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Automatic Fairing of
Two-Parameter Rational B-Spline
Motion

This paper deals with the problem of automatic fairing (or fine-tuning) of two-parameter
rational B-spline spherical and spatial motions. The results presented in this paper ex-
tend the previous results on fine-tuning of one-parameter rational B-spline motions. A
dual quaternion representation of spatial displacements is employed and the problem of
Jairing two-parameter motions is studied as a surface fairing problem in the space of
dual quaternions. By combining surface fairing techniques from the field of computer
aided geometric design with the computer aided synthesis of freeform rational motions,
smoother (C* continuous) two-parameter rational B-spline motions are generated. Sev-
eral examples are presented to illustrate the effectiveness of the proposed method. Tech-
niques for motion smoothing have important applications in the Cartesian motion plan-
ning, camera motion synthesis, and spatial navigation in virtual reality systems. In
particular, smoother two-parameter freeform motions have applications in the develop-
ment of a kinematic based approach to geometric shape design and in five-axis NC tool
path planning. [DOI: 10.1115/1.2803253]
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1 Introduction

There has been a great deal of research on the problem of
freeform motion synthesis, which is concerned with the develop-
ment of freeform motions such as rational B-spline motions that
approximate or interpolate a given set of displacements of an ob-
ject. Quaternion representation of rotation (Bottema and Roth [1])
is widely recognized to be an effective way of handling the inter-
polation of rotations (Shoemake [2], Nielson and Heiland [3],
Kim and Nam [4], Kim et al. [5]). Ge and Ravani [6,7] used dual
quaternions to deal with the interpolation of spatial displacements
that include both rotations and translations. Purwar and Ge [8]
used dual numbers as the weights to wrest finer control over the
synthesis of rational B-spline motions. Juttler and Wagner [9] pro-
vided a rich set of tools and algorithms for motion design, al-
though their choice of representation of spatial displacements was
based on treating translation and rotation separately. See Roschel
[10] and Purwar [11] for a comprehensive list of references on the
topic of computer aided motion synthesis.

Despite rapid advances in the synthesis of rational motions,
there has been much less research on the issue of fine-tuning a
rational motion to achieve desired smoothness. Srinivasan and Ge
[12] presented algorithms for fine-tuning both the path and the
speed of a rational B-spline motion. While the path-smoothing
algorithm automatically removes the third order discontinuities in
the path of the motion, the speed smoothing algorithm results in a
B-spline motion that keeps its kinetic energy nearly constant. In
the intervening years, other researchers have also explored various
techniques to smooth out the motion—Fang et al. [13] used a
lowpass filter coupled with an adaptive, mediative filter for angu-
lar velocities to achieve smooth rotation; Lee and Shin [14] used
an algorithm that iteratively minimizes the energy function re-
flecting the forces and torques, exerted on a moving object; Kim
et al. [15] improved upon the previous algorithm by minimizing
the weighted sum of strain energy and the sum of square errors
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(SSE). There is a wealth of signal processing methods available
for noise removal but due to the nonlinear nature of orientation
space, they are not directly applicable. Lee and Shin [16] took this
approach by first transforming the orientation data into their coun-
terparts in a vector space, and then applied a convolution filter to
it before transforming it back to the orientation space. More re-
cently, wavelet based methods as well as genetic algorithms have
been developed for motion fine-tuning (Hsieh [17,18], Hsieh and
Chang [19)]).

All the aforementioned works deal only with one-parameter
motions. Ge and Sirchia [20] proposed the concept of two-
parameter rational B-spline motions, which have potential appli-
cations in the development of a kinematics based approach to
shape generation (see Ge [21]). In difference to one-parameter
rational motions, the point trajectory of a two-parameter rational
motion traces out a rational surface instead of a rational curve.
This has the potential to reduce some of the freeform surface
generation problems in CNC tool path planning into that of fine-
tuning a two-parameter rational B-spline motion such that the re-
sulting swept surface best approximates the desired freeform sur-
face. In this paper, for the first time, we have brought together
kinematic geometry of two-parameter B-spline motions, computer
aided geometric design, and the fairing of surfaces (see Kjellander
[22], Nowacki [23], Lott and Pullin [24] for fairing of surfaces) to
develop an innovative method for fine-tuning of two-parameter
B-spline motions. With the aid of dual quaternions, we represent a
two-parameter rational B-spline rational motion as a surface in the
space of dual quaternions. We then employ an improved surface
fairing technique proposed by Hahmann [25] for fine-tuning of the
dual quaternion surface. This results in an algorithm that auto-
matically detects and removes third order discontinuity in the two-
parameter B-spline motion.

The rest of the paper is organized as follows. Section 2 gives a
review on the quaternion and dual quaternion representation of
spherical and spatial displacements, respectively. Section 3 shows
how a two-parameter rational B-spline motion can be represented
by a surface in the space of dual quaternions. Section 4 reviews
some of the surface fairing techniques including the fairness cri-
teria. Sections 5 and 6 present the algorithms for fine-tuning of
two-parameter rational B-spline spherical and spatial motions, re-
spectively, along with a few examples.
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2 Representation of Spatial Displacements

In this section, we review the concepts of quaternions and dual
quaternions insofar as necessary for the development of the cur-
rent paper.

2.1 Unit Quaternion as Rotation. Any rotation in three-
dimensional space has a rotation axis and a rotation angle about
this axis. Let s=(sy,s,,s;) denote a unit vector along the axis and
6 denote the angle of rotation. They can be used to define the
so-called Euler—Rodrigues parameters:

q1=5,sin(0/2), q,=s,sin(6/2),
(1)
q3=s5,8in(0/2), q4=cos(6/2)
The Euler-Rodrigues parameters and the quaternion units, 1,
i,j,k can be combined to define a quaternion of rotation:

Q=qii+qj+qk+qy. 2)
A quaternion Q, at times, is also written as an ordered quadruple
(41-92-93,94)- The reader is advised to refer to Bottema and Roth
[1] and McCarthy [26] for details on quaternion algebra.
Let x=(x,x5,x3,%4), and X=(X;,X,,X3,X,) denote homoge-
neous coordinates of a point before and after a rotation, respec-
tively. They can be assembled as quaternions:

x=xji+xj+xk+x, X=Xi+Xj+Xk+X,
The coordinate transformation that describes the rotation of a
point from x to X is given by the quaternion product:
X=QxQ' (3)

where Q! denotes the inverse of Q and is given by

Q' = (1/5%)(q4 — ¢1i ~ 2j — q3k)
with
S’ =qi+ a3+ a3+
When $%=1, a quaternion Q is called a unit quaternion and its
inverse Q™! equals to its conjugate Q" =g,—q,i—g,j—q3k.

We can relate the quaternion representation given by Eq. (3) to
the more familiar matrix form as

X =[R]x

where [R] is an orthogonal matrix given by

Grai-6-a 2ad-a93)  2q195+ a9)
[Rl= 5| 20001+ 0s93) 3= i+ a2- a3 2205 = 4aq1)
2Agsq1—asq2)  2ABn+aa)  di-qi-d+d
4)
The quaternion components of Q can be considered as homo-
geneous coordinates of a rotation since multiplying them by a
scalar leaves the rotation matrix [R] invariant. Ravani and Roth
[27] considered these components as defining a point in a projec-
tive three space, called the Image Space of spherical kinematics.
In this way, a polynomial curve in the Image Space correspond to
a rational motion. By applying computer aided geometric design
(CAGD) techniques for designing curves in the Image Space, we
obtain rational motions in the Cartesian space.

2.2 Dual Quaternion as Spatial Displacement. For a gen-
eral displacement in the Cartesian space E>, Eq. (3) can be ex-
tended naturally to accommodate translation as follows:

X=QxQ'+d (5)

where d=d;i+d,j+dsk is a vector quaternion corresponding to
the translation component, which is defined by the nonhomoge-
neous parameters (d;,d,,ds).

A spatial displacement can be elegantly represented by combin-
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ing rotation with the translation using dual quaternions (Bottema
and Roth [1], McCarthy [26]). A dual quaternion is given by

Q=Q+¢R (6)
where ¢ is the dual unit with the property £>=0, and Q and R are
called real and dual parts of the dual quaternion (Q), respectively.
The real part, Q=(Q;,0,,053,0,), is the quaternion of rotation as
mentioned before and R=(R,R,,R3,R,) is another quaternion
whose components are given by

RI 0 _d3 d2 dl Ql
Ry | 11 ds 0 -—di dy || Qs
Ry| 2|-d, d 0 d;||0;
Ry -dy —d, —d; 0 |[ Q4

The translation vector d (d,,d,,d3) can be recovered from Eq.
(7) in terms of (Q,R) by using the following:

R0 — R Q4+ R,03 - R50,
d=—§ R,0>— R,04+ R30, - R, 05 (®)
R4Q3 - R304+ R 10y — R0y

where §2=07+03+05+0;.

It is instructive to note here that (Q,R) serve as homogeneous
coordinates of spatial displacements since multiplying each one of
them by a nonzero scalar or a dual number yields the same rota-
tion matrix and translation vector d. Ravani and Roth [27] con-
sidered Q:(Ql , QZ,Q3,Q4) ; Q,-=Q,-+ €R; as a set of four homoge-
neous dual coordinates that define a point in the space of dual
quaternions, called the Image Space of spatial displacements. A
curve in the Image Space corresponds to a one-parameter motion
in Cartesian space while a surface corresponds to a two-parameter
motion. We develop the notion of two-parameter motions further
in the next section.

™)

3 Two-Parameter Rational B-Spline Motion

The concept of two-parameter freeform motions was developed
by Ge and Sirchia [20] by combining the notion of the analytically
determined two-parameter motions in theoretical kinematics with
the concept of freeform surfaces in the field of CAGD. In this
section, we briefly review that concept.

Given an (n+1)X (m+1) array of dual quaternions (A),»,j(zQi’j
+eR; j), we may define the following two tensor-product B-spline
surfaces in the space of dual quaternions (or the Image Space),
one each for the real and the dual part:

Q™" (u,0) = 2, 2 Qi N; ()N, 4(v) )
i=0 j=0
and
R™"(u,0) = 2, 2, Ry N, ()N ,(v) (10)
i=0 j=0

Assembling the real and the dual part from Egs. (9) and (10), we
define the dual quaternion surface:

n m
Q" (u.0) = Q" (u0) + R (u,0) = 25 2 QuN; (10N (v)
i=0 j=0
(1)
which represents the set of positions and orientations of an object
that belong to a two-parameter B-spline motion. The bidirectional
net of the Q;; is called the control net of the B-spline image
surface. N;,(u) and N; (v) are the nonrational B-spline basis
functions of degree p—1 and ¢g— 1, respectively, and defined on the
knot vectors (U;V):
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The above description is similar to that of a tensor product
B-spline surface (see Farin [28] or Piegl and Tiller [29]) given as

m

n
X(u,0) = 2, 2, by N ()N ,(v) (12)
i=0 j=0
where given De Boor control points b; ; are replaced by given dual
quaternions Q,-, I
Two-parameter B-spline motions enjoy properties, such as
coordinate-frame invariance, convex hull property, boundedness,
and local control, the latter three of which are due to the nature of
B-spline basis functions (Schumaker [30], De Boor [31], or Piegl
and Tiller [29]). See Ge and Sirchia [20] for a discussion on these
properties.

4 Surface Fairing Techniques

As mentioned earlier, a two-parameter rational B-spline motion
is represented by a B-spline surface in the space of dual quater-
nions. Thus, the problem of fine-tuning a two-parameter motion
can be construed as a surface fairing problem in the same space.
In CAGD, the surface is modeled as patches joined at boundaries.
The continuity, characterized as the rth order derivative continuity
(C"), of the patches at the boundaries determines the smoothness
of the surface. The goal of fine-tuning two-parameter motions is to
examine and improve the order of the continuity at the patch
boundaries of the corresponding dual-quaternion surfaces. In this
section, we review some of the surface fairing techniques with an
emphasis on the algorithm presented by Hahmann [25] for fairing
bicubic B-spline surfaces. It is this algorithm that we will adapt to
the space of dual quaternions for the fine-tuning of two-parameter
rational B-spline motions.

Surfaces can be faired using fairness constraints or by perform-
ing postprocessing fairing. The former method usually incorpo-
rates a linearized physical based fairness criterion in the interpo-
lation or approximation. These methods are usually nonlinear in
nature and seek to create fair shapes by minimizing the energy of
a curve or surface under given constraints (Welch and Witkin
[32]). Wesselink and Veltcamp [33] present variational modeling
techniques and tools for curves and surfaces. Greiner and Seidel
[34] discuss approaches for energy functionals used in minimiza-
tion methods. These methods produce fair and pleasant shapes but
due to a global smoothing process the local control cannot be
achieved.

The second method tries to remove unwanted surface wiggles
by smoothing the control net, which defines the surface (Kjel-
lander [22]). It is a variation of this method that we employ in this
paper. Our method is based on Hahmann’s [25] automatic, local,
and efficient fairing method for bicubic B-spline surfaces. This
method increases locally the smoothness of the surface from C? to
C’. Desirability of C* continuity stems from the fact that by re-
ducing the difference in the third derivatives across a data point,
the energy of a physical spline is decreased (Kjellander [22]).
Hahmann’s algorithm [25] is also flexible since it allows for dif-
ferent fairing steps, permits localized fairing process, and can im-
pose tolerance control. In what follows, we review Hahmann’s
algorithm [25] to the extent necessary for the development of this
paper.

A parametric tensor product B-spline surface X of degree (3;3)
is defined by

X(u,v) = 2 2 bi,jNi,4(M)Nj,4(U) (13)
i=0 j=0
where
(M;U) € Q = [M3;un+l] X [US;UHHI]
and
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w;<upy (i=0,1,....n) v;<vpg (j=0,1,...,m)

The knots uy, ...,u,, v4,...,0,, are called interior knots and are
assumed to be of unit multiplicity. Hahmann [25] calls these inner
knots as free inner knots since they are the potential sites for
fairing process. A bicubic B-spline surface is at least C> continu-
ous at the knots. The idea is to elevate the continuity at the joints
(or inner knots) of the surface from C? to C* by modifying the
control net. The algorithm proceeds by first defining a local fair-
ness measure and then selecting the inner knot where the surface
is least faired by the measure. Further, using a constrained least-
squares approximation, the control net in the vicinity of the cho-
sen knot is modified locally, which results in increasing the
smoothness of the surface at the knot from C? to C3. This process
is repeated until a global measure of the fairness falls below a
predefined tolerance level.

4.1 Fairing Criteria. Hahmann [25] defines a fairing crite-
rion as follows: A B-spline surface X(u,v) of C? continuity is
fairer at a free inner knot [uy,v,], if X is C? at [u;,v,].

Fortunately, bicubic B-spline surfaces have all mixed third or-
der partial derivatives (i.e., X, »,n=(6""*X)/du"dv* with v,u=1)
continuous on the parametric domain € :=[u;,1;.4] X [V},0}44]
since a B-spline surface is at least C2 in either direction.

The sum of the square of the difference of X, in the u direc-
tion and X,,, in the v-direction at the interior knot [uy,v,] is
therefore an appropriate local fairness measure. Based on this
premise, Hahmann [25] defines discontinuity vectors:

Auuu(ubvl) = quu(“Z?UI) - quu(MZ’ vl)

m

m
b]((:i’lo?/N/74(U1) - 2 bg;O)NJA(U[)
J=0 j=0
k

~

-1
= a;b;;
i=k—4 j=1-3

=~

i=

Avuv(l"k’vl) = vav(uk’v;) - Xuvv(”k’U;)

= E b?g’fme(uk) - 2 bg,(;})NzA(Mk)

i=0 i=0
k-1 1

= E E :Bijbij (14)
i=k=3 j=l-4

with

@ = aij(uk’vl) and ,Bij = ,Bij(uk»vl)
For uniform knots, values of the coefficients a;; and ;; can be
easily calculated and are given in Hahmann [25]. For details on

the calculation of X, and X,,,, see Hoschek and Lasser [35].
The local fairness measure Lj; at the point (uy,v;) is defined as

Lkl = ”Auuu(uks Ul)”2 + ||Avvv(uk9vl)||2 (15)

The whole surface X can now be associated with a global fairness
measure:

Gy= 2 Ly (16)
(k) el
where I denotes the index set for the knot pairs (u;;v;) of the
interior knots, (k;l) e I=(4;4);(4;5)---(n;m). Global fairness
measure given by Eq. (16) provides the stopping condition for an
iterative procedure, to be described later.

Now that fairness measures have been prescribed, we can pro-
vide a sketch of the algorithm of Hahmann [25]. First, the local
fairness measure L, is calculated from Eq. (15) for all interior
knots. The knot with the maximum value of L; over all (i, ) € I is
chosen as the site for applying local fairing step. Let us say this
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knot is (ug,v;). Then, after applying a fairing step, L;; should be
equal to zero, which translates into the conditions:

AUUU(Mk,UZ) =0 and Auuu(uk,v,) =0

Imposing the above two conditions changes the control points in
the vicinity of (u;,v;) and increases the continuity at the knot
(uy,v)) from C? to C3. However, it is also desirable that the con-
trol net, and thus in turn, the surface should deform as little as
possible. Hahmann [25] sets up this problem by defining an ob-
jective function that seeks to minimize the changes to the control
net in a small area. The problem is solved by using a classic
least-squares approximation method with constraints:

k-1 I-1

Min F(b,) = > > Ib;; = by (17)
i=k=3 j=1-3
subject to A,,,=0, A, =0, and where b;; and Bij denote control

points before and after an update, respectively. Even though dis-
continuity vectors involve more than nine control points, Eq. (17)
indicates that only nine innermost points are chosen for an update
at every step of fairing. Hahmann [25] argues that this is done (1)
to obviate the need to solve a nonlinear problem and (2) to get a
fairing step, which is as local as possible without restricting the
solution too much.

The Lagrange multipliers method is used to solve this problem:

Db\, 1) = F(byj) + MA (t40)) + (A, (140))) — min
(18)

In this paper, the isophote technique (Poeschl [36]) is used for
obtaining a visual feedback on the fairness of the quaternion
surface’ imperfections. A fair surface exhibits smooth and regular
isophotes. Connecting all points of a surface along which the
angle between the light direction and the surface normal is con-
stant and in the range between —90 deg and 90 deg, we obtain a
line of constant illumination intensity called isophote. Only curves
with angles between 0 deg and 90 deg are in the illumination part.

5 Fine-Tuning of Two-Parameter Rational B-Spline
Spherical Motions

We have seen earlier that the set of positions and orientations of
an object that belong to a two-parameter rational B-spline spatial
motion is given by Eq. (11). By equating the dual part of that
equation to zero, we obtain the set of orientations that belong to a
two-parameter rational B-spline spherical motion. By choosing
the degree to (3;3) in Eq. (9), we obtain a bicubic rational B-spline
image surface in the space of quaternions:

Q" (uv) = X X Qi N;a(u)N; 4(v) (19)
i=0 j=0
where the N; 4(u), N; 4(v) are the B-spline basis functions defined
on the knot vectors:

4 4
u= )iy v=()i

and
U <ups(i=0,1,....n) v;<vjqy (=0,1,...,m)

Quaternions Q; ; are the B-spline image points that represent the
given B-spline spherical displacements.

We now adapt the surface fairing algorithm (Hahmann [25]) to
the space of quaternions to obtain an algorithm for the fine-tuning
of two-parameter rational B-spline spherical motion.

Two-parameter spherical motion fairing algorithm:

1. Convert the given rotation axis and rotation angle for each

"In this paper, quaternion surfaces are visualized by projecting them in E>.
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(a) Unfaired

(b) Faired

Fig. 1 15X 15 Control net projected in E® for two-parameter
bicubic B-spline spherical motion

spherical displacement to quaternions (Q;;) using Eq. (1).
These quaternions represent the image points.
2. Calculate initial global fairness measure G, using Eq. (16).
3. DO

(a) FOR i=4...n
FOR j=4...m

(i) Calculate A,,,(u;,v;) and A, (#;,v;) using Eq.
(14)
(ii) Calculate and store L;; using Eq. (15).

(b)  Choose (uy;v;) such that Ly;=max L;;.

(c)  Apply local fairing step at (u;;v;) using solution of
Egs. (18).

(d) Calculate new global measure G using Eq. (16).

WHILE (|Gy,1—G,|>¢), where € is a very small predefined
number.

4. Generate faired B-spline image surface, isophote, new con-
trol displacements, and motion trajectory.

Now we present an example that demonstrates this algorithm
using 15X 15 given spherical displacements. Figure 1 shows the
control net structure obtained by projecting given image points
(Q;j; i=0...14,j=0...14) in E°, while Fig. 2 shows the B-spline
quaternion surface with the isophotes before and after the fine-
tuning. It is apparent that both the control net and the quaternion
surface appear regular (the wiggles and the dimples in the surface
disappear) after the fine-tuning. The isophote lines are continuous
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(a) Unfaired

(b) Faired

Fig. 2 Quaternion surface with isophote for two-parameter
bicubic B-spline spherical motion

indicating satisfactory smoothness (Fig. 3). Since the isophote
lines are a function of the direction of light impacting on the
surface, it is important to check the quality of the surface from
different angles before concluding that surface is sufficiently
smooth. It should be noted here that in ensuing discussion, we
describe the surface and the motion in qualitative terms merely to
corroborate the mathematical C* continuity achieved after the fair-
ing process.

Next shown in Fig. 4 is the trajectory of “teapots,” under a
uniform bicubic B-spline spherical motion, both before and after
fine-tuning. As is clear, after fine-tuning, the trajectory is better
organized. Another indicator of better continuity in Fig. 4 is the
orientation of the teapots around a single teapot. The variation of
orientation in any small neighborhood of a single teapot is less
extreme than in unfaired motion. The algorithm is fairly efficient
since every local fairing step requires just a matrix to vector mul-
tiplication. The multiplied matrix (set up by the solution of Eq.
(18)) is obtained by inversion only once in the beginning of the
iterations. The order of complexity of the algorithm is dependent
on the number of inner knots ((n—1) X (m—-1)). In this example,
we have chosen uniform parametrization for simplicity and faster
execution but it is possible to choose centripetal, chord length, or
other parametrizations that map the range behavior more appro-
priately to the domain (see Farin [28]). The execution time of the
algorithm using uniform parametrization for this example was 5 s
and it took 1930 iterations for the global fairness measure to re-
duce from Gjiu=7.84 to Gy,;=0.002 on a 2.6 GHz Pentium 4
system with 1 Gbyte RAM. Even though the algorithm was ap-
plied globally and it runs unattended, it allows restricting the mo-
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Unfaired

Faired

Fig. 3 Isophote details on the quaternion surface for two-
parameter bicubic B-spline spherical motion

tion fairing process to a small area of the initial B-spline motion
by operating over a small subset of inner knots. It also allows to
discard those steps of local fairing process, which change the
motion beyond a user-defined acceptable level.

6 Fine-Tuning of Two-Parameter Rational B-Spline
Spatial Motions

In the previous section, we discussed the fairing algorithm for
two-parameter B-spline spherical motions. Since spatial displace-
ments (as opposed to the spherical displacements) involve an ex-
tra translational term, the dual part of the given quaternions is
nonzero. The only difference from the spherical case in fairing
spatial motions is that, we must now consider both the real and
dual parts of the quaternions.

A bicubic rational B-spline image surface is given by choosing
the degree of basis functions to (3;3) in Egs. (9)—(11):

Q""(1,v) = Q""(u,v) + eR™"(u,v)
where Q™"(u,v) is given by Eq. (19), and

R""(u,0)= 2 X Ry Nig()Nj4(v)

i=0 j=0

The dual quaternion surface, Q"’m(u,v), represents a two-
parameter rational B-spline motion of degree (6;6). The fairing
process requires that both the real and the dual component be
fine-tuned. The fine-tuning of the real part is already discussed in

the previous section. In fine-tuning the dual part, there are two
choices -one is to fine tune the dual part image surface given by
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(a) Unfaired

< O !v

9 & 0f
A 080 TN
D nb)ak D), A

(b) Faired

Fig. 4 Trajectory under two-parameter bicubic rational
B-spline spherical motion

Eq. (10) and the other is to fair the translation part directly. The
surface defined by the translation vectors is called Translation
surface. Here, we give an algorithm for fine tuning the real and the
dual part of the dual quaternion surface. We note that this algo-
rithm is only slightly different from the spherical version of it
given in the previous section. The same algorithm can be applied
for fairing the translation surface directly as well. They both yield
fairer, though not identical surfaces.
Two-parameter spatial motion fairing algorithm:

1. Convert the given rotation axis, rotation angle, and transla-
tion for each spatial displacement to dual quaternions (Q;
+¢R; ;) using Eqgs. (1) and (7). These dual quaternions rep-
resent the image points of the dual projective space.

2. Calculate initial global measure G, for both the real and the
dual part using Eq. (16).

3. DO for both the real and the dual part

(a) FOR i=4...n
FOR j=4...m

(i) Calculate A, (u;,v;) and A, (#;,v;) using Eq.
(14).
(ii) Calculate and store L;; using Eq. (15).
(b)  Choose (u;v,) such that Ly=max L;;.
(c)  Apply local fairing step at (uz;v;) using solution of
Egs. (17) and (18).

011003-6 / Vol. 130, JANUARY 2008

(b) Faired

Fig. 5 15X 15 Control net projected in E® for dual part under
two-parameter bicubic B-spline spatial motion

(d) Calculate new global measure Gy using Eq. (16).

WHILE (|Gy,1—Gy|>¢), where & is a very small predefined
number.

4. Generate faired B-spline image surface, isophote, new con-
trol displacements, and motion trajectory.

Now, we illustrate the implementation of spatial fine-tuning al-
gorithm by an example. Fine-tuning of the real part is already
illustrated in Sec. (5) and we use the same value for the real part
in the succeeding examples. Here, we only illustrate fine-tuning of
the dual part. Figure 5 shows the control net structure for the dual
part before and after fairing. The control net is much more regular
and well behaved after the fairing process.

Figure 6 shows the trajectories of teapots before and after fine-
tuning, respectively. The effect of fine tuning is much more pro-
nounced in this case. Before fairing the dual quaternion image
surface, motion seems chaotic even though it is a C? continuous
motion. After fairing, the order in the motion and the control
displacements improve. On the same hardware system, the run-
time of the algorithm was 8 s (3052 iterations) and it reduced the
global fairness measure from Gj;,=10.195 to Gg,;,,=0.003.

7 Conclusions
A method is presented for automatic fairing of two-parameter

rational B-spline motion by extending the method for surface fair-
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Fig. 6 Trajectory under two-parameter bicubic rational
B-spline spatial motion

ing to the space of dual quaternions. The resulting algorithm is
efficient, automatic, local in approach, and increases the continu-
ity of the motion to C3. By restricting the number of control points
involved at every step of fairing or reducing the number of inner
knot points, one can further localize the effect of fairing. The
automatic fairing algorithm may be used to fine-tune two-
parameter B-spline tool motion for five-axis NC machining pro-
cess as well as for motion specifications for robotic and virtual
reality systems. By making both parameters a function of time,
one can obtain a one-parameter motion that inherits the smooth-
ness of the faired two-parameter motion.
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