evaluates to fewer than six tests per edge, on average.
(5) Therefore, the total time complexity is O(|E|) X O(6) X
o(vh=o(V*).

2.10.6  Decomposition. In the decomposition phase (Algorithm
6), Assur graph detection takes O(|E|) [34], or O(|V]) in sparse
graphs. Sorting the condensed graph takes O(|CV|+ |CE|) [35].
These two values are both O(|V]). In the remaining part of this algo-
rithm, each edge can be visited at most once because they turn from
unfixed to fixed in their respective flags, resulting in an O(|E|) time
cost, which is again effectively O(|V|).

2.10.7 Summary. Both the reduction and decomposition
phases have an overall time complexity of O(|V|?). This bound
holds under the assumption that the constraint graph is sparse and
the number of dynamic edges |ED| remains constant or sublinear
in |V].

3 Additional Rules

With the point-based model in our earlier work [17], the analysis
of planar geared linkages can be done using the same framework,
with some additional rules. Therefore, this section provides addi-
tional rules to deal with the non-distance constraints in the pebble
game framework. Furthermore, the two types of non-distance point-
based models are illustrated in Fig. 8 and in Fig. 11, respectively.

3.1 Line Constraint Semantics. Our work shares the core
ideas with the work from Jackson and Owen [23]. While we start
from a different root [15], doing a comparison can be necessary.
Specifically, their work treats the points and the lines as individual
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vertices (P-vertices and L-vertices), while we treat each line as an
element defined by a set of points.

Specifically, the graph semantics from Jackson and Owen’s work
describe a geometric constraint system with the following rules:

(1) PP-edges: a P-vertex connects with another P-vertex, i.e., the
two points have a fixed distance in between.

(2) PL-edges: a P-vertex connects with an L-vertex, i.e., the
point has a fixed distance from the line.

(3) LL edges: a line vertex connects with a line vertex, i.e., the
two lines have a fixed angle.

This classic setup extends the application of the Laman theorem,
in which each edge removes one DOF, regardless of its type.
Notably, both this work and that of Jackson and Owen adopt the
same definition for the PP-edge. However, additional semantic
rules are necessary for PL- and LL-edges to ensure that the resulting
graph is rigid and solvable. Without such rules, symbolic computa-
tion (e.g., algebraic methods) may be required as a fallback
to handle edge cases [23]. For example, consider a graph contain-
ing three LL-edges and three line vertices (A, B, and C) that form
a triangle. Suppose we also have three pairs of PL-edges, each
connecting a P-vertex to two of the three L-vertices. This graph
satisfies Laman’s count condition but may not correspond to a
solvable system without further constraints. See Fig. 7 for an
illustration.

In contrast, our point-based model explicitly forbids the use of
LL-edges. Instead, a line constraint is represented using a set of
three PL-edges, each with its corresponding point-line distance
set to zero. In this formulation, a PL-edge explicitly suggests that
a point lies on a line.

Furthermore, we term the L-vertex as conceptual vertex, or the
vertex that does not correspond to a specific point. Correspond-
ingly, we call a PL-edge conceptual edge-an edge that has at least
one conceptual vertex at its two endpoints.

Notably, the combination of three PL-edges for a line constraint
stems from the use of far joint. See Fig. 8, where the behavior of an
RRRP mechanism is computed using approximation. Specifically,
we use three long PP-edges, CF, DF, and EF, to represent the orig-
inal constraint system. Notably, the arc for point D is “flat” when
these edges are sufficiently long [15]. However, the three long
PP-edges can be replaced by three PL-edges to faithfully represent
the original constraint system, which jointly correspond to the fol-
lowing constraint equation:

(xc —xp)YE — yp) — (xg — xc)(yc — yp) =0 4)

which is the scalar cross-product of vectors CD and CE, and equals
to zero if and only if the three points C, D, and E are collinear.

Fig. 7 In this constraint graph, A, B, and C are L-vertices; D, E,
and F are P-vertices; The LL-edges in the graph are AB, BC,
AC, and the PL-edges are AE, CE, CF, BF, BD, and AD. This
graph is rigid while the P-vertices in its corresponding geometric
structure are undetermined.
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Fig. 8 (a) An RRRP mechanism and (b) its approximation drawn
in MotionGen [41]. We reduce the length of three edges to empha-
size the arc property of the point path for D.

Fig. 9 (a) Slot and (b) its interpretation

Last but not least, we add two PP-edges to the graph to limit the
movable range of the P-vertex in the slot (see Fig. 9). The two
PP-edges are vgv and veV2, whose lengths can be computed accord-
ing to our old work [15].

3.2 Reduction Rules for Line Constraints. There are three
additional reduction rules in total for the slot constraints, stated as
follows:

e Rule 1: The two P-vertices on two PL-edges for a same
L-vertex defines the line. So, if two L-vertices connect to
two same P-vertices, then these two L-vertices are merged
into one L-vertex, because they correspond to the same line.

e Rule 2: If more than two P-vertices connect to the same
L-vertex and these P-vertices are in the same cluster we
found during the reduction, then only two P-vertices within
these P-vertices are connected to the L-vertex, because the
positions of the remaining P-vertices can be represented with
PP-edges for this cluster. As a result, the PL-edges and the
L-vertex are not added into any P-cluster, and every L-vertex
connects at most twice to a specific P-cluster.

e Rule 3: An L-vertex and all its PL-edges are removable if they
are rigid to only one P-cluster, because all the corresponding
line constraints can be represented using distance constraints.

Additionally, the reduction of PL-edge is a two-phase process.
The first reduction occurs at the slot level, where Rule 1 is
applied; the second reduction happens during P-cluster finding,
where Rules 2 and 3 are applied. See Figs. 10(a)-10(c) for the
first phase, and Figs. 10(d) and 10(e) for the second phase.

In the first phase, the algorithm checks for each pair of L-vertices.
If they share the same two P-vertices, which are v, and v3 in
Fig. 10(b), then the two L-vertices vs and v; correspond to the
same line defined by these two P-vertices. We can merge the two
vertices into one L-vertex into one.

The second phase of PL-edge reduction happens when all
PL-edges and PP-edges are added to the directed graph. Notably,
the difference between the kinematic structures in Figs. 10(a) and
10(d) is that an additional PP-edge, P,P; is in Fig. 10(d). Corre-
spondingly, after the first phase PL-edge reduction, we can see
the resultant graph shown in Fig. 10(e). This resultant graph has
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Fig. 10 (a) Double slot, (b) its original constraint graph, and (c) its reduced graph; (d) double slot with a P-cluster of {P,, P3} and (e)

its reduced graph after reduction rule 1

only three pebbles left. In other words, this is a P-cluster of the four
P-vertices, vy, v2, v3, and v4. For the efficiency of computation, we
can remove the two P-vertices v¢ and vg in the graph, because they
serve as the moving range limiter for the P-vertex in the slot. Fur-
thermore, we can remove the PL-edges on this graph until only
two PL-edges are left, because if any additional P-vertex exists in
the slot, it can find the line defined by the two PL-edges.

3.3 Decomposition Rules for Line Constraints. During the
decomposition phase, we have the following rules for the PL-edges.
Furthermore, these two rules are demonstrated with the example
shown in Sec. 4.

e Rule 1: Every three PL-edges brings exactly one line constraint
equation for the P-vertices connecting to the same L-vertex.

e Rule 2: When two P-vertices that are connected to a particular
L-vertex are fixed in the previous step, this L-vertex is marked
as fixed, and these two P-vertices are treated as the two bases
of the line constraint. In other words, if any other unfixed
P-vertex is connected to the fixed L-vertex in a specific step,
then a line constraint is added to the numerical system,
where we set point C and point D as the two bases in Eq. (4).

3.4 Angle-Angle Constraint Semantics. Similar to the line
constraint, the point-based model uses a set of conceptual edges
to represent an angle—angle constraint. Figure 11 demonstrates
how we represent rolling with a set of conceptual edges, which
are vivy, v3v7, Vsvg, Vevs, and v7vg. These five edges jointly corre-
spond to exactly one angle—angle constraint equation, or five
expressions if we take the intermediate t-equations into account
(see Eq. (5)).

ty =det(p; — Py, Ps — Py) =r1(r + rp)sin (o))
ty =dot(p; — Py, Ps — Py) =r1(r1 + r2) cos (a1)
13 =det(p, — P3, Ps — P3) = r2(r1 + r2) sin (a2)
ty = dot(p; — P3, Pg — P3) = 2(r1 + 12) cos (@)

n t
arctan | — ) - r; — arctan 3. rn =0,
I 121

Here r| and r; are the radii of the two wheels on the left and right,
respectively. Then, the definition of det and dot functions are

(6]

det(p,, = -
{ et(p;, P2) = X1y2 — X2)1 ©)

dot(p1, p2) = x1%2 + Y132

In this structure, ps and pg are the P-vertices, which are refreshed
for each state, and their initial position in each state is at the inter-
section point of the two wheels; Next, v; is called an assisting vertex
and vg is called a rolling vertex. Additionally, a complete wheel-pair
constraint includes three distance constraints corresponding to the
three PP-edges v;vs, v3ve, and v;v3, whose lengths are r;, r», and
(r1 + r2) in this scene, respectively.

3.5 Reduction Rule for Angle-Angle Constraints. There is
one additional reduction rule for the angle—angle constraint: If the
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Fig. 11 (a) Simple gear train system, (b) its constraint graph,
and (c) its conceptual edges

rolling vertex vg, as shown in Fig. 11(c), is rigid to any of the
four P-vertices from the five conceptual edges, then it is also
rigid to the remaining three other P-vertices. In this case, the
angle—angle constraint can be directly removed, and the four
points that define a wheel pair are in the same P-cluster. If not,
then these five conceptual edges are five respective clusters in
cluster set CS and edge-cluster dictionary ECD, respectively.

The reduction rule can be demonstrated by changing the graph in
Fig. 11(b). If we change the dynamic edge v,v; to static, then this
wheel pair is fixed to the ground, because there are no free
pebbles left. This also means vy, v3, vs, v, and vg form a rigid
cluster. While all these vertices still satisfy the angle—angle con-
straint, we can represent them with distance constraints, but com-
puting them becomes unnecessary. So, in this case, vs, vg, V7, and
vg can be removed from the graph. As a result, this angle—angle con-
straint is reducible to the distance constraints, and vy, v, v3, and vy
together form a P-cluster.

3.6 Decomposition Rule for Angle-Angle Constraints.
There is only one additional decomposition rule specific to wheel
joints. Unlike an L-vertex in a slot, which can connect to an arbi-
trary number of P-vertices, a rolling vertex exists exclusively
between a particular pair of wheels. This rolling vertex serves as
one of the two endpoints for each of the three conceptual edges.
When these three edges are added in a specific step—and not all
were included previously—an angle—angle constraint equation is
introduced into the geometric constraint system.

3.7 Incorporation of Additional Rules. As a result of adding
the conceptual vertices and edges, the updated reduction phase will
first check and reduce the number of L-vertices according to the first
reduction rule for line constraints. Next, all the conceptual edges are
added, followed by the static PP-edges from the initial clusters.
After the clustering procedure, i.e., detecting which vertices are
rigid with each other, the additional reduction rules are applied to
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Fig. 12 (a) Planar geared linkage, (b) constraint graph before the dynamic edge insertion, (c) constraint graph after the
dynamic edge insertion, and (d) constraint graph after pinning the ground vertices

extract the conceptual edges from larger clusters. Each remaining
conceptual edge is exactly one cluster, while each set of mutually
rigid P-vertices forms exactly one P-cluster.

Next, the updated decomposition phase is similar to the one in the
classic pebble framework, but the additional decomposition rules
are applied during solver planning (we set the solver to be an
optimization-based method as demonstrated in Algorithm 6), and
they are checked for each decomposed Assur graph.

4 Example

We present the analysis process of a geared and slotted planar
linkage system shown in Fig. 12(a) in two subsections. The first
section focuses on the construction of the constraint graph, and
the second section focuses on the decomposition of the constraint
system.

4.1 Pinned Graph Construction. In this example, the two
wheels defined by (P3, P;) and (P4, Ps) make contact externally.
Specifically, Pz and P4 are the two wheel centers, respectively,
while P; and Ps are the circular edge points. The two centers of
the two wheels are connected through a PP-edge (P, P4), which
is constrained within the slot defined by its endpoints (P,, Pg). Fur-
thermore, P; and P, are attached to the ground, and an actuator is
placed on P;, which determines the angle between the lines
defined by (P, P;) and (P, P3), respectively.

The list of figures in Fig. 12 shows the key state of the pinned
graph construction process. Furthermore, Table 1 provides the prop-
erty of each vertex shown in this list of figures.

Journal of Mechanisms and Robotics

The analysis begins with the reduction phase. In this phase, the
static edges and conceptual edges for the kinematic structure in
Fig. 12(a) are tested following Algorithm 1, and the resultant
directed graph is shown in Fig. 12(b). To ensure visual clarity,
we raise the positions of the vertices for the wheel pair and lower
the positions of the vertices for the slots. This resultant graph has
four free pebbles left: one on vg, one on vi3, and two on vs.
Notably, the ground edge v,V is in the graph, and the dynamic
edge between v, and v; is not added in this phase. Additionally,
there are no redundant edges in this kinematic structure.

Next, the graph is reconstructed according to Algorithm 5, and
the resultant graph is shown in Fig. 12(c). The change can be
described as follows:

(1) Before adding the dynamic edge between v, and vs, the static
edges are added, and they result in the same graph in the
reduction phase as shown in Fig. 12(b).

Table 1 Vertex property table

ID Property ID Property

V1 Ground, Normal Vg Normal

Vo Ground, Normal Vo Normal

V3 Normal V1o Refresh upon state

V4 Normal Vi1 Refresh upon state

Vs Normal V12 Assisting, Conceptual

Ve Normal VI3 Angle-angle, Conceptual
vy Linear, Conceptual
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Fig. 13 (a)-(h): Solving steps for the planar geared linkage system in Fig. 12(a). The edges colored in black cor-
respond to the constraint equations for the respective solving steps.

(2) To add the edge between the two vertices, the free pebbles
must be rearranged. In this case, we can start from v, and
find the first free pebble on vg. As a result, the edge
between v, and vg shifts direction, and v, gains its first free
pebble.

121009-12 / Vol. 17, DECEMBER 2025

(3) Next, since v3 has two free pebbles, we can immediately pin
one pebble on vs.

(4) Then, the second free pebble for v, can be found from the
path (v2, vy, v3). As a result, two edges, v,v; and vVs,
change their directions.

Transactions of the ASME



(5) Finally, we can find the last free pebble for vs through the
path (vs, vi, vio, v13). Three edges, v3vy, viVig, and vigvi3
change their directions.

With all these four pebbles arranged on the two sides, we can
spend one pebble from v, on edge v,v3, which is colored in gray
in Fig. 12(c).

The following steps for constructing the pinned graph include:
(1) remove the ground edge, and (2) find two pebbles for all
ground vertices. In this case, v{7, is the only ground edge. When
this edge is removed, one free pebble goes to v;. The second free
pebble for v; can be found from v3, so edge v3v; shifts its direction.
Then, we can shift the direction of edge v,V to take the last free
pebble in v3 to v,. As a result, all four free pebbles are on the
ground vertices. Pinning them results in the pinned graph shown
in Fig. 12(d). Since there are no free pebbles left, we can conclude
the structure is statically determinate. In other words, we can
decompose it into Assur graphs.

4.2 Decomposition. The decomposition follows Algorithm 6
and the additional rules are shown in Sec. 3. Figure 13 shows the
ordered solving procedure.

Specifically, the solving procedure begins with marking the
ground vertices v; and v, as fixed. Then, as shown in Fig. 13(a),
v3 can be fixed using the two distance constraints corresponding
to the two PP-edges vs, v, and v;v;. Furthermore, v3v, is a
dynamic edge, and the newly fixed set of vertices includes the
loop (vi, v, v3), so the constraint system for this step has an
angle constraint equation for the actuator. In addition, v; is
marked as a fixed vertex.

Next, as depicted in Fig. 13(b), the location of v,y can be solved
with the location of v, and v3, and the distance constraint equations
corresponding to the two PP-edges vioV1 and vig¥3. No rotary actu-
ation loop exists, so the constraint system has only two distance
equations.

Then, the next solving step shown in Fig. 13(c) includes three
conceptual edges, v4V7, v7v3, and v;7;, and a PP-edge v4v3. From
the previous steps, v, and v3 are fixed, so they become the two
bases of the line constraint equation in Eq. (4). As a result, this sub-
system comprises a line constraint equation and a distance equation,
which are used to determine the location of vy.

Afterward, as shown in Fig. 13(d), the location of the P-vertex vg
is solved with two distance constraints corresponding to the two dis-
tance edges vgv, and vgvs.

Then, the location of vg is solved using the two constraints for the
two edges vgV; and vgv7 as shown in Fig. 13(e). Upon further check-
ing, vev7 is a PL-edge, and v7 is a L-vertex whose bases are v, and
v3. So, the location of vg is solved with a distance constraint from
edge vgv, and a line constraint.

Next, the location of vy is solved using the distance constraints
corresponding to vyv9 and v4v9 according to Fig. 13(f).

In the analysis of the algorithm, we find that all three conceptual
edges related to the rolling conceptual vertex v;3 are used in this
solving step demonstrated in Fig. 13(g), meaning a rolling con-
straint equation set shown in Eq. (5) should be included in this sub-
system. Then, we find edge viiV4 is a distance constraint, which
should also be added to the subsystem.

Finally, vs is the last unfixed vertex, and its location can be
solved using the locations of v;; and v4 and two distance constraints
corresponding to the two PP-edges vsv4 and vsvy (see Fig. 13(h)).

5 Discussion

5.1 Application. The constraint data structure is stored in a set
of matrices, as described in Ref. [17], and in the Appendix. These
matrices compactly save all the necessary information for mobility
analysis, position analysis, and canvas display. Furthermore, this
data structure heavily referenced the matrices in Ref. [42], so the
matrices can be easily converted into other formats for other
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research interests. For example, the incidence matrix we use can
be converted to an adjacency matrix for graph isomorphism tests.
Additionally, we consider the valuable package in the following
scenarios:

(1) Efficient planar linkage simulation. The mobility of the
planar geared linkage is analyzed and decomposed as much
as possible, ensuring an efficient solving path for the posi-
tional analysis. The estimated time and structural complexity
of a geared linkage are provided in Ref. [15].

(2) Furthermore, the efficient planar linkage simulation is
extremely helpful for massive dataset generation [43] for
the data-driven techniques [5—14], and other optimization-
based synthesis techniques such as the evolutionary algo-
rithms [2,3] for complex planar mechanisms.

(3) The system of equations is built from the constraint graph,
which can be used for the study of Assur graphs like [44],
and the study of velocity and higher-order derivatives.

5.2 Limitation and Fallback Plans. The pebble game frame-
work only determines whether or not a structure is generically flex-
ible or rigid. So, identifying the edge cases may need additional
math tools like the matroid theory [45]. However, determining the
singularity due to the symmetric properties of the kinematic struc-
ture is generally costly in time because some singularities are by
design, and some singularities only occur when the mechanism
reaches a particular state [46].

Another potential limitation arises naturally from the point-
based model, similar to the LL-edge case shown in Fig. 7, where
a set of conceptual edges forms a (2, 3)-tight graph. Yet, the
corresponding numerical system has an infinite number of solu-
tions. In essence, our edge case reflects a variant of the Zarankie-
wicz Problem [47]: a (2, 3)-tight subgraph may exist within a
PL-edge-only graph. However, such configurations are rare and
do not typically arise in the constraint graphs for the planar
geared linkages. We provide further discussion of this phenome-
non in the Appendix.

To address these limitations, we can employ numerical methods
to solve the entire constraint system, thereby eliminating the need
for the mobility determination method presented in this work. For
the cases related to singularity, we can always make an extra numer-
ical computation before the mobility analysis. As for the cases
related to graph semantics, we can check whether at least one
PP-edge exists in a geometric constraint subsystem. If not, we
can always compute the geometric system without any decomposi-
tion. However, simulating these edge cases can be time-consuming.

6 Conclusions

This article presents an advanced computational framework for
analyzing and decomposing planar mechanisms using an extended
pebble game algorithm. By leveraging algebraic graph theory and
introducing a structured reduction and decomposition process, we
efficiently determined the rigidity and solvability of kinematic
systems. The proposed methodology extends the classical pebble
game by incorporating conceptual vertices and edges, enabling
the handling of additional constraint types, including rolling
joints, slots, and angle—angle constraints. Another key contribution
of this work is the introduction of the edge-cluster dictionary, which
enhances the efficiency of numerical system decomposition by
identifying the skeletal structure of the mechanism. Additionally,
we demonstrated how Assur graph decomposition provides an
optimal sequence for solving constraint systems, leading to
reduced computational overhead. The framework achieves an
overall complexity of O(|V|?), making it suitable for real-time kine-
matic simulation and CAD applications. Case studies validate the
effectiveness of this approach in modeling and analyzing various
planar mechanisms, including geared linkages and multi-actuated
systems.
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Appendix

Matrices for Constraint Representation. First, the definition
of the set of matrices M goes as follows:

B: len
S: Sm><4
w: WWXS
I: Ia><4
P: P nx2

M= (AD)

where the B-matrix saves the P-clusters row by row such that

if P — cluster i contains P — vertex j

1
Bij= {O otherwise (A2)

The edges of the P-clusters defined by a row of the B-matrix can
be extracted using Henneberg I moves, as demonstrated in Sec. 2.3.

Then, the S-matrix saves each line constraint with each of its
rows, such that

Do q0 ro lo

S= (A3)

Pm—1 qm-1 Fm—1 lm—] mxd

where the p, g, and r are the P-vertices that are on the same line.
For displaying purposes, we also include the link ID in the last
column.

The S-matrix guides the initial creation of PL-edges. We can
create one L-vertex from each row, and connect all three P-vertices
Vp, Vg, and v, to make the three PL-edges.

Next, we have the actuator matrix / defined as

i j k R
I=|: o (Ad)
p g r P ax4
The set of P-vertices i, j, and k corresponds to a particular rotary
(“R”) actuator, while the set of P-vertices p, g, and r corresponds to
a particular linear actuator (“P” for pump).
For the rotary actuator, a dynamic edge can be created between v;
and v. For the linear actuator, the dynamic edge is v,v,.

Then, we have the wheel matrix to define the angle—angle con-
straint

coo co1 too tor loi lo lz W,
cro ¢t ro rn ol Iz W

W=lcoy cu rmo rm by by by B

(A5)

wx8
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In this matrix, the first and the second columns correspond to the
P-vertices of two rotational centers of the wheel pairs. Then, the fol-
lowing two columns correspond to the radius of the two wheels. The
next three /-columns correspond to the cluster index of the wheel
pair, and the last column denotes the type of wheel-pair type: outer-
contact (W,), inner contact (W;), and belt (B).

As demonstrated in Fig. 11, four vertices and five edges are
created. Furthermore, we should note that processing the
W-matrix will expand the original B-matrix so that the rigidity of
each wheel is maintained.

Finally, the P-matrix is the positional matrix for the initial n
number of P-vertex locations.

Potential Direction of Proof. We seek a definitive answer to the
following question: Can a constraint subgraph composed solely of
conceptual edges in the point-based model ever be (2, 3)-tight?
This is nontrivial—if such subgraphs do not exist, it implies that
any (2, 3)-tight graph in the point-based model must include at
least one PP-edge, and thus, the model avoids the similarity degen-
eracy issue illustrated in Fig. 7. While a full resolution is beyond the
scope of this work, we outline a possible direction for proving the
existence of such graphs, inspired by the suggestion from Professor
David Conlon.

Rolling Joint. We can easily make a proof for the conceptual
edges from the rolling joint because it is impossible that these
edges form a rigid subgraph, and that they do not exist in a concep-
tual edge-only rigid subgraph. After all, they do not contribute any
extra pebble consumption from the P-vertices. For example, the five
conceptual edges in Fig. 11(c) consumes at most one pebble from
all the P-vertices (vs, vg, vi, and v3) in this graph. However, at
the stage of inserting the conceptual edges into the graph, each of
vs and ve has at most one edge connecting to them, so their graph
is always flexible. Similarly, vg is flexible because it connects to
two flexible edges vsvg and vgvg, and there is one free DOF for vg
when one pebble is spent on vgv;. Then, we can address the two
pebbles on v; with the edges v;v; and v;v3, resulting in no cost
of pebbles on the rotational centers v; and v3, while v; and vz are
the only two P-vertices on this graph that are the endpoints of
other conceptual edges.

Prismatic Joint. It is possible that a combination of PL-edges
alone may form a rigid graph during the edge insertion phase of
the reduction process. By construction, such a graph is bipartite:
PP-edges are not conceptual edges, and LL-edges are absent. More-
over, according to Reduction Rule 1 for PL-edges, we can deduce
that this bipartite graph is K, ,-free.

We recall that bipartite graphs contain only even-length cycles.
When further constrained to be K;,-free, i.e., four-cycle-free, the
smallest possible cycle has length six. This implies that any
minimal loop formed entirely by PL-edges must involve at least
six consecutive PL-edges, connecting three P-vertices and three
L-vertices. Such configurations are rarely encountered in practical
linkage mechanisms. In particular, the presence of three distinct
line constraints (e.g., prismatic joints) in a six-edge loop introduces
flexibility: even after removing three pebbles to account for global
degrees-of-freedom, the loop typically retains at least three free
pebbles. Relevant discussions on the enumeration of kinematic
chains with prismatic joints can be found in the works of Rojas
and Thomas [48] and Eleashy [49].

This construction can also be viewed as a variant of the Zarankie-
wicz Problem [47], an open problem in extremal graph theory that
asks: what is the maximum number of edges in a bipartite graph
with a fixed number of vertices and no K, subgraph? In our
context, a bipartite, K;,-free graph may arise as the Levi graph
(i.e., point-line incidence graph), where geometric points and
lines are treated as distinct vertices, and an edge is drawn
between a point and a line if the point lies on that line. On an
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affine plane over [Fi of order g = p*, where p is a prime and k is a
positive integer, we have:

(1) Any two distinct points lie on exactly one common line;
(2) Any two lines intersect in at most one point;

(3) Each line contains ¢ points;

(4) Each point lies on (g + 1) lines;

Such a plane contains ¢* points and g(g + 1) lines. Its Levi graph
contains g2(q + 1) edges. The number of edges grows asymptoti-
cally as O(g®), while the number of vertices grows as O(g?). There-
fore, for sufficiently large ¢, the Levi graph becomes too dense to
satisfy the (2, 3)-tight condition globally. Nonetheless, suitable sub-
graphs of the Levi graph may still satisfy (2, 3)-tightness. Thus, a
(2, 3)-tight and K,,-free bipartite graph composed entirely of
PL-edges may indeed exist.

For instance, when g = 4, the Levi graph has 80 edges and 36 ver-
tices, yielding 80 — (2 X 36 —3) =11 surplus edges beyond the
(2, 3)-tight threshold. However, such an incidence structure—
with g(g + 1) line constraints and ¢ distinct point-line incidences
—rarely arises in realistic planar linkage designs for g > 3.
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