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This paper deals with the problem of synthesizing smooth piecewise rational spherical
motions of an object that satisfies the kinematic constraints imposed by a spherical robot
arm with revolute joints. This paper brings together the kinematics of spherical robot
arms and recently developed freeform rational motions to study the problem of synthe-
sizing constrained rational motions for Cartesian motion planning. The kinematic con-
straints under consideration are workspace related constraints that limit the orientation
of the end link of robot arms. This paper extends our previous work on synthesis of
rational motions under the kinematic constraints of planar robot arms. Using quaternion
kinematics of spherical arms, it is shown that the problem of synthesizing the Cartesian
rational motion of a 2R arm can be reduced to that of circular interpolation in two
separate planes. Furthermore, the problem of synthesizing the Cartesian rational motion
of a spherical 3R arm can be reduced to that of constrained spline interpolation in two
separate planes. We present algorithms for the generation of C1 and C2 continuous
rational motion of spherical 2R and 3R robot arms. �DOI: 10.1115/1.2976444�
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Introduction

1.1 Background and Previous Work. This paper deals with
he problem of synthesizing Cartesian trajectories of spherical ro-
ot arms using piecewise rational motions. Synthesizing rational
otions in Cartesian space as opposed to the joint space has the

dvantages of being direct and easier to visualize. The problem
tudied in this paper is defined as follows: Given a set of orienta-
ions of the end link of a spherical 2R or a 3R robot arm, we
ynthesize a smooth piecewise rational motion of the end link that
asses through the given orientations and satisfies the kinematic
onstraints of the robot arm. Since the seminal work of Shoemake
1�, the past two decades have witnessed significant progress in
erging of the field of computer aided geometric design �CAGD�

nd kinematics for the development of rational Bézier and
-spline motions of rigid bodies. This includes the extension of
hoemake’s spherical linear interpolation �slerping� of quater-
ions to other quaternion based splines such as Pletinckx �2�, Dam
t al. �3�, Duff �4�, Kim et al. �5�, Kim and Nam �6�, Nielson �7,8�,
ang and Joe �9�, and Barr et al. �10� as well as the extension to

ual quaternions for spatial motion interpolation such as Ge and
avani �11,12�, Jüttler and Wagner �13�, Purwar and Ge �14�, and
urwar et al. �15�. More references on the subject can be found in
survey paper by Röschel �16�. Rational motions are an espe-

ially attractive proposition since they integrate well with the in-
ustry standard NURBS based CAD/CAM software packages.
urthermore, from a computational perspective, they can easily
xploit fast and stable algorithms from CAGD. The motivation for
his work lies in solving the motion synthesis problem in the areas
f task specification in mechanism synthesis and robot motion
lanning for a large class of chains and mechanisms. Furthermore,
his work advances the emerging field of computational kinemat-
cs, which deals with the development and application of general
omputational algorithms and numerical methods for solving a
road class of problems that arise from the analysis and synthesis
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of mechanisms and manipulators.
The existing works on Cartesian motion planning, such as the

ones by Horsch and Jüttler �17� and Wagner and Ravani �18�, seek
direct application of rational motions to motion planning of robots
and have not dealt with rational motions under kinematic con-
straints. Jin and Ge �19� recently presented their work on rational
motion synthesis of planar 2R and 3R robot arms under the kine-
matic constraints. This paper extends their work to the synthesis
of smooth rational motions under the kinematic constraints im-
posed by spherical 2R and 3R robot arms.

1.2 Our Approach. In this paper, the spherical displacement
of the end link is represented by a quaternion; see Bottema and
Roth �20� and McCarthy �21� for quaternion representation of
displacements. A curve in the space of quaternions corresponds to
a one-parameter rational motion in the Cartesian space. The kine-
matic constraints of the robot arms are transformed into geometric
constraints for the design of quaternion curves. It is shown that the
problem of synthesizing the Cartesian rational motion of a spheri-
cal 2R robot arm is reduced to that of circular interpolations in
two separate planes. The problem of synthesizing the Cartesian
rational motion of a spherical 3R robot arm is reduced to that of
constrained spline interpolation in two different planes. We show
that in the case of the 3R robot arm, it is possible to get an exact
C2 continuous rational motion, while the same method can be
used to synthesize a C2 continuous rational motion for a spherical
2R robot arm that approximates the kinematic constraint within
the limits of a user defined value.

We note here that the rational motion interpolation of the end
link of the spherical robot arms can also be performed by a com-
position of rational motion for each link. This will have the ad-
vantage of giving a rational motion for each moving link of the
arm. However, in this paper, we are only concerned with the in-
terpolation of the end link of a robot arm.

1.3 Organization. The organization of the paper is as fol-
lows. Section 2 reviews the kinematics of spherical 2R and 3R
robot arms using quaternions. Section 3 deals with the problem of
circular interpolation using piecewise rational Bézier form. Sec-
tion 4 studies the problem of Cartesian motion planning for 2R
and 3R robot arms, and in the end we present several examples to

illustrate the effectiveness of our approach.
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Kinematics of Spherical 2R and 3R Robot Arms
In this section, we review the concept of quaternions and con-

traint manifold of the spherical 2R and 3R robot arms insofar as
ecessary for the development of the current paper.

2.1 Unit Quaternion as Rotation. Any rotation in three-
imensional space has a rotation axis and a rotation angle about
his axis. Let s= �sx ,sy ,sz� denote a unit vector along the axis and

denote the angle of rotation. They can be used to define the
o-called Euler–Rodrigues parameters:

q1 = sx sin��/2�, q2 = sy sin��/2�, q3 = sz sin��/2�, q4

= cos��/2� �1�

he Euler–Rodrigues parameters and the quaternion units, 1, i, j,
nd k, can be combined to define a quaternion of rotation:

q = q1i + q2j + q3k + q4 �2�

quaternion q, at times, is also written as an ordered quadruple
q1 ,q2 ,q3 ,q4�. If q1

2+q2
2+q3

2+q4
2=1, q is also called a unit quater-

ion. See Bottema and Roth �20� and McCarthy �21� for more
etails on quaternions and the ensuing discussion.

The components of a quaternion are related to the matrix form
f a rotation given by

�R� =
1

S2�q4
2 + q1

2 − q2
2 − q3

2 2�q1q2 − q4q3� 2�q1q3 + q4q2�
2�q2q1 + q4q3� q4

2 − q1
2 + q2

2 − q3
2 2�q2q3 − q4q1�

2�q3q1 − q4q2� 2�q3q2 + q4q1� q4
2 − q1

2 − q2
2 + q3

2 �
�3�

here S2=q1
2+q2

2+q3
2+q4

2.
Note that when qi is replaced by Qi=wqi �i=1,2,3,4�, where w

s a nonzero scalar, the matrix �R� is unchanged. Thus, the quater-
ion components of q can be considered as homogeneous coordi-
ates of a rotation. Ravani and Roth �22� considered these com-
onents as defining a point in a projective three-space, called the
mage space of spherical kinematics. In this way, a polynomial
urve in the image space corresponds to a rational motion. By
pplying CAGD techniques for designing curves in the image
pace, we obtain rational motions in the Cartesian space. Let Qi,
=0 , . . . ,n be given quaternions, and then the following represents
B-spline quaternion curve in the space of quaternions:

Q�u� = �
i=0

n

Ni,p�u�Qi �4�

here Ni,p�u� are pth-degree basis functions. See Farin �23�,
oschek and Lasser �24�, and Piegl and Tiller �25� for details on

he B-spline curves. A representation for the rational B-spline mo-
ion in the Cartesian space can be obtained by substituting the
oordinates of Q�u� given by Eq. �4� into the homogeneous matrix
R� �Eq. �3��. It is easy to see that if the B-spline curve Q�u� is
xpressed as a polynomial function of degree p with parameter u
reated as time, and then the matrix �R� �where each element is a
atio of 2 quadratic functions� represents a rational B-spline mo-
ion of degree 2p.

2.2 Kinematic Constraints of Spherical 2R Robot Arm. In
his subsection, we review the kinematic constraint of a spherical
R robot arm that specifies the orientations obtainable by the end
ink of the arm. Consider a spherical 2R robot arm �see Fig. 1�
ith joint axes a and b that intersect at a fixed point O. The joint

xes make an angle � with respect to each other. We attach a fixed
rame O to O and moving frames A and B to each link. The joint
ngles are denoted as � and � for the first and the second joint,
espectively. For details on the orientation of the moving frames,
e refer the reader to McCarthy �21�.
The orientation of the end link is given by the composition of a
otation � about the z-axis of A, a rotation � about the displaced

12301-2 / Vol. 130, NOVEMBER 2008
x-axis, and followed by another rotation � about the z-axis of B.
These three rotations are given by the following quaternions:

Z��� = �0,0,sin��/2�,cos��/2��

X��� = �sin��/2�,0,0,cos��/2��

Z��� = �0,0,sin��/2�,cos��/2�� �5�

The product of these quaternions gives a quaternion defining a
general position for the end link of the spherical 2R robot arm:

q��,�,�� = Z���X���Z��� �6�

Expanding Eq. �6�, we obtain q�� ,� ,��= �q1 ,q2 ,q3 ,q4�, where

q1 = sin��/2�cos��� − ��/2�

q2 = sin��/2�sin��� − ��/2�

q3 = cos��/2�sin��� + ��/2�

q4 = cos��/2�cos��� + ��/2� �7�

From Eq. �7�, we can derive the following algebraic equation:

q1
2 + q2

2

q3
2 + q4

2 = tan2��/2� �8�

This equation characterizes the kinematic constraint of a spherical
2R robot arm and is said to define the constraint manifold for the
2R arm �McCarthy �21��. Equation �8� is equivalent to

q1
2 + q2

2

q1
2 + q2

2 + q3
2 + q4

2 = sin2��/2� �9�

or

q3
2 + q4

2

q1
2 + q2

2 + q3
2 + q4

2 = cos2��/2� �10�

Note that when qi�i=1,2,3,4� is replaced by Qi=wqi, where w is a
scalar, Eqs. �8�–�10� are unchanged.

These constraints define a two-dimensional surface in the
quaternion space, which is obtained by intersecting the unit sphere
with the quadrics defined by Eq. �8�, �9�, or �10�. The orthogonal
projection of this surface into the q1q2 and q3q4 planes gives two
circles. Thus, the problem of interpolating orientations of the end
link of a spherical 2R arm can be reduced to that of circular
interpolations in two separate planes. We note here that even
though the kinematic constraint expressed by Eqs. �8�–�10� are
equivalent to one another, we still need to perform circular inter-
polation in two different planes. This is so because Eqs. �9� and

Fig. 1 A Spherical 2R robot arm
�10� each contribute only half of the four quaternion coordinates.
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s we will show later, the problem is greatly simplified since the
ircular interpolation is a standard problem in CAGD and has
een effectively solved.

2.3 Kinematic Constraints of Spherical 3R Robot Arm.
onsider a spherical 3R robot arm �see Fig. 2� with joint axes a,
, and c intersecting a fixed point O. The axes a and b make an
ngle �, and b and c make an angle �. We attach a fixed frame O
o O and moving frames A, B, and C to each links. The joint
ngles are denoted as �, �, and � for the successive joints. For
etails on the orientation of the moving frames, we again refer the
eader to McCarthy �21�. The orientation of the end link is given
y the following quaternion product:

q��,�,�� = Z���X���Z���X���Z��� �11�

here

Z��� = �0,0,sin��/2�,cos��/2��

X��� = �sin��/2�,0,0,cos��/2��

Z��� = �0,0,sin��/2�,cos��/2��

X��� = �sin��/2�,0,0,cos��/2��

Z��� = �0,0,sin��/2�,cos��/2�� �12�

y expanding the product in Eq. �11�, we obtain q�� ,� ,��
�q1 ,q2 ,q3 ,q4�, where

q1 = cos��

2
	sin�� + �

2
	cos�� − �

2
	

+ sin��

2
	sin�� − �

2
	sin�� − �

2
	

q2 = cos��

2
	sin�� + �

2
	sin�� − �

2
	

− sin��

2
	sin�� − �

2
	cos�� − �

2
	

q3 = cos��

2
	cos�� + �

2
	sin�� + �

2
	

+ sin��	cos�� − �	cos�� + �	

Fig. 2 A Spherical 3R robot arm
2 2 2

ournal of Mechanical Design
q4 = cos��

2
	cos�� + �

2
	cos�� + �

2
	

− sin��

2
	cos�� − �

2
	sin�� + �

2
	 �13�

Equation �13� further gives

q1
2 + q2

2 = cos2��

2
	sin2�� + �

2
	 + sin2��

2
	sin2�� − �

2
	

q3
2 + q4

2 = cos2��

2
	cos2�� + �

2
	 + sin2��

2
	cos2�� − �

2
	

�14�

Since � and � satisfy the conditions 0�� ,���, Eq. �14� re-
duces to the following inequality:

tan2��� − ��/2� �
q1

2 + q2
2

q3
2 + q4

2 � tan2��� + ��/2� �15�

This inequality characterizes the kinematic constraint of a spheri-
cal 3R robot arm. Equation �15� is equivalent to

sin2��� − ��/2� �
q1

2 + q2
2

q1
2 + q2

2 + q3
2 + q4

2 � sin2��� + ��/2� �16�

or

cos2��� + ��/2� �
q3

2 + q4
2

q1
2 + q2

2 + q3
2 + q4

2 � cos2��� − ��/2� �17�

Note once again that when qi �i=1,2,3,4� is replaced by Qi=wqi,
where w is a scalar, Eqs. �15�–�17� are unchanged.

We assert that the kinematic constraint given by Eq. �15� is
frame independent. See Appendix for a proof that uses spherical
trigonometry.

3 Interpolation With a Piecewise Quadratic Rational
Bézier Circular Arc

We have seen earlier that the problem of interpolating spherical
orientations for a spherical 2R arm is reduced to that of circular
interpolation in two planes. In this section, we review the algo-
rithm given in a companion paper by Jin and Ge �19� for interpo-
lating an ordered set of points lying on a circle with a piecewise
quadratic rational Bézier circular arc. This algorithm will be used
in planning C1 rational motions of the given orientations under the
kinematic constraint of spherical 2R robot arms.

The problem of circular interpolation is defined as follows.
Given. A set of points x0 , . . . ,xL on a circle with radius r and

the corresponding parameter values �or, knots� u0 , . . . ,uL.
Find. A piecewise quadratic rational Bézier circular arc b�u�

that interpolates the given points at the specified parameters, i.e.,
b�ui�=xi , i=0. . .L.

In turn, this problem requires �1� computation of the control
points �b2i ,b2i+1 ,b2i+2 , i=0. . .L−1� of all the L segments of the
rational Bézier arc and �2� weights �wi� associated with the control
points.

Due to the requirement of C1 continuity of the Bézier arc, the
middle control point of every quadratic Bézier segment should lie
at the intersection of the tangent lines at the end control points.
Following this, Jin and Ge �19� gave the following equation for
determining the control points:

b2i = xi, b2i+1 =
r2�xi + xi+1�
r2 + xi · xi+1

, b2i+2 = xi+1 �18�

Furthermore, by imposing the conditions that the weights be se-
lected such that each rational Bézier segment is a circular arc of
radius r and that two adjacent segments join each other with C1
continuity, they obtain

NOVEMBER 2008, Vol. 130 / 112301-3
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s2i =
s2i+1

2

1 + �xi

r
	 · �xi+1

r
	�, i = 0, . . . ,L − 1 �19�

nd

�b2i+3 − b2i+2�
�b2i+2 − b2i+1�

=
	i+1

	is2i+1s2i+2
, i = 0, . . . ,L − 2 �20�

here � · � denotes the magnitude of a vector, and 	i=ui+1−ui and
2i=w2i+1 /w2i denote the weight ratio; i=0, . . . ,L−1. Without any
oss of generality, we choose s0=1 �w0=1,w1=1�.

In summary, the algorithm for C1 piecewise rational Bézier
ircular interpolation is given by Jin and Ge �19� as follows.

Algorithm 1
. Find control points b2i ,b2i+1 ,b2i+2 , i=0, . . . ,L from
he given points xi using Eq. �18�.
. For ith piece of Bézier circular arc, use �ui , ui+1� as
he range for the parameter u and calculate the weights
ssociated with each of the Bézier points from Eqs. �19�
nd �20�.
. Generate the C1 interpolating nonuniform rational
ézier �NURB� circular arc from its piecewise rational
ézier form.

Rational Motions of Spherical 2R and 3R Robot
rms
In this section, we present algorithms for synthesizing C1 and

2 continuous piecewise rational motions of spherical 2R and 3R
obot arms. The motion interpolates a set of given orientations of
he end link.

The orientations of the end link of a spherical 2R robot arm can
e given by either the Cartesian coordinates �sxi ,syi ,szi ,�i� or the
oint coordinates ��i ,�i�. Similarly, the orientations of the end link
f a spherical 3R robot arm can be given by either the Cartesian
oordinates �sxi ,syi ,szi ,�i� or the joint coordinates ��i ,�i ,�i�.
quation �1� can be used to convert Cartesian coordinates into
uaternions, while Eq. �7� or Eq. �13� can be used to convert joint
oordinates into quaternions for 2R and 3R robot arms, respec-
ively. In the succeeding algorithms, we assume that if the orien-
ations of the end link are given in terms of quaternions coordi-
ates, they are all positive. Quaternions are unambiguous up to a
ign only, and inconsistent use of sign has a profound impact on
otion synthesis; see Ge and Purwar �26� for more on this issue.
e ensure that no inconsistencies arise in the interpolation pro-

ess by choosing all the weights to be positive.

4.1 C1 Interpolating Rational Motion for Spherical 2R Ro-
ot Arm. Given. A set of orientations of the end link of a spheri-
al 2R robot arm in its workspace, the corresponding parameter
alues ui, i=0, . . . ,L, and the link length � of the first link.
Find. A C1 rational motion of the end link that interpolates the

iven orientations at the parameter values and satisfies the kine-
atic constraints of the spherical 2R arm.
Algorithm 2

. Convert the given orientations of the end link into unit
uaternions qi= �qi1 ,qi2 ,qi3 ,qi4� using either Eq. �1� or
q. �7�.
. Group quaternion components as Ei= �qi1 ,qi2� ; Fi

�qi3 ,qi4�.
. Set of ordered points Ei that lie on a circle of radius
in�� /2� �see Eq. �9��. Set xi=Ei, r=sin�� /2� and use
lgorithm 1 to interpolate Ei with a quadratic circular arc
�u�.
. Set of ordered points Fi that lie on a circle of radius
os�� /2� �see Eq. �10��. Set xi=Fi, r=cos�� /2� and use
lgorithm 1 to interpolate Fi with another quadratic

ircular arc F�u�.
12301-4 / Vol. 130, NOVEMBER 2008
5. The image curve, q�u�= �E�u� ,F�u��, is a C1

continuous quadratic rational curve. Substituting q�u� into
Eq. �3�, we obtain a C1 continuous quartic rational
motion for a spherical 2R robot arm that interpolates the
given set of orientations of the end link.

4.2 C2 Interpolating Rational Motion for Spherical 3R Ro-
bot Arm. This section presents an algorithm for the following
constrained motion interpolation problem.

Given. A set of orientations of the end link of a spherical 3R
robot arm in its workspace, the corresponding parameter values ui,
the associated weights wi , i=0. . .L, and link lengths � and � of
the first and second links, respectively.

Find. A C2 rational motion of the end link that interpolates the
given orientations at the corresponding parameter values subject
to the kinematic constraints of the spherical 3R arm.

Then kinematic constraint for a spherical 3R robot arm is given
by inequalities in Eq. �16� or Eq. �17�. Geometrically, the limits in
these inequalities represent two rings of varying radius in two
different planes. The radius of these two rings change along the
parameter u because the denominator in the inequalities is not
necessarily unity. Since the motion of the end link is required to
satisfy these kinematic constraints, we can reduce the problem of
designing a C2 rational motion of the end link to that of construct-
ing two separate spline curves confined to lie in the region defined
by the two rings. In the succeeding discussion, we assume that the
given orientations of the end link have been converted into
unit quaternions qi= �qi1 ,qi2 ,qi3 ,qi4� using either Eq. �1� or
Eq. �13� and thereafter into the nonunit quaternions
Qi�=�Qi1 ,Qi2 ,Qi3 ,Qi4��=wiqi.

We now present a sketch of the algorithm: We divide the
quaternion components Qi= �Qi1 ,Qi2 ,Qi3 ,Qi4� in two groups
�Ei ,Fi�, where Ei= �Qi1 ,Qi2� and Fi= �Qi3 ,Qi4�. Then, we con-
struct two C2 cubic B-spline curves1 E�u� and F�u� that interpo-
late Ei and Fi at parameter values ui, respectively. Let us call the
plane defined by the first two quaternion coordinates �q1 ,q2� as
s1s2 plane and by the last two quaternion coordinates �q3 ,q4� as
s3s4 plane. The curve E�u� lies in the s1s2 plane, while the curve
F�u� lies in the s3s4 plane. However, these two curves are not
guaranteed to lie inside the rings described earlier. In the Carte-
sian space, this means that the kinematic constraint given by Eq.
�15� is not satisfied at all the values of the parameter u. The
kinematic constraint �Eq. �15�� for a continuous valued parametric
curve can be rewritten as

tan2��� − ��/2� � g�u� � tan2��� + ��/2� �21�
where

g�u� =
E�u� · E�u�
F�u� · F�u�

The idea behind the algorithm to be presented shortly is to first
detect all the extrema of the function g�u� by using piecewise
Bézier representation of the B-spline curves. Then we test if an
extremum violates the constraint. If it does, then we replace such
an extremum with a new point that satisfies the constraint. We call
an extremum that violates the constraint as an extreme point. In
adding a new point, we impose following restrictions on it: �1� It
should be inside the rings, �2� it should be minimally away from
the extreme point, and �3� it should be added for the same param-
eter value as that of the extreme point. The idea is to deform the
curve minimally in the vicinity of the extreme point by the addi-
tion of this new point that is just inside the ring. This new point is
added to the set of points to be interpolated and new C2 B-spline
curves that interpolate these points are constructed. This process is
repeated until no extreme points are detected. At the end, we have

1Designing a C2 B-spline curve is a standard scheme in CAGD �Farin �23�,

Hoschek and Lasser �24�, and Piegl and Tiller�25��.
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C2 B-spline constrained curve that does not violate the con-
traint. We note here that even though the two curves detect a
ommon extreme point since the constraints given by Eqs. �16�
nd �17� are equivalent to each other, it is still necessary to con-
truct two B-spline curves in each of the s1s2 and s3s4 plane. The
urves E�u� and F�u� contribute two coordinates each to make up
he complete quaternion curve Q�u�= �E�u� ,F�u��.

Now we show how the extreme and new points are calculated.
e calculate the extrema of function g�u� to detect violations of

he kinematic constraint. The extrema of g�u� can be calculated
asily by taking the derivative of the piecewise Bézier forms of
�u� and F�u�. For the ith pair of Bézier segments, Ei�u� and

i�u�, with the parameter value u� �ui ,ui+1�, we determine the
xtrema of the following function:

gi�u� =
Ei�u� · Ei�u�
Fi�u� · Fi�u�

�22�

y differentiating Eq. �22� and setting the resulting derivative to
ero, we obtain

Ei�u� · Ėi�u�
Ei�u� · Ei�u�

=
Fi�u� · Ḟi�u�
Fi�u� · Fi�u�

�23�

here Ėi and Ḟi�u� denote the derivatives of Ei�u� and Fi�u� with
espect to u. Equation �23� is a polynomial equation of degree 11
ut due to the cancellation of the highest order term, it actually
educes to an equation of degree 10 and can be solved numerically
or the parameter value u in the range �ui ,ui+1�. This procedure
ay yield many local extrema for different Bézier segments.
Let us assume that g�u� has an extremum at u=u� that violates

he constraint. Thus, we would like to add a new point �E j ,F j� at
he parameter value u�. We connect a line from the origin to E�u��
nd select E j on this line; similarly we connect another line from
he origin to F�u�� and then select F j on this line, such that g�u��
atisfies the inequality given in Eq. �21�. We use the following
ules for locating E j and F j on the respective lines:

If

�E�u���
�F�u���

� �tan��� − ��/2��

hen

�E j�
�F j�

= �tan��� − ��/2�� + 
 �24�

nd if

�E�u���
�F�u���

� �tan��� + ��/2��

hen

�E j�
�F j�

= �tan��� + ��/2�� − 
 �25�

here 
 is a user defined tolerance value, which can be chosen as
mall as possible. If an extremum is found at the limits of the
nequality in Eq. �21�, the constraints are considered satisfied and
hus, no new points are added in that case. We note here that due
o limitations of numerical computing, we actually determine if
he difference between the extremum of function g�u� and the
imit values is smaller than a very small number, instead of di-
ectly comparing the two numbers for equality. The tolerance pa-
ameter 
 controls the change in the shape of the curve between
uccessive iterations. These rules seek to add a new point that is
inimally away from the extreme point and satisfies the kine-
atic constraint. We note that choosing a truly inner point instead

f a new point that is just inside a boundary of the ring may yield

curve that is unlikely to go out of the ring. This would not

ournal of Mechanical Design
satisfy the desired condition of minimal change in the curve. The
new point E j, F j should also satisfy

E j · E j + F j · F j = wj
2 �26�

Here, without any loss of generality, we choose wj =1.
Thus, the magnitude of new point E j, F j can be calculated from

Eq. �24� or Eq. �25�, and Eq. �26�. Since we already know the
slope of the lines joining origin with the extreme point in two
planes, we can uniquely locate the new point. Now, we present the
following algorithm.

Algorithm 3
1. Convert the given orientations of the end link into unit
quaternions qi= �qi1 ,qi2 ,qi3 ,qi4� using either Eq. �1� or
Eq. �13�. Convert unit quaternions qi into nonunit
quaternions Qi�=�Qi1 ,Qi2 ,Qi3 ,Qi4��=wiqi.
2. Group quaternion components as Ei= �Qi1 ,Qi2� ; Fi

= �Qi3 ,Qi4�.
3. Construct a C2 cubic B-spline curve E�u� that
interpolates Ei and construct a C2 cubic B-spline curve
F�u� that interpolates Fi at parameter values ui.
4. Calculate the extrema of the function g�u� �Eq. �23��.
For each extremum, test if
�tan2���−�� /2��� extremum �g�u��� tan2���+�� /2�. If
yes, then the kinematic constraint of a spherical 3R robot
arm is satisfied. Go to step 5. If an extremum point fails
the test, say, at u=u�, do the following and repeat for
each extreme point.
�a� Connect a line from the origin to E�u�� and add E j on
this line. Calculate the magnitude of E j from Eq. �24� or
Eq. �25�, and Eq. �26�.
�b� Connect a line from the origin to F�u�� and add F j on
this line. Calculate the magnitude of F j from Eq. �24� or
Eq. �25�, and Eq. �26�.
�c� Locate E j and F j on the lines.
�d� Add the new point �E j ,F j� at the parameter value u�

to the list of points to be interpolated and go to step 3.
5. The image curve Q�u�= �E�u� ,F�u�� defines the C2

interpolating piecewise rational motion of degree 6 after
the substitution into Eq. �3�.

Even though we do not provide any theoretical guarantee, we
have observed that this algorithm always converges. In this algo-
rithm, the B-spline curve is generated using a global interpolation
scheme �Piegl and Tiller �25��. In this scheme, although moving
one of the interpolating points changes the curve globally, the
change in the curve diminishes away from the modification point.

4.3 C2 Interpolating Rational Motion for Spherical 2R Ro-
bot Arm. Due to the limitations of circular interpolation, the al-
gorithm presented previously for spherical 2R robot arms gener-
ates only C1 �i.e., velocity-continuous� piecewise rational motion.
However, in high-speed applications, a C2 �i.e., acceleration-
continuous� motion is often desired. The problem is defined as
follows.

Given. A set of orientations of the end link of a spherical 2R
robot arm in its workspace, the corresponding parameter values ui,
the associated weights wi , i=0, . . . ,L, and link length � of the
first link.

Find. A C2 rational motion of the end link that interpolates the
given orientations at the parameter values subject to the kinematic
constraints of the spherical 2R arm.

Bangert and Prautzsch �27� presented a method to obtain �n
−1� times differentiable periodic B-spline representations for the
circle of degree 2n. Thus as an example, a circle can be repre-
sented by a periodic quartic C1 B-spline curve. The method is
exact and can be applied to get a C2 interpolating rational motion
for spherical 2R robot arm. However, in this section, we show that
we can use a slightly modified form of Algorithm 3 to plan the C2
rational motion for a spherical 2R robot arm that approximates the
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inematic constraints but produces a lower degree motion.
First, we transform the kinematic constraints of the spherical

R robot arm to a form similar to that of spherical 3R robot arm.
he idea is to transform the circular constraints of spherical 2R

obot arm to the ring constraints. Considering that, in practice,
here is always some clearance at the revolute joints of the robot
rm, the link length � is not exact but actually a function of
iametric clearance at both the joints. Thus, the kinematic con-
traint of the spherical 2R arm �Eq. �8�� can be modified as

tan2��/2� − � � h�u� � tan2��/2� + � �27�
here

h�u� =
q1

2 + q2
2

q3
2 + q4

2 �28�

nd � is an indicator of the clearance at joints. The value of � can
e calculated from the diametric clearance at the joints. For a
maller value of �, the kinematic constraint is better approxi-
ated. This form of the modified constraint equation is similar to

he one derived for spherical 3R robot arm and thus, Algorithm 3
an be applied. For a given value of �, the constraints are consid-
red violated, if the extrema of h�u� do not satisfy the inequality
n Eq. �27�.

Let us assume that h�u� has an extremum at u=u� that violates
he constraint. Thus, we would like to add a new point �E j ,F j� at
he parameter value u�. Following the kinematic constraints of 2R
obot arms given by Eqs. �9� and �10�, the new point �E j ,F j�
hould satisfy

�E j� = wj sin��/2�; �F j� = wj cos��/2� �29�

ere, again without any loss of generality, we choose wj =1.
Now, we present the algorithm:
Algorithm 4

. Convert the given orientations of the end link into unit
uaternions qi= �qi1 ,qi2 ,qi3 ,qi4� using either Eq. �1� or
q. �13�. Convert unit quaternions qi into nonunit
uaternions Qi�=�Qi1 ,Qi2 ,Qi3 ,Qi4��=wiqi.
. Group quaternion components as Ei= �Qi1 ,Qi2� ; Fi

�Qi3 ,Qi4�.
. Construct a C2 cubic B-spline curve E�u� that
nterpolates Ei and construct a C2 cubic B-spline curve
�u� that interpolates Fi at parameter values ui.
. Calculate the extrema of the function h�u� �Eq. �28��.
or each extremum, given a value of �, test if �tan2�� /2�
��extrema�h�u��� tan2�� /2�+��. If yes, then the
inematic constraint of a spherical 2R robot arm are
atisfied approximately. Go to step 5. If an extremum
oint fails the test, say, at u=u�, do the following and
epeat for each extreme point.
a� Connect a line from the origin to E�u�� and add E j on
his line. Calculate the magnitude of E j from Eq. �29�.
b� Connect a line from the origin to F�u�� and add F j on
his line. Calculate the magnitude of F j from Eq. �29�.
c� Locate E j and F j on the lines.
d� Add the new point �E j ,F j� at the parameter value u�

o the list of points to be interpolated and go to step 3.
. The image curve Q�u�= �E�u� ,F�u�� defines the C2

nterpolating piecewise rational motion of degree 6 after
he substitution into Eq. �3�.

Table 1 Joint coordinates for sph

i 1 2

��deg�
�i�deg� 0 45
�i�deg� 0 15
ui 0.0 0.3
12301-6 / Vol. 130, NOVEMBER 2008
5 Examples
In this section, we present three examples—one for the C1 in-

terpolating motion of a spherical 2R robot arm and two for the C2

interpolating motion of spherical 2R and 3R robot arms. These
examples demonstrate the working of the algorithms presented
before. Tables 1 and 3 give the values of the joint coordinates used
in the examples for five orientations along with their parameter
values for spherical 2R and 3R robot arms, respectively.

5.1 Spherical 2R Robot Arm. In the first example, we have
five orientations for Cartesian rational motion planning of a
spherical 2R robot arm �see Table 1 for input data�. We use Algo-
rithm 2 to interpolate Ei and Fi with two quadratic circular arcs
E�u� and F�u�, respectively. Table 2 gives the resulting control
points of all the four quadratic Bézier segments of the two circular
arcs and the associated weights. This gives us a C1 continuous
rational motion of degree four for the 2R robot arm.

We use Algorithm 4 to plan a C2 rational motion for the same
spherical 2R robot arm and the same set of five orientations. This
is demonstrated in Figs. 3 and 4, which show the results of con-
straining the curve F�u� in the s3s4 plane, with �=0.002. Note that
in all the figures shown in this section, the symbol “�” represents
first or the last two coordinates �i.e., Ei= �Qi1 ,Qi2� or Fi

= �Qi3 ,Qi4�� of the quaternions associated with the given five ori-

cal 2R robot arm motion planning

3 4 5

30
90 125 165
30 40 30
0.6 0.8 1.0

Table 2 Control points and associated weights of circular arcs
E and F

E�u� F�u�

i bi wi bi wi

0 �0.2588,0.0000� 1.0000 �0.0000,0.9659� 1.0000
1 �0.2588,0.0341� 0.9914 �0.2588,0.9659� 0.9659
2 �0.2500,0.0670� 1.0000 �0.4830,0.8365� 1.0000
3 �0.2412,0.0999� 0.9914 �0.7071,0.7071� 0.9659
4 �0.2241,0.1294� 1.0000 �0.8365,0.4830� 1.0000
5 �0.2100,0.1540� 0.7946 �0.9326,0.3166� 0.8674
6 �0.1908,0.1749� 0.6389 �0.9577,0.1261� 0.7822
7 �0.1521,0.2172� 0.3925 �0.9743,0.0000� 1.3106
8 �0.0990,0.2391� 0.2530 �0.9577,0.1261� 2.2340

Fig. 3 An unconstrained C2 cubic B-spline interpolation of a
eri
set of points in the s3s4 plane
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ntations. These are the orientations to be interpolated. The sym-
ol “�” represents the deboor control points of the resulting
-spline curve; the symbol “�” represents the extreme points of

he B-spline curve. In first iteration, the algorithm finds two ex-
reme points �Fig. 3�, one each on the two Bézier segments. Thus,
he algorithm adds two new points corresponding to the parameter
alue of the extreme points and in the next iteration re-interpolates
even �five originally given and two newly added� orientations. In
he second iteration, the kinematic constraints are satisfied ap-
roximately �Fig. 4�. The same procedure is repeated for the curve
�u� as well. In the end, we have a constrained curve Q�u� that

atisfies the constraint of a spherical 2R robot arm approximately.

5.2 Spherical 3R Robot Arm. In the second example, we use
ve given orientations for motion planning of a spherical 3R robot
rm �see Table 3 for input data�. Figures 5–8 demonstrate Algo-
ithm 3. In Figs. 5 and 7, the “wiggly” curves r1�u� and r2�u�
epict the lower and the upper limits, respectively, of the inequal-
ty in Eq. �16�, while in Figs. 6 and 8, curves r3�u� and r4�u�
epict the lower and the upper limits, respectively of the inequal-
ty in Eq. �17�. Figure 5 shows the unconstrained curve E�u� in
he s1s2 plane and Fig. 6 shows the unconstrained curve F�u� in
he s3s4 plane. The algorithm detects one extreme point outside

ig. 4 A constrained C2 cubic B-spline interpolation of a set of
oints in the s3s4 plane

able 3 Joint coordinates for spherical 3R robot arm motion
lanning

1 2 3 4 5

�deg� 45
�deg� 30

i�deg� 20 70 90 120 170

i�deg� 0 30 40 50 80

i�deg� 10 30 40 60 90

i 0.0 0.2 0.5 0.7 1.0

ig. 5 An unconstrained C2 cubic B-spline interpolation of a
et of points in s1s2 plane; r1„u…= 
w sin„„�−�… /2…
, r2„u…

2 2 2 2 2

w sin„„�+�… /2…
, w =Q1„u…+Q2„u…+Q3„u…+Q4„u…

ournal of Mechanical Design
the limits of the inequality �Eq. �21�� at u�=0.6241. This extreme
point is common to the curves E�u� and F�u�. The algorithm adds
a new point on the line joining origin and this extreme point in
each plane and re-interpolates. We note here that the equivalence
of the inequalities given by Eqs. �16� and �17� gives rise to a
common extreme point for both the curves, but both the curves
still need to be constructed and constrained independently since
they each contribute only half of the quaternion coordinates of
Q�u�. Similarly, the new point can be generated only by combin-
ing the coordinates of point Ej and Fj from coordinate planes s1s2
and s3s4, respectively. The curve is constrained in the next itera-
tion; see Fig. 7 and Fig. 8. The algorithm converges in two itera-
tions for a value of 
=0.02. Table 4 gives the deboor control
orientations Di of the constrained C2 B-spline curve.

Fig. 6 An unconstrained C2 cubic B-spline interpolation of a
set of points in s3s4 plane; r3„u…= 
w cos„„�+�… /2…
, r4„u…
= 
w cos„„�−�… /2…
, w2=Q1

2
„u…+Q2

2
„u…+Q3

2
„u…+Q4

2
„u…

Fig. 7 A constrained C2 cubic B-spline interpolation of a set of
points in s1s2 plane; r1„u…= 
w sin„„�−�… /2…
, r2„u…= 
w sin„„�
+�… /2…
, w2=Q1

2
„u…+Q2

2
„u…+Q3

2
„u…+Q4

2
„u…

Fig. 8 A constrained C2 cubic B-spline interpolation of a set of
points in s3s4 plane; r3„u…= 
w cos„„�+�… /2…
, r4„u…= 
w cos„„�

2 2 2 2 2
−�… /2…
, w =Q1„u…+Q2„u…+Q3„u…+Q4„u…
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Conclusions
In this paper, we developed a method for synthesizing piece-

ise rational motions subject to the kinematic constraints of the
pherical 2R and 3R robot arms. We presented several algorithms
or synthesizing C1 and C2 continuous piecewise rational motions
or spherical 2R and 3R arms. We showed that we could devise C2

ontinuous piecewise rational motions for both 2R and 3R arms,
lthough kinematic constraints are satisfied only approximately
or 2R robot arms. However, kinematic constraints can be satisfied
xactly for the C1 rational motions of spherical 2R robot arms.
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ppendix: Frame Independent Kinematic Constraint
or Spherical 3R Arm

In this Appendix, we show that kinematic constraint for spheri-
al 3R robot arm derived earlier are frame independent. From
pherical trigonometry, we have the following equation �see Fig.
�:

cos�
� = cos���cos��� − sin���sin���cos��� �A1�

ince the range of cos��� is �−1,1�, Eq. �A1� reduces to

cos�� + �� � cos�
� � cos�� − �� �A2�
fter using double-angle formulas in trigonometry and perform-

ng algebra manipulation, inequality �A2� changes to

tan2��� − ��/2� � tan2�
/2� � tan2��� + ��/2� �A3�
imilarly, using double-angle formulas, Eq. �A1� can be changed

o

Table 4 Control points of B-spline curve Q„u…= „E„u… ,F„u……

Q�u�= �E�u� ,F�u��
i Di

0 �0.6064, 0.0531, 0.2053, 0.7663�
1 �0.4951, 0.1167, 0.6587, 0.5544�
2 �0.5915, 0.2021, 0.7772, 0.0725�
3 �0.4953, 0.1791, 0.8327, 0.1707�
4 �0.3862,0.2059,0.5419,−0.7175�
5 �0.4112,0.2355,0.0559,−0.8788�
Fig. 9 A Spherical 3R robot arm

12301-8 / Vol. 130, NOVEMBER 2008
sin2�
/2� = − 1
2cos���cos��� + 1

2sin���sin���cos��� + 1
2

�A4�

and

cos2�
/2� = 1
2cos���cos��� − 1

2sin���sin���cos��� + 1
2 �A5�

We can expand the first equation of Eq. �14� to

q1
2 + q2

2 = cos���sin���sin���/2 − cos���cos���/2 + 1/2
�A6�

Similarly, we can expand the second equation of Eq. �14� to

q3
2 + q4

2 = cos���cos���/2 − cos���sin���sin���/2 + 1/2
�A7�

From Eqs. �A4�–�A7�, we find the following relationship:

tan2�
/2� =
sin2�
/2�
cos2�
/2�

=
q1

2 + q2
2

q3
2 + q4

2 �A8�

Equations �A3� and �A8� together constitute the kinematic con-
straint of a spherical 3R robot arm.
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