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Kinematic simulation of planar n-bar mechanisms has been an
intense topic of study for several decades now. However, a large
majority of efforts have focused on position analysis of such mech-
anisms with limited links and joint types. This article presents a
novel, unified approach to the analysis of geometric constraints
of planar n-bar mechanisms with revolute joint (R-joint), prismatic
joint (P-joint), and rolling joint. This work is motivated by a need to
create and program a system of constraint equations that deal with
different types of joints in a unified way. A key feature of this work is
that the rolling joint constraints are represented by four-point
models, which enables us to use the well-established undirected
graph rigidity analysis algorithms. As a result, mechanisms with
an arbitrary combination of revolute-, prismatic joints, and
wheel/gear/wheel-belt chains without any limitations on their actu-
ation scheme can be analyzed and simulated efficiently for potential
implementation in interactive computer software and large-scale
data generation. [DOI: 10.1115/1.4066963]
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1 Introduction
Recently, the evolution of design methodologies, particularly in

the realm of kinematic systems, has been significantly influenced
by the advent and advancement of data-driven approaches [1–11].
These approaches, characterized by their reliance on extensive
datasets, are poised to revolutionize the way we approach design
and synthesis problems, offering new possibilities and efficiency,

hitherto not possible. A pivotal aspect of these data-driven
methods is the reliance on efficient simulation techniques. Simula-
tions directly provide data samples, allowing for exploring and ana-
lyzing countless design variations without the constraints of
physical prototyping [12]. Although there are several educational
and commercially available computer-aided design (CAD)
systems which have multibody kinematic and/or dynamic simula-
tion capabilities, such as SAM [13], Mekin2D [14], MechGen [15],
Linkages [16], Ch Mechanism Toolkit [17], MechDesigner [18],
Linkage Mechanism Simulator [19], PMKS+ [20,21], GIM [22],
Simionescu [23], Schmidt and Lax [24], and Universal Mechanism
[25], it is difficult to mass-produce simulated data samples from
these applications efficiently. Furthermore, most of these applica-
tions have a limited combination of kinematic elements, joints,
and actuation schemes. For example, Mekin2D uses the Assur
Group libraries [26,27], which restrict users from combining
common Assur Groups to form kinematic structures. However,
the number of Assur Groups is infinite, increasing almost exponen-
tially concerning joint numbers [28,29]. Instead of relying on Assur
Groups, researchers have developed algorithms based on the geo-
metric constraint graphs [30–38]. These algorithms, rooted in
graph theory, analyze the structure of the constraint graph to
compute point positions efficiently. This article builds upon our pre-
vious research [39] on simulating planar multibar mechanisms with
rotational and sliding joints by incorporating rolling components
such as friction cylinders, wheels, gears, and wheel belts. It intro-
duces a four-point model for rolling joint constraints, facilitating
the use of established graph rigidity analysis algorithms. This
enhancement enables the efficient simulation of mechanisms featur-
ing any combination of rotational, sliding, and rolling elements,
including wheel/gear/wheel-belt systems, without restrictions on
their activation methods. While it is widely acknowledged that a
wheel2 rolling on a wheel without slipping can be modeled as
angle–angle constraints, we demonstrate that this constraint can
be represented using four geometric constraints on four points of
every two cylinder pairs. Alongside distance constraints imposed
on the rest of the kinematic elements of a linkage mechanism
with wheels, we can analyze arbitrarily complex linkage mecha-
nisms with wheels.
Efficiency in simulation entails addressing three main issues.

First, it involves assessing the capabilities of the simulation
device. For example, Nobari et al. [4] developed a dyadic decompo-
sable planar linkage simulator programmed for systems with one or
multiple graphics processing unit (GPUs), which claimed to be
“800 times faster than the simple simulation algorithm.” While
this is advantageous for generating data samples for machine learn-
ing, not all devices possess GPUs, nor do all linkages have only
simple loops that can be handled by the dyadic decomposition
method. Second, efficiency relies on the computation method.
According to Ait-Aoudia and Foufou [32], solving for the positions
of n planar points simultaneously k times in a particular geometric
constraint system typically incurs a time complexity ofO(kn3) using
various numerical approaches, such as homotopy [40], Newton’s
iteration [41], and geometric iterative [42]. The time cost
becomes noticeable when k is a large value under the context of
mass producing kinematically simulated samples. Other approaches
like symbolic computation are typically exponential in time and
space [32]. Finally, efficiency involves decomposing the geometric1Corresponding author.
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constraint system into a sequence of smaller subsystems. As a
result, the decomposition lowers the value of the largest number
of variables to solve and reduces the overall computation time.
Some applications utilize the Assur Group library for decomposing
the kinematic structure, while others employ graph-theory-based
path-finding algorithms [4,30–34,36,38,39] to varying extents.
This article’s primary contribution is the construction method of

constraint graphs involving a combination of revolute, prismatic,
and rolling joints. Specifically, wheels are treated as linkages in
the graph, simplifying the mobility analysis procedure and extend-
ing the analysis algorithm for revolute-only joints to an arbitrary
combination of the three types of joints and links. The remainder
of this article is organized as follows: Sec. 2 reviews our existing
simulation algorithm with only revolute and prismatic joints.
Section 3 introduces wheels to the linkage system and constraint
graph, accompanied by two examples. Section 5 outlines the data-
saving structure, and Sec. 6 concludes the article.

2 Conversion and Constraint Graph
We will first review the linkage elements and how they are

converted into a point-based kinematic structure using the reinter-
pretation trick presented in Ref. [39]. Second, we discuss the
graph conversion and the conceptual joints. Finally, we examine
the resultant structure’s corresponding constraint graph, which we
use to analyze the structure’s mobility.

2.1 R-Joints. The R-joint permits relative rotation between
two or more links and is represented as a planar point, which we
denote using lower-case symbols. A binary link is defined to have
two R-joints, which imposes a distance constraint. For example,
li,j denotes the binary link between joints i and j. A link with n
number of R-joints might include several pairwise distance con-
straints. For instance, a ternary link can be considered to have
three binary links, while in general, an n-ary link (a link with n
joints) has nC2 binary links. These distance constraints do not
change throughout the simulation process due to the assumption
of rigidity.

2.2 Conversion of Rotary Actuator. A rotary actuator can
only be placed at one joint that two binary rigid links share. It
defines the relative angle between the two links. This
side-angle-side configuration uniquely defines one triangle, where
the third side’s length can be computed when the angle is given.
For example, Fig. 1(a) shows the two binary links, l j,k and l j,i,
and the rotary actuator αi,j,k drawn as concentric rings. The square
symbol attached to the rings indicates the actuator reference link,
while the circular dot indicates the link that is being actuated.
Thus, in this figure, the actuator is fixed to link l j,i while it is rotating
the link l j,k. We can compute the distance between joints i and k by

li,k =
��������������������������������
l2j,k + l2j,i − 2l j,k · l j,i cos (αi,j,k)

√
(1)

Clearly, li,k varies as the link l j,k rotates and is uniquely deter-
mined when αi,j,k is given. However, in a single state, we can
treat this as a binary link of constant length. To differentiate this
from the rigid links, also called static links in this article, we call

this one a dynamic link. This link can be useful in finding the sub-
structure’s rigidity in the decomposition phase.
We note that adding this dynamic link results in the exact

degree-of-freedom change that an actuator provides, it is not equiv-
alent to the rotary actuator. For example, say we know the distances
between the three joints through Eq. (1), and we know the locations
of joints j and i. Then, the location of the joint k can be computed
using arc intersection, where the first circle has j as its center and
l j,k as the radius, and the second circle has i as its center and the
dynamic link li,k as its radius. This constraint relationship gives
two possible solutions for the position of k. To resolve this, we
will need to add an angle constraint. This can be resolved by
using the cross-product equation, shown in Eq. (2). Only one of
the two intersection solutions satisfies the following equation:

(xi − xj)( yk − yj) − (xk − xi)( yi − yj) − li,j · l j,k sin (αi,j,k) = 0 (2)

2.3 Conversion of Linear Actuators. A linear actuator l p,q
shown in Fig. 1(b) appears in between a slot joint q and one of
the end joints p. It provides the distance value between the two
joints as an input and also serves as a dynamic link.

2.4 Conversion of Slots Using Approximation. The conver-
sion of a slot uses the far joint, which is on the perpendicular bisec-
tor of the segment defined by joint p and r. As shown in Fig. 2, the
far joint f connects with two end joints p and r, and the slot joint q
through three different binary links with their length computed
according to Ref. [39]. When we use the approximation trick, and
the far joint is sufficiently far away from the center of the work-
space, the curve traversed by joint q becomes flat, approximating
the straight segment between the two end joints. Additionally, the
numerical precision of the approximation result can be controlled
by determining the distance of the far joint from the segment
defined by joints p and r [39].

2.5 Representing Angle Constraint With Links. For the
precise computation, the slot constraint can be represented by an
angle constraint where the angle between vector vp,r and vp,q is
always zero because the two vectors are parallel. Furthermore,
while the approximation trick is unnecessary for the precise compu-
tation method, we can still use the three binary links to represent the
slot constraint in the graph. This means that l p,f , lq,f , and lr,f lose
their length property, and they become conceptual links in the
graph. However, their combination corresponds to the angle con-
straint equation. Furthermore, we can consider the far joint to be
the conceptual prismatic joint because no other joints better fit
the role.
Notably, these conceptual objects do not necessarily hold

common properties like those of links and joints. A conceptual
binary link does not have the length, and a conceptual joint does

Fig. 1 The letters denote the joints. For the rotary actuator
(a), li,k is the corresponding dynamic link. For the linear actuator
(b), lp,q is the corresponding dynamic link.

Fig. 2 The reinterpreted RRRP mechanism in (a) is shown in
(b). The far joint f is in the far bottom.
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not have the location. However, they do not change the degree of
freedom in the graph, which is crucial for the mobility analysis.

2.6 Constraint Equations. In total, the types of equations in
the system are reduced to two: the distance constraint defined by
two points and the cross-product equation defined by three points.
For a common binary link l p,q, the distance constraint is written
as shown in Eq. (3). The i in the equation means it is the ith distance
constraint. When this constraint is satisfied, fi = 0.

fi =
�������������������������
(xp − xq)2 + ( yp − yq)2

√
− l p,q (3)

Next, the jth angle constraint function between vector vq,p and
vq,r can be written as shown in Eq. (4). Here, α p,q,r defines the
angle that comes from either a slot or the rotary actuator. Similarly,
when this angle constraint is satisfied, gj = 0.

g j = (xp − xq)( yr − yq) − (xr − xq)( yp − yq) − l p,q · lq,r
· sin (α p,q,r) (4)

Solving the system of distance and angle constraint equations is
the core of the kinematic simulation of a linkage mechanism with
revolute and prismatic joints. Furthermore, we can concisely write
the two types of equations as

f = f (pi, pj)
g = g(pp, pq, pr)

{
(5)

These two types of equations take in two points and three points
respectively, hence we can call them the two-point model and the
three-point model.

2.7 Geometric Constraint Graph. A geometric constraint
graph is used to determine the structural rigidity of its correspond-
ing kinematic structure and substructure. For the constraint graph,
the fundamental geometric constraint is the Euclidean distance
constraint, while the angle constraint for the rotary actuator and
the slot can be considered two special rules. In Fig. 1(a), the
angle constraint does not change the mobility if we already have
a corresponding distance constraint, i.e., the dynamic link, in the
system. Similarly, the three-link representation of the slot constraint
shown in Fig. 2(b) does not change the mobility because joints p, r,
and f form a rigid triangle, and the only movable joint q is “rotat-
ing” with respect to this triangle, which is only one degree of
freedom.
If we extract the unweighted graph, i.e., we ignore the actual dis-

tance values from the weighted constraint graph we constructed,
the mobility of this graph is not changed in the generic sense
[28,30–32]. Luckily, this kind of undirected graph’s structural rigid-
ity is well-studied, and many researchers have proposed different
mobility analysis algorithms [30–38]. If we introduce the angle–
angle constraint relationship found in wheels rolling on wheels
with links as the interpretation, just like what we did for the conver-
sion of slots, then we can use these well-established algorithms to
subdivide the kinematic structure. This reduces the number of var-
iables to solve simultaneously as much as possible. As a result, a
solving path can be found, which is generally faster than solving
unknowns all at once.

3 Representation of Angle–Angle Constraint
It is worth noting that modern CAD software handles geometric

constraint systems with the following types of constraints: distance,
angle, incidence, tangency, parallelism, and perpendicular between
geometric elements [32]. However, the angle–angle constraint has
largely remained undiscussed, or more precisely, not merged into
graph-theory-based geometric constraint solvers.

We may see the angle constraint relationship in a certain kine-
matic system with a gear train. For example, Eq. (6) is the kinematic
constraint relationship we want to introduce:

∫θi
0
wi(θi) dθi ±

∫θ j

0
wj(θ j) dθ j = 0, (6)

where θi and θj correspond to two rigid bodies’ orientations, respec-
tively, while wi and wj are the radius of the curvature of the two con-
tacting objects, the ± sign is determined by whether the two wheels
interact internally or externally. For circular wheels, wi and wj are
the radii of two rotating rigid bodies. Therefore, the equation can
be simplified into the following linear equation:

riθi ± rjθ j = 0. (7)

While an angle can be represented with three points, the above-
mentioned angle–angle constraint can be represented with four
points (c1, c2, p2, p3), as shown in Fig. 3. Angles α1 and α2 are
the relative angles defined by ( p1, c1, p2) and ( p1, c2, p3),
respectively.
This section provides a system of equations set up from a point-

based perspective. We will first go through the four-point model
equation to describe the linear in-between angle relationship in
Sec. 3.1, then we will discuss the constraint geometry so that we
can find a solving path in Sec. 3.3. Finally, we provide two exam-
ples with gear trains and linkages in Sec. 4.
However, before going any further, the following expressions

are useful for two-dimensional data points p1 = (x1, y1) and
p2 = (x2, y2):

det(p1, p2) = x1y2 − x2y1
dot(p1, p2) = x1x2 + y1y2
dist(p1, p2) =

�������������������������
(x1 − x2)2 + ( y1 − y2)2

√
⎧⎨
⎩ (8)

3.1 Four-Point Model Equations. This section presents the
equations from the four-point model as shown in Fig. 3. These
four points are mathematically represented by c1, c2, p2, and p3.
We use three rigid bodies to represent the wheel–wheel relationship
because (1) the two wheels’ centers do not change their distances,
meaning there is a distance constraint inside this constraint relation-
ship, and (2) the two wheels’ rotational behaviors can be measured
with respect to the two centers. Particularly, the rotated angle of one
wheel with respect to the segment defined by the two centers is pro-
portional to the rotated angle of another wheel with respect to the
same segment. This property is crucial when we need to derive a
wheel train with multiple moving wheels. Furthermore, we note
that all four points are assumed to be freely movable in space,
and their mobility depends on the overall kinematic structure.
In Fig. 3, c1 and c2 represent the coordinates of the center of the

two wheels. Their relative distance will not change throughout their
interaction, and we can consider there is one binary link between the
two nodes/joints. The point p1 is where the two wheels contact each
other. The point p2 is the point that previously met p3 at p1, whose
distance from c1 is r1. Similarly, the distance between p3 and c2

Fig. 3 This wheel pair model has three rigid bodies: the two
wheels and a link connecting the two centers
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is r2. If there is no sliding between the two wheels, and if we fix the
reference frame to the binary link connecting the centers of
the wheels, then the two wheels’ rotations have a constraint relation-
ship given by α1 · r1 = α2 · r2, where α1 = ∠<p1, c1, p2> and
α2 = ∠<p1, c2, p3>. We note that the latter two equations are infor-
mative here because (1) we will use points to represent angle-related
values such as the sine and cosine values at the variable computing
phase and (2) the three points are order sensitive, but the α notation
omits this property. Furthermore, p1 is not considered an indepen-
dent point because it is determined by the positions of c1 and c2, and
the two wheel’s radius. Its position is given by Eq. (9)

p1 =
r2

r1 + r2
c1 +

r1
r1 + r2

c2 (9)

This way, we have four points of interest in three rigid bodies: the
binary link and two wheels. To analyze its degrees of freedom, we
can first fix the binary link, which means we reduced three degrees
of freedom in the system. Additionally, one wheel’s rotational
behavior will determine the other’s rotation behavior. In other
words, fixing the binary link leads to one degree of freedom remain-
ing, i.e., the rotational behavior. Together with three degrees of
freedom of the binary link, we see that the three-body system has
four degrees of freedom. While four points correspond to eight var-
iables, we need exactly four equations to reduce the degree of
freedom to four.
First, we can derive the two distance constraints from the two

wheels, respectively:

dist(c1, p2) − r1 = 0
dist(c2, p3) − r2 = 0

{
(10)

These two are the distance constraint equations, or as we call
them, f -type equations. For the two circle centers, two cases
of the f -type equation are given in Eq. (11). The value of lc1 ,c2 is
r1 + r2 when they are not overlapping. When they overlap, this
value is the absolute value of (r1 − r2).

dist(c1, c2) − lc1 ,c2 = 0 (11)

The two relative angle values are intermediate variables and
should not appear in the final expressions. Therefore, we can use
the cross-product and dot product of positional vectors to represent
the constraints as follows:

t1 = det(p1 − c1, p2 − c1) = r21 sin (α1)
t2 = dot(p1 − c1, p2 − c1) = r21 cos (α1)
t3 = det(p1 − c2, p3 − c2) = r22 sin (α2)
t4 = dot(p1 − c2, p3 − c2) = r22 cos (α2)

⎧⎪⎪⎨
⎪⎪⎩

(12)

While the expressions for t1 ∼ t4 are complicated, we success-
fully avoid computing the exact angle value. Additionally, the con-
straint between α1 and α2 can be expressed as

h1 = arctan
t1
t2

( )
· r1 ± arctan

t3
t4

( )
· r2 − ls = 0 (13)

where ls is a function that accounts for the sliding between wheels.
Its value is zero when the wheels roll on each other without slipping,
a condition we will assume in this article.
In total, we have derived a total of four geometric constraint

equations, i.e., three f -type equations and one h-type equation, for
this wheel pair model. The total number of variables is eight from
the four points, meaning that the model has four degrees of
freedom. Last but not least, the ± sign in Eq. (13) is determined
by how the two wheels interact. If the two wheels rotate in the
same direction (overlapping case), then it is a minus sign; otherwise,
it is a plus sign.
The four-point system can be used in a wheel-belt model as well.

However, p1 no longer exists since the two wheels do not touch
physically, as shown in Fig. 4. Instead, we can introduce two
points p4 and p5, which share the same intermediate variable

property with p1 that the points lie on the axis defined by c1 and c2

p4 = c2 + (c1 − c2)+ (c1 − c2) · r1
r1 + r2

= c1 · 2r1 + r2
r1 + r2

+ c2 · −r1
r1 + r2

p5 = c1 + (c2 − c1)+ (c2 − c1) · r2
r1 + r2

= c2 · r1 + 2r2
r1 + r2

+ c1 · −r2
r1 + r2

⎧⎪⎪⎨
⎪⎪⎩

(14)

Specifically, p4 and p5 are the points on two wheels as shown in
Fig. 4. The t equations will need to be rewritten as

t1 = det(p4 − c1, p2 − c1) = r21 sin α1

t2 = dot(p4 − c1, p2 − c1) = r21 cos α1

t3 = det(p5 − c2, p3 − c2) = r22 sin α2

t4 = dot(p5 − c2, p3 − c2) = r22 cos α2

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(15)

In this wheel-belt system, α1 = ∠<p4, c1, p2> and α2 = ∠<p5,
c2, p3>. In addition to the use of p4 and p5, the distance constraint
between the two wheel centers is more general, which is simply
lc1 ,c2 and it should be predefined before the positional analysis
phase.
As a result, the wheel-belt system also provides four equations to

the system: two distance constraints for wheel radius, one distance
constraint for the two wheels’ centers, and one relative angle con-
straint shown in Eq. (13). The ± sign is minus in this case
because two wheels rotate in the same direction. Notably, we can
simply represent the h-type equation with Eq. (16), because p1,
p4, and p5 can be considered an intermediate set of variables.
Apparently, the h-type equation is the four-point model.

h = h(c1, c2, p2, p3) (16)

3.2 System of Equations. As a result of introducing the
angle–angle relationship, the system of equations adds one more
type of equation, the h-type equation. Therefore, the positional anal-
ysis problem is formulated as: given a specific state Φ(t), find the
stack of variables x that satisfies f = 0. All the states are solved
one by one. Vectors x and f are shown in Eq. (17)

x =

xp
y p
xq
yq
..
.

xr
yr

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

f(x, Φ(t)) =

f1
..
.

g1
..
.

h1
..
.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 0 (17)

3.3 Four-Point Model in the Constraint Graph. To derive
the constraint graph for the four-point model, we first review the
P-joint conversion shown in Fig. 2. While we have a conceptual
prismatic joint in the constraint graph, this joint does not necessarily
need the location property if we consider the combination of the
three binary links and the far joint to represent an angle constraint.

Fig. 4 Wheel-Belt System
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Following this idea, we can create the geometric constraint model
for the wheels. In Fig. 5, a new point pt is added and joined with p2
and p3 to represent the constraint relationship. Besides that, it does
not necessarily correspond to any (x, y) coordinates. The point pt
contributes the following properties to the constraint graph:

(1) There is only one degree of freedom for p2 and p3. Specifi-
cally, p2 will change its position if p3 changes its position,
and vice versa. In other words, the mapping between p2
and p3 locations is bijective.

(2) A link with length property is a distance constraint. A link
without length property combines with two other particular
links and a particular joint to form either an angle constraint
or an angle–angle constraint.

Similar to the conceptual prismatic joint, we can call pt the con-
ceptual rolling joint, and the combination of the three added
links corresponds to one h-type equation, just like the three added
links for the slot constraint in Fig. 2 correspond to one g-type

equation. We will show the usage of pt with examples in the next
section.

4 Examples
This section delineates the examination of two distinct systems

incorporating wheel components, as illustrated in Fig. 6. An
in-depth analysis will demonstrate the decomposition process of
these systems. Both systems are characterized by an identical
assembly of static kinematic elements, configured similarly and
driven by dual actuators, reflective of their 2-degrees-of-freedom
nature. The primary distinction between the systems resides in the
placement of the left actuator, while the right actuator is placed
between a moving wheel and a floating link (w2 and l3); in
system 1, the left actuator is situated between the ground link and
the connecting link (l1 and l2), whereas in the other system, the
left actuator is positioned between the wheel and the connecting
link (w1 and l2). Despite similar locations, the actuators introduce
angle constraints between different pairs of rigid bodies.
The initial step involves enumerating the geometric constraint

equations. Subsequently, a constraint graph is constructed, the anal-
ysis of which determines the closed subsystems formed by these
constraints. Through solving these subsystems, the overall solution
to the original system is derived, as depicted in Fig. 6 through their
respective constraint graphs.
The procedure for solving these two systems diverges signifi-

cantly owing to the disparate actuator placements, as illustrated in
Figs. 7 and 8. Rigidity analysis can be conducted via multiple
approaches, with the application of Grubler’s formula [43,44] or
Laman’s theorem [32,45] recommended assessing the rigidity at
each step of the solution process, as shown in the aforementioned
figures.
For the first system, a particular point is solved in one step. Com-

paratively, the initial step in the second system entails determining

Fig. 5 This is the geometric constraint graph for both Figs. 3
and 4. The three conceptual links (l1,t, l2,t, and l3,t) are the
added structure to mimic the rolling behavior, and they directly
correspond to the angle–angle constraint equation. For the
wheel-belt system, we can consider p1 to be in some position
on the connecting binary link between c1 and c2, but it is not
used in numerical computation.

Fig. 6 The two kinematic systems’ constraints shown in (a) and (b) are derived in (c) and (d ),
respectively, according to the aforementioned conversions. Particularly, the intersection
point of three transparent conceptual links represents the angle–angle constraint between
the correspondingwheel pair. The twowheels in themiddle have two angle–angle constraints,
respectively, so these wheels are represented with triads. The dynamic link that actuators
bring to the systems is also placed in the constraint graph during the mobility analysis.
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the positions of five points, with the subsequent three points
resolved individually. Furthermore, we can see that the solving
path follows the convention that

(1) Even if the points on the wheel are used in some steps such as
Fig. 7(c), the angle–angle constraint equation is not used.

(2) The angle–angle constraint equation is in the subsystem
exactly when the point without physical property, i.e., pt , is
used in the constraint graph.

We should note that this four-point model only applies when each
relative angle change is small. The locations of p2 and p3 should be
refreshed for each input. At each refresh, the locations of p2 and p3
are at exactly p1 for the wheel–wheel system, and p2 is at p4 while
p3 is at p5 for the wheel-belt system. In summary, the computation
process is

(1) Convert all slots and wheels to create the geometric con-
straint graph.

(2) Find the solving procedure for this graph using the mobility
analysis algorithm.

(3) Determine the input value and refresh the location of p2 and
p3 on each wheel pair.

(4) Refresh all the corresponding distance constraints according
to the new location of p2 and p3.

(5) Solve the point locations according to the solving procedure.

Remark. This methodology seamlessly incorporates wheels into
the linkage system. It permits flexible placement of actuators
within the wheel train, unrestricted movement of wheels, and arbi-
trary positioning of R-joints on the wheels. It also accommodates
diverse combinations of R-joint and P-joint linkages alongside
wheels/gears within the system design.
The additional cost of using these point models arises from using

a pair of coordinates (x, y) instead of an angle for a specific wheel.
In other words, we use one more variable to represent the same

system. However, these models enable the expansion of the con-
straint graph method, thereby facilitating the direct application of
established properties and theorems pertinent to generic point-based
structural rigidity analysis, a field that has been extensively studied
[30–38]. Consequently, point-based models offer simplicity, high
modularity, and considerable creative flexibility.

5 Data Storage
Data storage is critical to large-scale simulations for machine

learning applications. We want the data structure to be easily acces-
sible and extensible, while at the same time, it should not take up a
lot of storage space.
We have demonstrated using the LJ-matrix (or, theBmatrix [46]),

the Euclidean Distance Matrix [29] (or the D matrix), Slot matrix S,
and the actuator matrix I to describe the kinematic structure of a
mechanism with P-joints and R-joints in our previous work [39].
While the introduction of wheels results in the inclusion of two
types of equations, the wheel–wheel constraint relationship only
needs one additional matrix. We can denote this as follows:

W =

c00 c01 r00 r01 l01 l02 l03 Wo

c10 c11 r10 r11 l11 l12 l13 Wi

c20 c21 r20 r21 l21 l22 l23 B

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

⎡
⎢⎢⎣

⎤
⎥⎥⎦

wx5

(18)

Here, c is the point index for the center point and r is used to
denote the radius of the circles. Each wheel pair and its connecting
link can be represented with three links, so the three ls for each row
correspond to the indices of the three rigid bodies. In the last
column, the values specify what type of four-point model to use:
the wheel can interact with each other externally (Wo) or internally
(Wi), or their rotation is related through a certain belt (B). The radius
is saved instead of points due to the fact that we need to reinitiate the

Fig. 7 The solving path for the system shown in Fig. 6(c) is displayed here. This system can be solved with eight steps. The
constraint equations in each step correspond to the black-colored opaque links. Furthermore, while each binary link corre-
sponds to one distance constraint, the angle–angle constraint links are represented with transparent links. When these
angle–angle constraint links are black colored, the angle–angle constraint equation is inside the system.

Fig. 8 The solving path for the system shown in Fig. 6(d ) is displayed here. This system can be solved with four steps. The
constraint equations in each step correspond to the black-colored opaque links. Furthermore, unlike the first system, the first
subsystem uses more than 10 constraint equations.
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calculation of the circular edge points every time we launch the
positional analysis procedure. This is because we do not keep
track of α1 and α2 in Eq. (12), which are relative angles with
respect to the line segment defined by the two wheels’ centers.
As for the simulation input and output, they follow the same con-

vention as in Ref. [39] that the input is stored in a matrix, and the
output is stored in a tensor, as shown in Eqs. (19) and (20), respec-
tively.

s0 s1 · · · ss−1

Φ =

α0(t0) α0(t1) · · · α0(ts−1)
α1(t0) α1(t1) · · · α1(ts−1)
α2(t0) α2(t1) · · · α2(ts−1)

..

. ..
. . .

. ..
.

αa−1(t0) αa−1(t1) · · · αa−1(ts−1)

⎛
⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎠

a×s

(19)

P = [P0, P1, P2, . . . , Ps−1]s×n×2 (20)

Here, each slice of P corresponds to one specific input state. For
example, for the kth state, the input and the joint positions are saved
in Φk−1 and Pk−1, respectively, as shown in Eq. (21).

Φk−1 =

sk−1
α0(tk−1)
α1(tk−1)
α2(tk−1)

..

.

αa−1(tk−1)

⎛
⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎠

a×1

x y

Pk−1 =

p0
p1
p2
..
.

pn−1

x0 y0
x1 y1
x2 y2
..
. ..

.

xn yn

⎛
⎜⎜⎜⎜⎜⎝

⎞
⎟⎟⎟⎟⎟⎠

n×2

(21)

6 Conclusion
In this article, we reviewed the constraint graph for the linkage

system; then, we introduced the rolling joint to the constraint
graph, where we added a virtual point to the four-point model.
Two examples are provided to show the two system’s decomposa-
bility. The data storage for the mechanisms is also briefly discussed.
As a result, we provide a streamlined constraint graph construction
method that captures the necessary information and assists us in
finding the rigid subsystems within the kinematic systems that
incorporate wheel trains and linkages. Such a system can be ana-
lyzed by many well-established path-finding algorithms, and the
construction method brings extensive freedom in creating the com-
bination of R-joint, P-joint, and rolling joints.
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