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Rational Motion Interpolation
Under Kinematic Constraints of
Spherical 6 R Closed Chains

The work reported in this paper brings together the kinematics of spherical closed chains
and the recently developed free-form rational motions to study the problem of synthesiz-
ing rational interpolating motions under the kinematic constraints of spherical 6R closed
chains. The results presented in this paper are an extension of our previous work on the
synthesis of piecewise rational spherical motions for spherical open chains. The kine-
matic constraints under consideration are workspace related constraints that limit the
position of the links of spherical closed chains in the Cartesian space. Quaternions are
used to represent spherical displacements. The problem of synthesizing smooth piecewise
rational motions is converted into that of designing smooth piecewise rational curves in
the space of quaternions. The kinematic constraints are transformed into geometric con-
straints for the design of quaternion curves. An iterative algorithm for constrained mo-
tion interpolation is presented. It detects the violation of the kinematic constraints by
searching for those extreme points of the quaternion curve that do not satisfy the con-
straints. Such extreme points are modified so that the constraints are satisfied, and the
resulting new points are added to the ordered set of the initial positions to be interpo-
lated. An example is presented to show how this algorithm produces smooth spherical
rational spline motions that satisfy the kinematic constraints of a spherical 6R closed
chain. The algorithm can also be used for the synthesis of rational interpolating motions
that approximate the kinematic constraints of spherical SR and 4R closed chains within
a user-defined tolerance. [DOI: 10.1115/1.2898879]
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1 INTRODUCTION

This paper deals with the problem of synthesizing smooth
piecewise rational interpolating motions of spherical closed chains
under kinematic constraints. More specifically, the problem we
seek to solve in this paper is defined as follows: Given a set of
positions of the coupler of a spherical 6R closed chain, synthesize
a smooth piecewise rational motion of the coupler that passes
through the given positions and satisfies the kinematic constraints
of the spherical 6R closed chain. The rational part of the motion is
characterized by the trajectory of any point on the coupler being a
rational curve in the Cartesian space, and the smoothness is en-
sured by requiring the motion to be C? continuous. It is shown
that the presented solution to this problem is readily extended to
the spherical closed 4R and 5R chains as well.

The past two decades have witnessed a significant body of work
emanating from the application of well-known curve and surface
design algorithms from computer aided geometric design (CAGD)
to the field of theoretical kinematics for the purpose of developing
rational Bézier and B-spline motions of rigid bodies. The idea
behind such a synergy is that the problem of designing rational
motions of rigid bodies can be transformed into a problem of
designing rational curves in a higher dimensional projective space
via a special mapping. By choosing the quaternion representation
of the spherical displacements, the problem is further reduced to
designing curves in the space of quaternions. Rational motions,
with applications spanning across areas such as motion animation
in computer graphics, task specification in mechanism synthesis,

robotics, are an attractive proposition since they integrate well
with the industry standard nonuniform rational B-spline (NURBS)
based computer aided design/computer aided manufacturing
(CAD/CAM) system. Furthermore, from a computational perspec-
tive, they can easily exploit fast and stable algorithms from
CAGD.

The earliest instance of such a synergistic endeavor is found in
Shoemake’s [1] work, who extended the idea of linear interpola-
tion in affine spaces to the spherical linear interpolation (Slerp) of
quaternions. Since then, there has been quite some work on the
synthesis of spherical motions by designing quaternion based
splines by Kim et al. [2], Nielson [3,4], Wang and Joe [5], and
Barr et al. [6]. Ge and Ravani [7,8] extended this technique of
motion synthesis to the domain of spatial motion interpolation by
using a dual quaternion approach. Their work was further refined
by lJiittler and Wagner [9], Wagner [10], and Purwar and Ge [11].
A comprehensive list of references on the topic of rational motion
design can be found in a survey paper by Réschel [12] and in
Purwar and Ge [11].

Despite all the advances in the area of rational motion design,
none of the aforementioned work deals with the design of rational
motions under the kinematic constraints. The seemingly related
work by Horsch and Jiittler [13] sought a direct application of
rational motions to the Cartesian motion planning of robots and
has not dealt with rational motions under kinematic constraints.

Ge and Larochelle [14] presented a preliminary framework for
approximating algebraic motions of four-bar spherical mecha-
nisms with rational B spline spherical motions. Recently, Purwar
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and virtual reality systems as well as Cartesian motion planning in
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et al. [15] presented algorithms for synthesizing spherical rational
motions under the kinematic constraints imposed by spherical 2R
and 3R robot arms. The results presented in this paper are an
extension of the results presented in the latter work to spherical
closed chains. The scope of the present paper is restricted to
spherical rational motions under the kinematic constraints im-
posed by spherical 4R, SR, and 6R closed chains.
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In this paper, the spherical displacement of the coupler is rep-
resented by a quaternion (see Bottema and Roth [16] and McCar-
thy [17] for a quaternion representation of displacements). The
kinematic constraints of the closed chains are transformed into
geometric constraints for the design of quaternion curves. Thus,
given a series of coupler positions in Cartesian space, the problem
of synthesizing the smooth interpolating rational motion of a
spherical 6R closed chain is reduced to that of designing a C?
continuous rational spline constrained to lie on the constraint
manifold of the 6R chain in the quaternion space. Although in the
past, some work has been done on designing splines on quadrics
and hypersurfaces (see Gfrerrer [18] and Wang and Joe [19]), the
focus in this paper is on presenting a numerical algorithm that can
be used to solve 4R, SR, and 6R closed chain motions. To solve
this problem, first, a free-form C> continuous B-spline quaternion
curve interpolating through the given quaternions is designed in
the quaternion space. An iterative algorithm detects the violation
of the kinematic constraints by searching for those extreme points
of the quaternion curve that do not satisfy the geometric con-
straints. Such extreme points are modified so that the constraints
are satisfied and the resulting new points are added to the ordered
set of the initial positions to be interpolated. An example is given
to show how this algorithm produces smooth spherical rational
spline motions that satisfy the kinematic constraints of a spherical
6R closed chain.

The organization of the paper is as follows. Section 2 reviews
the concept of quaternions and the rational B-spline spherical mo-
tions. Section 3 reviews the kinematic constraints of spherical 4R,
SR, and 6R spherical closed chains using quaternions. Section 4
presents an algorithm and an example of the problem of rational
motion planning for 6R spherical closed chains. Section 5 shows
how the algorithm presented in the previous section can be used to
do rational motion interpolation of 4R and SR spherical closed
chains, while the kinematic constraints are satisfied approximately
within a user-defined tolerance.

2 Quaternion and Spherical Rational Motion

In this section, we review the concept of quaternions and the
unconstrained rational spherical motion in so far as necessary for
the development of the current paper.

2.1 Unit Quaternion as Rotation. Any rotation in three-
dimensional space has a rotation axis and a rotation angle about
this axis. Let s=(sx,sy,sz) denote a unit vector along the axis and
let 6 denote the angle of rotation. They can be used to define the
so-called Euler—Rodrigues parameters,

q1=s5,8in(02), g,=s,sin(602), q3=s,5in(6/2),

qs=cos(6/2) (1)
The Euler—Rodrigues parameters and the quaternion units 1,i,j,k
can be combined to define a quaternion of rotation,
q=qii+qj+qk+q, 2
A quaternion q is, at times, also written as an ordered quadruple
(41-92-93,94)- Since q%+q§+q§+qi=l, q is also called a unit
quaternion. See Bottema and Roth [16] and McCarthy [17] for
more details on quaternions and the ensuing discussion. The com-
ponents of a quaternion are related to the matrix form of a rotation
given by
2, 2 2 2
G+di—a2- a3 2(19:-9493)  2(q193+ 9492)
[Rl=G| 2q1+4sa3) di-ai+a5-45 2a203-quq1)
2q3q1 - 09 202+ 4s91)  di- 41— G+
(3)

where Szzq%+q§+q§+qﬁ. Note that when ¢; is replaced by Q;
=wq;(i=1,2,3,4), where w is a nonzero scalar, the matrix [R] is
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Fig. 1 A 4R spherical closed chain

unchanged. Thus, the quaternion components of q can be consid-
ered as homogeneous coordinates of a rotation.

2.2 Unconstrained Rational Spherical Motion. This section
reviews the idea of a synthesis of unconstrained (also known as
free-form) rational spherical motions. Ravani and Roth [20] con-
sidered the components of ¢ as defining a point in a projective
three space, called the image space of spherical kinematics. The
image space of spherical kinematics is a three-dimensional
Cayley—Klein space with an elliptic metric (see Miiller [21])

A polynomial curve in the image space corresponds to a ratio-
nal spherical motion in the Cartesian space. By applying CAGD
techniques for designing curves in the image space, we obtain
rational motions in the Cartesian space.

Let Q;,i=0,...,n be given quaternions; then, the following
represents a B-spline quaternion curve in the space of quaternions:

Q) =2 N,,()Q; 4)
i=0

where N;,(u) are pth-degree basis functions. See Farin [22],
Hoschek and Lasser [23], and Piegl and Tiller [24] for details on
the B-spline curves.

A representation for the rational B-spline motion in the Carte-
sian space can be obtained by substituting the coordinates of Q(u)
given by Eq. (4) into the homogeneous matrix [R] (Eq. (3)). It is
easy to see that if the B-spline curve Q(u) is expressed as a poly-
nomial function of degree p with parameter u treated as time, then
the matrix [R] represents a rational B-spline motion of degree 2p.

3 Kinematic Constraints of Spherical 4R, SR, and 6R
Closed Chains

In this section, we review the constraint manifolds of the
spherical 4R, 5R, and 6R closed chains (see McCarthy [17] and
Ge [25] for detailed information). The kinematic constraints of the
spherical closed chains specify the positions and orientations ob-
tainable by a certain link in the chain.

3.1 Spherical 4R Closed Chain. A 4R spherical closed chain
can be assembled by joining the end links of two spherical 2R
robot arms. Thus, the kinematic constraints of the 4R spherical
closed chain can be obtained by, first, appropriately transforming
the location of the fixed and the moving frame, writing out the
kinematic constraints of the end link from the perspective of the
two 2R robot arms, and then equating these two perspectives.

Consider a spherical 4R robot arm (see Fig. 1) with moving
pivots at by and b, and fixed pivots at a; and a,. The joint axes at
all the pivots intersect at a fixed point Q. The angle between the
fixed pivots is denoted by 7, and the fixed frame F(XYZ) is
positioned midway along this angle with its x axis normal to the
plane defined by the fixed joints a; and a, in the direction
(a;—0) X (a,—0). The z axis of the fixed frame F points in the
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direction of the bisector of the angle y between vectors (a;—O)
and (a,—0). The angle between the moving pivots is denoted by
7, and the moving frame M(xyz) is positioned midway along this
angle. Similar to the orientation of the fixed frame, its x axis is
normal to the plane defined by the moving joints b; and b, in the
direction (b;—0) X (b,—0) and the z axis bisects the angle %
between the vectors (b;—0) and (b,—0). The joint angles for the
first and second 2R robot arms are denoted by 6, ¢, and 6,, ¢,,
respectively, while the angular spans of the two links joining the
coupler are a; and «,. For the first 2R robot arm, the moving
frame M can be positioned with respect to the fixed frame F by
the following quaternion product (see Bottema and Roth [16] for
quaternion products):

Y(61.¢1) = X(= ¥/2)D(6;.¢,)X(7/2) &)

where X(—7/2) and X(#/2) represent rotations about the X axis
by angles —y/2 and %/2, respectively. Using a local coordinate
transformation approach to building transformations for robotic
chains, these two transformations bring the origin of the fixed
frame F to the fixed pivot a; and bring the moving pivot b, to the
origin of the moving frame M, while D(6,, ;) represents the
transformation of a spherical 2R chain. Equation (5) is given in
the matrix form by

Y1(91’¢1)=[C1]D(017¢1) (6)

where [C,] is a 4 X4 matrix and D(6,, ¢,) is written as a 4 X 1
column vector. We note here that for brevity, we use the same
symbol to denote both a quaternion and a column vector and rely
on the context to reveal which use is intended. Thus, for example,
D(6,, ¢,) is written in the quaternion form in the quaternion prod-
uct given by Eq. (5), while the same symbol in Eq. (6) involving
multiplication with a matrix [C,] denotes a 4 X 1 column vector.

Similarly, for the second 2R robot arm, the moving frame M
can be positioned with respect to the fixed frame F by the follow-
ing transformation:

Y1 (65, $5) = X(¥/2)D(6,, $,)X (- 7/2) (7
Equation (7) is given in the matrix form by
Y, (65, ¢2) = [Cz]D(gzv ¢2) (®)

where D(6;, ¢;); i=1,2 have been derived in Purwar et al. [15],
X(xy/2)=[*sin(y/4),0,0,cos(y/4)], and X(=7/2)
=[=*sin(%/4),0,0,cos(n/4)].

Matrices [C,] and [C,] in Egs. (6) and (8) are orthogonal ma-
trices, given by

cos T 0 0 -sinT

[C]=[X(-¥2)" X (92)]= 0 coso sino 0

0 -sino coso 0
| sinT 0 0 cos T |
©)
cos T 0 0 sin 7

0 coso —sino 0

[Co]=[X(y2)*[X(- 72)7] = 0 sino coso 0

| -sinT 0 0 Cos T |
(10)
where [X(*v/2)*] and [X(*%/2)"] are the matrix representa-

tions of their respective quaternion form (see McCarthy [17] for a
matrix representation of quaternion products) and

o=(y+ 4, 7t=(y-n)/4 (11)

Equations (6) and (8) describe the constraint surfaces of the two
spherical 2R robot arms. Their intersection gives us the kinematic
constraints of the 4R spherical closed chain, that is, Y;=Y,=Y
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=(Y,,Y,,Y3,Y,). The algebraic equations for the intersection are
obtained by inverting Egs. (6) and (8) and by using the fact that

[CiI[Co=[1],

D(6;,¢)) =[C,1Y (61, 1).D(6,,hy) =[C,]Y (65, ) (12)

Substituting Eq. (12) into the equation for the constraint surface of
the spherical 2R robot arm chain (see Purwar et al. [15]), we
obtain the following equations for two quadrics:

Y'T0,]Y=0
Y'[0,]JY=0 (13)
where [Q,] and [Q,] are
cz% -5’7 0 0 STCT
0 CZ% —-sto —-soco 0
[Ql] =
0 —soco -5t +slo 0
STCT 0 0 S
(14)
and
cz% —s’T 0 0 —-sTCT
0 CZ% -sto soco 0
[Qz] =
0 soco -?=2 450 0
—sTCT 0 0 -2 4
(15)

In the above matrices, ¢ and s represent the cosine and sine func-
tions, respectively. We expand the equation of the two quadrics
given by Eq. (13) to

F](Y],Yz,YS,Y4)=COS2% (16)
Fz(Y1,Y2,Y3»Y4)=0052% (17)

where Fi(Y,,Y,,Y3,Y,) and F5(Y,,Y,,Y3,Y,) are given by

(Y, sin 7= Y, cos 72 + (Y, sin o + Y5 cos 0)?
YI+Y3+Yi+73

Fl(Yl, Y, Y3, Y4) =
(18)
and

(Y, sin 7+ Y, cos 72 + (Y, sin o — Y cos 0)?

Fy(Y,,Ys, Yo, Ys) =
HOSREREREY V+Yi+Yi4Y2

(19)
Equations (16) and (17) characterize the kinematic constraints of a
spherical 4R closed chain (McCarthy [17]) and are said to define
Clifford quadrics (Miiller [21]). These kinematic constraints are
homogeneous in nature since multiplying Y,(i=1,...,4) with a
common scalar does not change these equations.

3.2 Spherical SR Closed Chain. Consider a spherical 5R
closed chain (see Fig. 2). The constraint manifold for this spheri-
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Fig. 2 A 5R spherical closed chain

cal 5R closed chain is the intersection of the constraint surface of
a spherical 2R robot arm with the constraint solid of a spherical
3R robot arm.

The constraint surface of a spherical 2R open chain is given by
Eq. (6). The constraint solid of a spherical 3R robot arm is given
by transforming D(6,, ¢,, ¢,) (see Purwar et al. [15]) by matrix

[C,]
Y ,(6,,¢)) =[C,ID(6;, )

Y2(6s, . 1hy) =[CoID(6,, b, 1) (20)

The algebraic equations for the intersection of the above mani-
folds are

Y'[0,]Y=0, Y'[Ox()]Y=0 21)

where [Q,] is given by Eq. (14) and [Q,(¢,)] is obtained by
substituting a, in Eq. (15) with p,. The angle p,=p,(¢,) defines
the distance between the fixed pivot a, and the moving pivot ¢, of
the second 3R spherical robot arm and varies according to joint
angle ¢, and the angular spans of the links of the 3R arm as
follows:

COS Py =COS @, oS B, — sin &, sin B, cos ¢,

cos(a, + 3,) < cos p, < cos(a, — B,) (22)

The above inequality is always true since the link lengths given by
a, and 3, are never more than 7. We can get the kinematic con-
straints of a spherical 5R closed chain by expanding Eq. (21),

Fl(Yl,Y2,Y3,Y4)=COSZ% (23)

+ -_—
cosz(azT'Bz> S F(Y,Y5,Y3,Y,) < C052<%) (24)
where F(Y,Y,,Y5,Yy) and F»(Y,,Y,,Y3,Y,) are given by Egs.
(18) and (19). Equations (23) and (24) characterize the kinematic
constraints of a spherical 5R closed chain and are said to define
the constraint manifold for the spherical 5R closed chain (McCar-

thy [17)).

3.3 Spherical 6R Closed Chain. Consider a spherical 6R
closed chain (see Fig. 3). The constraint manifold for this spheri-
cal 6R closed chain is the intersection of constraint solids of two
spherical 3R robot arms. In the figure, angles 6;,¢;,#; and
60, , >, ¥, denote the joint angles for the first and second spherical
3R robot arms, respectively.

The constraint solids of two spherical 3R closed chains can be
obtained by transforming D(6,, ¢;, ;) by matrix [C,] and trans-
forming D(6,, ¢, i,) by matrix [C,] (see Purwar et al. [15] for
expressions of the parametrized solids given by D(6;, ¢;, ;) ;i
=1,2):

Yl(alsqsl’l!fl) =[C|]D(0l’¢1,¢’|)

062301-4 / Vol. 130, JUNE 2008

Fig. 3 A 6R spherical closed chain

Y2(6s, 2, 142) =[CoID(65, o, ) (25)

The algebraic equations for the intersection of the above mani-
folds are

YT[QI (¢1)]Y =0, YT[Q2(¢2)]Y =0 (26)

where [Q,(¢,)] has been already defined and [Q;(¢;)] is obtained
by substituting «; in Eq. (14) with p;(¢;). The angle p;=p;(¢;)
defines the distance between the fixed pivot a; and the moving
pivot ¢; of the first 3R spherical robot arm and varies according to
the joint angle ¢, and the angular spans of the links of the first 3R
robot arm as follows:

COS p; =Cos a; cos B —sin ; sin B cos ¢, (27)

We can derive the kinematic constraints of a spherical 6R closed
chain from Eq. (26),

+ -
cosz<alTﬁl) S F(Y,Y,,Y3,Y,) < cos{%) (28)

aH + -
C052<ZT[;2) = FZ(YI,YZ,Y3,Y4) = Cos2<%) (29)

where F\(Y,Y,,Y3,Y,) and Fo(Y,,Y,,Y3,Y,) are given by Egs.
(18) and (19).

Equations (28) and (29) characterize the kinematic constraints
of a spherical 6R closed chain and are said to define the constraint
manifold for the spherical 6R closed chain (McCarthy [17]).

4 Rational Motions of Spherical 6R Closed Chain

In this section, we present an algorithm for synthesizing C?
continuous piecewise rational motions of spherical 6R closed
chain under the kinematic constraints derived in the previous sec-
tion. We will show that the same algorithm can be applied for the
synthesis of interpolating rational motions of spherical 4R and 5R
closed chains with the kinematic constraints being satisfied only
approximately, but within a user-defined tolerance.

The positions of the coupler of a spherical 6R closed chain can
be given by either Cartesian coordinates (sx,ﬂ,sy[,sz,«ﬂ,-) or joint
coordinates (6;, ¢;, ;). Equation (1) can be used to convert Car-
tesian coordinates into quaternions, while Eq. (25) can be used to
convert joint coordinates into quaternions. If the given positions
of the coupler are not connectable with a continuous trajectory,
then the mechanism has to be disassembled and reassembled to
interpolate the positions. This is commonly known as an “assem-
bly mode defect.” Recently, Schroker et al. [26] and Schrocker
and Husty [27] presented fast numerical algorithms for determin-
ing if two task positions of planar and spherical four-bar mecha-
nisms suffer from this defect. The algorithm presented below as-
sumes that the given positions are on the same branch.

4.1 C? Interpolating Rational Motion for Spherical 6R
Closed Chain. Given: a set of positions of the coupler link of a
spherical 6R closed chain in its workspace, the corresponding pa-
rameter values u;(i=1,...,n), angular spans of the links given by
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a;,B(i=1,2), and the angular distance between the two moving
pivots and between the two fixed pivots given by #» and v, respec-
tively. Find: a C? rational motion of the coupler link that interpo-
lates the given positions at the parameter values subject to the
kinematic constraints of the spherical 6R closed chain.

In the ensuing discussion over a general description of the al-
gorithm, we assume that the given positions of the coupler link are
represented by quaternion coordinates given by Y,
=(Y;1,Yn,Yi3,Yu), i=1,...,n. These quaternions map into points
in the space of quaternions.

4.1.1 Detection of Kinematic Constraints Violation. Finding a
motion that satisfies the requirements stated earlier in this section
begins with the construction of a C? cubic B-spline image curve'
Y (u) that interpolates Y; at parameter values u;. Such a curve does
not automatically satisfy the kinematic constraints given by Egs.
(28) and (29). Specifically, kinematic constraints are considered
violated at those points of the synthesized image curve Y(u),
where the following functions (rewritten from Egs. (18) and (19))
do not satisfy the inequality given in Egs. (28) and (29):

_ (Y, (u)sin 7— Y (u)cos 7)2 + (Y,(u)sin o+ Y5(u)cos 0)?

Fi(u) Yi(u) + Y3(u) + Y3(u) + Y3(u)

(30)

(Y, (u)sin 7+ Y, (u)cos 7)% + (Yo(u)sin o — Y;(u)cos o)?
Y%(u) + Y%(u) + Y%(u) + Yﬁ(u)

F2(u) =

(1)

To detect violations of the kinematic constraints, extrema of func-
tions F;(u) and F,(u) are calculated using the following equa-
tions:

dFl(”) -0
du

dFy(u) _

i 0 (32)

If an extremum falls outside the limits in any of the inequalities
(Egs. (28) and (29)), the constraints are considered violated. We
call a point on the image curve corresponding to an extremum of
F,(u) or F,(u) an extreme point. A C> cubic B-spline curve can be
easily converted into a piecewise Bézier form using standard
methods (see Farin [22]), where each Bézier segment has an al-
gebraic form. The piecewise Bézier form allows easy evaluation
of Eq. (32) for each of the L Bézier segments, Y;(u), i
=0,1,...,L—1, that make up the B-spline curve Y(u).

4.1.2 Modifying the Curve to Satisfy Kinematic Constraints.
By restricting to operate in the image space, we have transformed
the kinematic constraints into geometric constraints. Thus, we can
take a purely geometric approach to modify the synthesized image
curve in such a way that the kinematic constraints are satisfied.
Our approach is to replace the extreme point that violates the
kinematic constraints with a new point that satisfies kinematic
constraints, thereby dragging the curve to the inside of the con-
straint manifold. To ensure that the image curve changes mini-
mally, the new point should be closest possible to the extreme
point. This approach is realized in a two step iterative process:
First, a new point is generated that satisfies the kinematic con-
straints and is minimally away from the extreme point; then, this
new point is added (at the parameter value corresponding to the
extreme point) to the initial set of given points, and a new C>
cubic B-spline image curve that interpolates the new point is gen-
erated as well. If the new image curve detects any further viola-
tion of the kinematic constraints as outlined in the previous sub-
section, this two-step process is repeated until no extreme points
that violate the kinematic constraints are found. This process may

lDesigning a C? B-spline curve is a standard scheme in CAGD (see Farin [22],
Hoschek and Lasser [23], and Piegl and Tiller [24]).
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yield many new points before the kinematic constraints are satis-
fied completely. A visual interpretation of this approach is that the
image curve is repeatedly “bent in” or “bent out” in the vicinity of
the constraints violating extreme points in its image space while
still interpolating through the given positions, until it fits in the
constraint manifold defined by the kinematic constraints.

4.1.3 Generating New Points. Since we require the new points
to be minimally away from the extreme points, the issue of finding
new points can be seen as a normal distance minimization prob-
lem in the image space subject to certain constraints. Ravani and
Roth [28] proposed a general algebraic method for approximate
normal distance calculation between the image curve and a given
position in the image space. Later on, Bodduluri and McCarthy
[29] used their method for a finite position synthesis of a spherical
four-bar motion. In what follows, we outline this method and deal
with the issue of finding new points within the framework of this
method for a solution.

We first rewrite the kinematic constraint equations from Egs.
(18) and (19) and Egs. (28) and (29) as follows:

4
(Y, sin 7= Y, cos )% + (Y, sin o+ Y cos 0)% = rfz Y? (33)
i=1

4
(Y, sin 7+ Y, cos 7> + (Y, sin o — Y5 cos 0)> = r%E Y,.2 (34)

i=1

Here, r| and r, are variables that should satisfy the following

inequalities:
o+ a; -
cos(—1 ﬂl) =rn=< cos( ! '31)
2 2

(%“‘Bz) - (az—ﬂz)
cos| ——— 1y < |cos
2 2

The new point should satisfy Eqgs. (33) and (34) as well as the
following:

A

35)

YI+Y3+Yi+Yi=w? (36)

where w is a nonzero scalar (or weight) for the quaternion coor-
dinates of the new point. Here, without any loss of generality, we
choose w=1 since as we showed before in Sec. 2, the coordinates
of Y are homogeneous coordinates.

In the context of a spherical four-bar mechanism synthesis, the
method used by Bodduluri and McCarthy [29] solves the design
problem of determining an image curve that passes through or
near a set of given points. The image curve is algebraically given
by the intersection of two quadric hypersurfaces (constraint sur-
faces) and is expressed as functions of the design parameters, such
as link lengths and pivot locations. They seek the values of design
parameters, which reduce the error between the image curve and
the given points. The error at each given position is defined as the
normal distance to the image curve. They define the total error as
the sum of squares of each position error. The method is approxi-
mate in the sense that the constraint surfaces are approximated by
their tangent hyperplane in the vicinity of the desired position. We
use the same approach to find a new point Y that satisfies the
constraints given by Egs. (33), (34), and (36) and is also at the
minimum distance from the extreme point (Y*) that violates the
kinematic constraints. In our case, we define e=Y-Y* as the
normal error vector at the position Y*. Minimization of the square
of the magnitude of e subject to Eq. (35) would yield r; and r,.
This, in turn, would give the new point Y=e*+Y™, where e* is
the optimized normal distance. This new point Y may not satisfy
the kinematic constraints because the constraint surfaces are only
approximated in this approach. In that case, this new point Y is set
as the new extreme point Y*, and the process described above is
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repeated.

The optimization procedure outlined above involves the tangent
hyperplane approximation to the hypersurfaces. For that, we first
rewrite Egs. (33), (34), and (36) as follows:

H(Y):(Y; sin 7= Y, cos 7% + (Y, sin o + Y5 cos 0)> = 2 = I
(37)

Hy(Y):(Y, sin 7+ Y, cos 72 + (Y, sin 0 — Y5 cos 0)> = r5=h,
(38)

GY): Y +Y3+Yi+Yi-1=¢ (39)

where hy=h,=g=0.
These surfaces can be approximated by the tangent hyperplanes

at a point Y*=(YT,Y;,Y:,YI) as follows:

4
oH,(Y*

0=H1(Y*)+2—1( )AYi
=y,

1

4
OH,(Y*
0=H,(Y*) + >, LAY,.

o 9Y;
4
0= 2Y/AY, (40)
i=1
These equa_tions can be assembled as follows:
gty oy, oy |F
Y, Y, dJYy; Y, AY, -H,
dHy aty oy oy || N=lom | @)
ay, dY, Yy Y, 3 0
2y 2y, 2y 2y Ay

The above can also be written as
[J]le=v (42)

Bodduluri and McCarthy [29] solved for the normal error vector e
by minimizing the Lagrangian function given as follows:

L(e,A)=eTe + AT([J]e-V) (43)
where A=(A|,A,,A3) is a vector of Lagrange multipliers, e

=(Y =Y}, Y,=Y] V3=V, Y4=Y,),  v=(=H(Y*),—H,(Y*),0).
Putting the condition for a minimum as
dL
—=0, i=1234 (44)
(9ei

where (e;,e,,e3,e,4) are the coordinates of the vector e, and as-
sembling the solution equations, we obtain

2¢"+ AT[J]=0 (45)

Thus, if e* designates the solution to the error vector (or the
normal distance), then it should satisfy the equations

[J]e*=v

2e¢* +[J]"A=0 (46)

Equation (46) gives an explicit formula for the solution error vec-
tor e* in terms of variables r; and r, (see Bodduluri and McCarthy

[29)).
e =[N v (47)

Thus, we can determine the variables r; and r, by optimizing the
function

E(Y,r,r,) = (e")7e* (48)
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subject to constraints given by Eq. (35).
With normal error vector e* known, the new point is given by

Y=e*+Y* (49)

Since the constraint surfaces have been approximated by their
tangent hyperplanes in the vicinity of the extreme point Y*, this
new point Y may or may not lie inside the constraint solids given
by Egs. (28) and (29). If the new point does not satisfy the con-
straints, the newly obtained point Y is set as a new Y* and the
procedure described above is repeated from Eq. (40) until a new
point Y that satisfies the kinematic constraints is obtained. This
new point not only satisfies the kinematic constraints but is also at
the shortest distance from the original extreme point Y*. With this
new point added to the set of initial points in the quaternion space,
a new C? B-spline is interpolated to the points. If the new image
curve detects any further violation of the kinematic constraints,
the optimization process is repeated until no further extreme
points that violate the kinematic constraints are found. This pro-
cess at the end gives an interpolating motion that satisfies the
kinematic constraints. Now, we present the following algorithm:

(1) Convert given positions of the coupler link into unit quater-
nions (points in image space) Y;=(Y;;,Y;,Yi3,Y;s) using
either Eq. (1) or Eq. (25).

(2) Current list of points to be interpolated=given points
(Y,‘,izl, e ,l’l).

(3) Construct a C? cubic B-spline curve Y (x) that interpolates a
current list of points.

(a) Evaluate the extrema of F(u) and F,(u) using Eq.
(32). Say, the extrema are found at u:u;k and at u
=u;k for Fy(u) and F,(u), respectively. Designate ex-
treme points on the curve as Y and Y: .

(b)  Check if YT and Y; satisfy the kinematic constraints
(Egs. (28) and (29)).

(c)  If the curve is constrained, continue to step 5.

(d) Otherwise, find new points Y(u;k) and Y(u;) (Egs.
(40)—(49)).

(e)  Check if the new points Y(uf) and Y(u;k) satisfy ki-
nematic constraints (Egs. (28) and (29)).

(i) If yes, continue to (f)
(ii) Otherwise, set YT:Y(MT) and Y;:Y(u;k), and
repeat from (d).

(f) Add Y(uf) and Y(u;) to the current list of points to be
interpolated and go to step 3.

(4) The image curve Y(u) defines a C? interpolating piecewise
rational motion of degree 6 after the substitution into Eq.

(3).

We have observed that this algorithm always converges as long as
the interpolating points are on the same branch. In this algorithm,
the B-spline curve is generated using a global interpolation
scheme (Piegl and Tiller [24]). In this scheme, although moving
one of the interpolating points changes the curve globally, the
change in the curve diminishes away from the modification point.
Next, we show via an example that the algorithm converges fast
as well.

Table 1 gives the quaternion coordinates (Y;,Y;,Y;3,Y;4) for
five positions of the coupler link of a spherical 6R closed chain
along with their parameter values. The table also gives the link
lengths and the angular distance between moving and fixed pivots.
The range of the inequality in the kinematic constraints given by
Eqgs. (28) and (29) is shown in Table 2.

To visualize the constraint solids in three-dimensional Euclid-
ean space, we recast the constraint equations (Egs. (28) and (29))
in terms of Rodrigues parameters (see Bottema and Roth [16])

Transactions of the ASME

20z JoquIeAoN g UO Jasn xooig AUolS IV ANNS Ad Jpd°L~L0EZ90/501 2055/ 0EZ90/9/0€ L/4Pd-aloile/uBISap|EOIUEY08W/BI0"aUISE UONO8]|0o[E)BIpaWSE// Ry WOy papeojumod



Table 1 Quaternion coordinates of the given positions of the
coupler link of spherical 6R closed chain (a;=wn/4, B=7/6,
=713, B,=l6, n==/3, and y==/2)

i Y=(Y;1,Yn,Yis, Yia) u;

1 (-0.2636,0,0,0.9646) 0.0
2 (—0.0039,-0.2949,-0.0814,0.9520) 2.0
3 (-0.0110,-0.5860,0.0150,0.8101) 5.0
4 (-0.4910,-0.4170,-0.0005,0.7649) 7.0
5 (-0.5620,0,0,0.8271) 10.0

given by (Y/Yy4,Y,/Y4,Y3/Y,). Geometrically, this is equivalent
to observing the intersection of constraint solids with hyperplane
Y,=1. Figure 4 shows such an intersection of the constraint sur-
faces of the four-dimensional solids described by Egs. (28) and
(29) with the hyperplane Y,=1. Various surfaces are indicated by
the limits of the inequalities (Table 2). These surfaces are hyper-
boloid of one sheet, and we note here that contrary to what the
reader might expect, the inner and outer hyperboloids indicate the
upper and the lower, respectively, range of the kinematic con-
straint inequalities (Egs. (28) and (29)). The volume bounded by
the surfaces is the valid region in which the image curve should
remain for the constraints to be satisfied.

Figure 5 shows the kinematic constraint surfaces and the un-
constrained interpolation of the given positions from an angle dif-
ferent from that shown in Fig. 4. The extreme points that violate
the kinematic constraints are shown by the star points (%). Given
positions interpolated by the image curve are indicated by (H).
This figure shows that there are two extreme points, each of which
violate one of the kinematic constraints. One of the extreme point
is seen to be at u*=0.92, where F';=1.0. This point is outside the
bounds of F;(u):0.63<F;<0.98. It is not difficult to see from
the figure that this extreme point does not violate the other kine-
matic constraint given by 0.5<F,<0.93. This point can be
clearly seen between the two kinematic constraint surfaces given
by the limits of F»(u). Similarly, the other extreme point is seen to

be at u*=8.74, where F,=0.38. This point violates the lower limit
of the inequality 0.5=<F,. It can also be seen from the figure that
this extreme point does not violate the other kinematic constraint.

Figures 6 and 7 focus on the violation of different constraints
and visually demonstrate the application of the algorithm in con-

Table 2 Kinematic constraints of a given spherical 6R closed
chain

Kinematic
i constraints F;

—

0.63<F,=<0.98

2 0.5<F,<093
min(F 2)=0.5 max(F 1)=0.98
max(F 2)=0.93\\ min(F,)=0.63

Fig. 4 Kinematic constraint surfaces obtained by intersection
with the hyperplane Y,;=1

Journal of Mechanical Design

Fig. 5 Unconstrained interpolation and the kinematic con-
straint surfaces obtained by intersection with the hyperplane
Y,=1. The image curve is shown as a continuous curve, the
two extreme points that violate kinematic constraints as (%)
and the given positions as (H).

straining the image curve. Figure 6, which is obtained by rotating
and zooming in on Fig. 5, focuses on the kinematic constraint
0.5=<F,=0.93 and the extreme point that violates this constraint.
It shows the unconstrained curve with one of the extreme points
that violates the constraint 0.5=<F,. This point is clearly seen to

| F,(u'=8.74)=0.38
4
in(F ,)=0.5

Fig. 6 A zoomed-in and rotated view of Fig. 5: One extreme
point with F»(8.74)=0.38 violates the kinematic constraint: 0.5
=<F,. Surfaces given by the limits of the other constraint are
shown in light broken lines.

Fig. 7 A zoomed-in and rotated view of Fig. 5: One extreme
point with F;(0.92)=1.0 violates the kinematic constraint: F;
=0.98. Surfaces given by the limits of the other constraint are
shown in light broken lines.
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New Point

/F,(u'=8.74)=0.38
] min(F 2)=0.5

Fig. 8 Constrained interpolation (compare to Fig. 6). The la-
beled new point (o) is the point that replaces the labeled ex-
treme point.

be outside the volume defined by the constraint surfaces. Surfaces
given by the limits of the other constraint F(u) (Eq. (28)), which
is not violated by this extreme point, are shown in light broken
lines. It should also be noted that the other unlabeled extreme
point does not violate the constraint 0.5<F,<0.93.

Similarly, Fig. 7 shows from another angle the kinematic con-
straint surfaces given by the limits of F(u) and the unconstrained
curve. This figure shows the other extreme point that violates the
upper limit (F;<0.98) of the kinematic constraints given by the
inequality in Eq. (28). Also shown are the constraint surfaces
given by the limits of F,(u) in light broken lines.

The application of the algorithm presented earlier is illustrated
in Figs. 8 and 9, where in two iterations, the algorithm produces a
constrained curve. On a Pentium 4 2.0 GHz system with
512 Mbytes of primary memory, the algorithm ran for less than
5 s. Two new points that replace the extreme points are added in
the process, which are indicated by o . It might seem from Figs. 8
and 9 that the two new points added to satisfy the limits on Fy(u)
and F;(u) are not minimally away from their corresponding ex-
treme point, respectively. However, this is not true. A different
view of the locations of the two new points verifies this assertion
visually in Figs. 8 and 9; e.g., the new point labeled in Fig. 8 is
seen to be very close to the outer constraint surface shown in light
broken lines in Fig. 9.

The final interpolating curve satisfies all the constraints,
which—in the Cartesian space—translates into a C? continuous
B-spline rational motion of the spherical 6R closed chain.

New Point

F,('=0.92)=1.0
min(;F1)=0.63
Fig. 9 Constrained interpolation (compare to Fig. 7). The la-

beled new point (0) is the point that replaces the labeled ex-
treme point.
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5 Rational Motions of Spherical 4R and SR Closed
Chain

Constraint equations of spherical 4R and 5R closed chains can
be seen as a special case of the constraint equations of spherical
6R closed chain. By turning the equality equations of 4R and 5R
closed chains (Egs. (16), (17), and (23)) into inequalities, we can
apply the same algorithm as presented before to do constrained
interpolation for 4R and SR closed chains as well.

For spherical 4R closed chains, we modify the kinematic con-
straints (Egs. (16) and (17)) as follows:

a—é&

+
cosz(%) S F(Y,Y,,Y3,Y,) < cosz< ) (50)

+e ey
COSZ(%) S Fy(Y), Y0, Y3,Yy) < COSz(%) (51)

where €| and &, are user-defined tolerances. Thus, by choosing
these values to be as small as possible, the user can use the same
algorithm to do constraint interpolation to a desired degree of
satisfaction. The addition of new points is handled slightly differ-
ently; we use the following equations in place of Eq. (35):

@ o7}
r|=C0S8 —, Ip;=C0S - 52
I L > (52)

In the case of a spherical 5R closed chain, we modify the kine-
matic constraint in Eq. (23) to be the same as the kinematic con-
straint in Eq. (50). This puts the first kinematic constraint in the
inequality form, while we use the second constraint equation un-
changed, i.e., Eq. (24). The new points are added in the same way
as illustrated before; however, the value of r; in Eq. (35) is re-
placed with the value given in Eq. (52).

6 Conclusions

In this paper, we developed a method for synthesizing piece-
wise rational motions subject to the kinematic constraints of the
spherical 6R closed chain. We presented an algorithm for synthe-
sizing C? continuous piecewise rational motions for a spherical
6R closed chain. It was shown that the algorithm was general
enough to handle the spherical 4R and 5R closed chains as well.
An example and visualizations were presented to illustrate the
effectiveness and the working of the algorithm.
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