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A Task-Driven Unified Synthesis
of Planar Four-Bar and Six-Bar
Linkages With R- and P-Joints
for Five-Position Realization
This paper deals with the problem of integrated joint type and dimensional synthesis of
planar four-bar and six-bar linkages, which could contain both revolute (R) and pris-
matic (P) joints, for guiding through five specified task positions of the end-effector. In a
recent work, we developed a simple algorithm for analyzing a set of given task positions
to determine all feasible planar dyads with revolute and/or prismatic joints that can be
used to guide through the given positions. This paper extends this algorithm to the inte-
grated joint type and dimensional synthesis of Watt I and II and Stephenson I, II, and III
six-bar linkages that contain both R- and P-joints. In the process, we developed a new
classification for planar six-bar linkages according to whether the end-effector can be
constrained by two dyads (type I), one dyad (type II), or no dyad (type III). In the end, we
demonstrate this task-driven synthesis approach with three examples including a novel
six-bar linkage for lifting an individual with age disability from seating position to
standing position. [DOI: 10.1115/1.4033434]

1 Introduction

This paper deals with the classical problem of synthesizing pla-
nar four-bar and six-bar linkages for motion generation, which is
also known as rigid-body guidance. A planar four-bar linkage,
formed by four binary links with four one-degree-of-freedom
(DOF) joints, is the simplest 1DOF closed planar kinematic chain.
The 1DOF joint is either a revolute (R) joint or a prismatic (P)
joint. The synthesis of a planar four-bar with four revolute joints
(or 4R) for motion generation with five task poses, known as the
classical Burmester problem, is equivalent to the synthesis of RR
dyads. This is a well-studied subject [1,2]. Recently, a comprehen-
sive solution to the Burmester problem that includes not only RR
dyads but also PR, RP, and PP has been developed by Angeles
and his coworkers [3–6].

The second simplest type of planar closed chain is the six-bar
linkages, each of which is formed by four binary links and two ter-
nary links using seven 1DOF joints. When the two ternary links
are directly connected via a 1DOF joint, one obtains a Watt six-
bar linkage; when two ternary links are connected through a
binary link, one obtains a Stephenson six-bar linkage. Depending
on the choice of the ground link, there are two distinct types of
Watt six-bar linkage (I and II) and three distinct types of Stephen-
son six-bar linkages (I, II, and III). As the end-effector (or cou-
pler) in a six-bar linkage may be considered as constrained by
both dyad (2R) and triad (3R), a six-bar linkage may be designed
by developing a triad synthesis method, in addition to dyad syn-
thesis. Chase et al. [7] developed a triad synthesis method for the
design of a Stephenson III six-bar linkage for five positions. A
homotopy-based approach to synthesize Stephenson six-bar link-
ages has been reported by Schreiber et al. [8] to deal with
additional side conditions. Lin and Erdman [9] were able to design
planar triads for six positions. Built on this 3R formulation, Soh
and McCarthy [10] presented a procedure for five-position synthe-
sis for the Watt I and Stephenson I, II, and III six-bar structures.
Their basic idea is to obtain a 3R chain that guides a moving body
through the five given tasks using inverse kinematics. To convert

a four-link 3R chain (with the ground link as the fourth link) into
a six-bar linkage, they add two 2R dyads to the 3R chain to reduce
the DOF of the system from three to one. They noted that this
approach does not apply to the Watt II because its floating link is
not connected to the ground frame by a 3R chain. Some rectified
approaches to synthesis six-bar linkages for four given positions
have also been proposed by Bawab et al. [11] as well as Mirth and
Chase [12], which seek to eliminate branch and/or circuit defects
in addition to the realization of four given positions.

The main contribution of this work is a five-position synthesis
algorithm that is applicable to all six topologically different planar
linkages consisting of one four-bar and five six-bar structures. In
addition, in this paper, we further highlight the advantage of uni-
fied treatment for both R-joints and P-joints, i.e., the dyads
include RR, RP, and PR and triads include RRR, RRP, RPR, and
PRR. This paper builds on and refines our previous conference
paper [13], and discussion on dealing with circuit/assembly mode
defect has been added (Sec. 3.4), as well as the implementation of
a new application on rehabilitation mechanism design based on
our approach. The proposed approach is inspired by the results of
Soh and McCarthy [10]. Instead of starting the design process
with a 3R chain as in their work, we start by analyzing the five
task poses first to determine if there exist feasible dyads (RR, RP,
PR, and PP) using a planar quaternion-based formulation. Accord-
ing to the number of real solutions in the initial analysis of five
task poses, three situations might occur: (a) four real solutions
yielding four feasible dyads and thus six feasible four-bar link-
ages, (b) two real solutions yielding two feasible dyads and thus
one feasible four-bar linkage, or (c) no real solution yielding no
feasible four-bar linkage. If a feasible four-bar exists and is
deemed satisfactory, then no further action is required. If no feasi-
ble four-bar exists or none of the feasible four-bar linkages is
deemed satisfactory, then we move on to design six-bar linkages
for the five task positions.

In synthesizing six-bar linkages, we developed a novel classifi-
cation of six-bar linkages suitable for task-driven design. It is
based on the number of dyads used to constrain an end-effector,
which is required to guide through five specified task positions.

For a type I six-bar linkage, the end-effector is constrained by
two dyads, which form a four-bar linkage. In this case, the four-
bar linkage can be expanded into a six-bar linkage by adding a
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new dyad in two distinct ways. One is to add a triad to either the
input link or the output link, and the resulting six-bar linkage is
known as a Watt II linkage. The other way is to add a triad to the
end-effector, and the resulting six-bar linkage is known as a Ste-
phenson IIIb linkage. In both cases, the addition of a new dyad
does not change the number of DOF of the system, which is one
(Fig. 1).

For a type II six-bar linkage, the end-effector is constrained
only by one dyad. In this case, we expand the 2DOF dyad into a
2DOF five-bar closed chain by adding a triad, again without
changing the number of DOF of the system. We then add a binary
link to the five-bar chain to reduce the DOF from two to one. This
approach leads to four Stephenson six-bar structures (IIa, I, IIb,
and III) as shown in Fig. 2.

For a type III six-bar linkage, the end-effector is not constrained
by any dyad. In this case, we first make the end-effector to be the
end link of a triad so that its DOF remains to be three. We then
add a binary link and a ternary link to reduce DOF of the system
from three to one. This results in two Watt six-bar structures
(Ia and Ib) as shown in Fig. 3.

Essential to the above unified procedure is the algorithm for
analyzing five specified task positions for dyad synthesis. This is
based on a formulation using planar quaternions pioneered by
Bottema and Roth [1] as well as Ravani and Roth [14,15] and
followed by the authors of Refs. [16–19]. The solution of the
problem requires either the use of algebraic geometry [20,21] or
nonlinear numerical optimization methods. We developed a novel
algorithm that reduces the five-position synthesis problem into
that of finding the roots of a quartic equation [22]. This algorithm
can handle all four types of planar dyads with or without prismatic
joints.

The paper is organized as follows. Section 2 reviews the con-
cept of planar quaternions in so far as necessary for the develop-
ment of this paper and introduces a simple algorithm that could
handle the dyad synthesis problem with both circle and line con-
straints for five task position. Section 3 presents a task-driven
approach to five-position synthesis for designing four-bar and six-
bar linkages as well as a discussion of solution rectification against
circuit/assembly mode defect. Section 4 presents three examples
to illustrate this approach including the rehabilitation mechanism
design application of a novel six-bar linkage, for lifting a disabled
individual from seating position to standing position.

2 A Fast Kinematic-Mapping Based Algorithm for

Dyad Synthesis

A planar displacement, i.e., a planar pose, consists of transla-
tion of a point (d1, d2) on the moving body as well as rotation of
the body by an angle u. Let M denote a coordinate frame attached
to the moving body and F be a fixed reference frame, as in Fig. 4,
then kinematic mapping theory could be employed to convert Car-
tesian space parameters (d1; d2;u) to image space coordinates
Z ¼ Z1;Z2;Z3;Z4ð Þ (see Ref. [14])

Z1 ¼
1

2
d1 sin

u
2
� d2 cos

u
2

� �

Z2 ¼
1

2
d1 cos

u
2
þ d2 sin

u
2

� �

Z3 ¼ sin
u
2

Z4 ¼ cos
u
2

(1)

The components Z1;Z2;Z3; Z4ð Þ given above define a planar qua-
ternion that is said to define a point in a projective three-
dimensional space called the image space of planar displacement,
denoted as R. In this way, a planar displacement is represented by
a point in R; a single DOF motion is represented by a curve and a
2DOF motion is represented by a surface in R.

Let Zi (i ¼ 1; 2;…; 5) denote a planar quaternion associated
with five specified task positions of a rigid body. In our previous
work [22], we have established a fast and simple algorithm for N
planar positions to be approximated by one of the three types of
planar dyads: RR, PR, or RP. First, an N � 8 matrix A½ � is
constructed

A½ � ¼

A11 A12 A13 A14 A15 A16 A17 A18

� �

� . .
.

�

� �

AN1 AN2 AN3 AN4 AN5 AN6 AN7 AN8

2
666666664

3
777777775

(2)

The ith row of matrix A½ � is consisted by the ith position repre-
sented in quaternion form

Ai1 ¼ Z2
i1 þ Z2

i2;Ai2 ¼ Zi1Zi3 � Zi2Zi4

Ai3 ¼ Zi2Zi3 þ Zi1Zi4;Ai4 ¼ Zi1Zi3 þ Zi2Zi4

Ai5 ¼ Zi2Zi3 � Zi1Zi4; Ai6 ¼ Zi3Zi4

Ai7 ¼ Z2
i3 � Z2

i4; Ai8 ¼ Z2
i3 þ Z2

i4

(3)

According to the kinematic mapping theory, for a planar position
Z ¼ Z1;Z2;Z3;Z4ð Þ to be viewed as the moving frame of a planar
dyad, it has to satisfy the following quadratic equation:

p1 Z2
1 þ Z2

2

� �
þ p2 Z1Z3 � Z2Z4ð Þ þ p3 Z2Z3 þ Z1Z4ð Þ

þp4 Z1Z3 þ Z2Z4ð Þ þ p5 Z2Z3 � Z1Z4ð Þ þ p6Z3Z4

þp7 Z2
3 � Z2

4

� �
þ p8 Z2

3 þ Z2
4

� �
¼ 0 (4)

Fig. 1 Three types of linkages constrained by two dyads
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with two additional conditions

p1p6 þ p2p5 � p3p4 ¼ 0

2p1p7 � p2p4 � p3p5 ¼ 0
(5)

where the coefficient vector p corresponds to one dyad, and the
value of each element of p is then utilized to determine the type
and the dimension of the dyad. In this way, we can formulate the
five-position motion realization with planar dyads as solving a lin-
ear algebraic fitting system

A½ �p ¼ 0 (6)

with two additional quadratic constraints indicated above in Eq.
(5). A solution pi of the linear system (6) is called a candidate

solution for the five-position Burmester problem. Only those pi

that also satisfy Eq. (5) correspond to a planar dyad. The candi-
date solutions are in the null space of A½ �. Here, we use the singu-
lar value decomposition (SVD) method to find the basis vectors of
the null space.

With five given positions, matrix A½ � contains five rows, making
its rank 5. Thus, the matrix A½ �T A½ � has three zero eigenvalues,
and the corresponding eigenvectors, va; vb, and vc, define the ba-
sis for the null space. Let a, b, and c denote three real parameters.
Then, any vector in the null space is given by

p ¼ ava þ bvb þ cvc (7)

To find values for a;b; cð Þ that satisfy Eq. (5), we substitute Eq.
(7) into Eq. (5) and obtain two homogeneous quadratic equations
in a; b; cð Þ

Fig. 2 Four types of Stephenson six-bar linkages. The end-effector (link 3) is constrained by
one dyad.

Fig. 3 Two types of Watt I six-bar linkages for each choice of a triad. The end-effector (link 4)
is not constrained by any dyad.
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K10a
2 þ K11b

2 þ K12abþ K13acþ K14bcþ K15c
2 ¼ 0

K20a
2 þ K21b

2 þ K22abþ K23acþ K24bcþ K25c
2 ¼ 0

(8)

where Kij are defined by components of the three eigenvectors
obtained from SVD algorithm. These two quadratic equations can
be further reduced to a quartic equation in one unknown in terms
of the ratio of two of the three parameters a;b; cð Þ, and thus can
be analytically solved. Since a quartic equation may have four
real roots, two real roots, or no real roots, there could be four solu-
tions, two solutions, or no solutions for the coefficients p of the
constraint manifold of planar dyads. As coefficients p are homo-
geneous, in this paper, we normalize them such that p � p ¼ 1.

Furthermore, by investigating whether the solution p falls into
one of the following four patterns, we can determine the type of
the resulting dyads:

(1) If p1 ¼ p2 ¼ p3 ¼ 0, the resulting dyad is a PR dyad.
(2) If p1 ¼ p4 ¼ p5 ¼ 0, the resulting dyad is a RP dyad.
(3) If none of the above, the resulting dyad is a RR dyad.

and the dimension information can also be determined by

a0 : a1 : a2 : a3 ¼ p1 : p4 : p5 : 4p8 �
p1 p2

6 þ 4p2
7

� �
p2

4 þ p2
5

 !

x ¼ p6p5 � 2p7p4

p2
5 þ p2

4

; y ¼ � p6p4 þ 2p7p5

p2
5 þ p2

4

(9)

where (x, y) is the coordinates of the point in the moving frame M
that traces a circle, and the expression of that circle in the fixed
frame is a0 X2 þ Y2ð Þ þ 2a1X þ 2a2Y þ a3 ¼ 0, which is for RR
dyad case. When p1 ¼ p2 ¼ p3 ¼ 0, we have a0 ¼ 0, and the
circle degenerates into a straight line: 2a1X þ 2a2Y þ a3 ¼ 0 and
we obtain the dimensions for PR dyad.

Or if it is an RP dyad, the dimensions are

l1 : l2 : l3 ¼ p2 : p3 : 2p8

a0 : a1 : a2 ¼ p2
2 þ p2

3

� �
: q3q6 þ 2q2q7ð Þ : 2 �q2q6 þ 2q3q7ð Þ

(10)

where l ¼ l1; l2; l3ð Þ is the homogenous line coordinates for the
straight line in moving frame M, which always passes through a
fixed point �a1;�a2; a0ð Þ in fixed frame F.

3 Task-Driven Approach to Five-Position Synthesis

for Four- and Six-Bar Linkages

This section presents the essential contribution of this paper: a
new and unified algorithm for task-driven design of four- and six-
bar linkages with R- and P-joints for guiding a rigid body through
five specified task positions.

We start with analyzing the five given positions using the sim-
ple algorithm for the general Burmester problem. This algorithm

yields not only the number of dyads that are compatible with the
five given positions but also the specific types (RR, RP, PR, and
RR) of the dyads as well as their dimensions. In this paper, we
call these compatible dyads the feasible dyads. One of the distinct
advantages of our algorithm is that it can resolve the issue of joint
type (R or P) as well as linkage dimensions simultaneously from
the same analysis procedure. This process could yield either four
feasible dyads, or two feasible dyads, or no feasible dyads from
the five positions. Among the feasible dyads, a designer may fur-
ther determine whether they are acceptable based on additional
design requirements such as branch defect, crank requirements,
restrictions on link lengths as well as the locations of the fixed and
moving pivots, etc. The application of these additional require-
ments may further reduce the number of feasible dyads.

3.1 Type I: The End-Effector is Constrained by Two
Dyads. When there exist two or more feasible dyads, any two
dyads can be used to constrain the end-effector (the coupler link)
so that its DOF is reduced from three to one. The result is a four-
bar linkage whose fixed pivots and moving pivots can be deter-
mined using Eqs. (9) and (10). If need to be, one has two options
to expand the resulting four-bar linkage into six-bar linkages with-
out changing the number of DOF. One is to attach another triad
between the ground link and one of the input or output links. This
results in a Watt II six-bar linkage. Another is to attach a triad to
the coupler link. This results in a Stephenson IIIb six-bar linkage.

Figure 1 shows three linkages constrained by two dyads. For
comparison, we also include the conventional naming scheme for
six-bar linkages as was used by Soh and McCarthy [10].

3.2 Type II: The End-Effector is Constrained by One
Dyad. If only one feasible dyad is deemed satisfactory, the end-
effector as part of the dyad has 2DOFs. In this case, we first
expand the dyad into a five-bar closed chain by adding a triad,
without changing the number of DOF, which is two. The triad
could be any of the valid triads defined with R- or P-joints such as
RRR, RRP, RPR, and PRR. Once a triad has been selected, the
joint parameters could be obtained using inverse kinematics from
the five given positions. We then seek to add the sixth binary link
to the five-bar chain to obtain a six-bar linkage and at the same
time to reduce the DOF of the system from two to one. In this
case, the choice of the sixth link is not arbitrary but has to be
determined from the five specified task positions. There are four
distinct ways of attaching this binary link and they are shown in
Fig. 2. They result in four Stephenson six-bar linkages (I, IIa, IIb,
and IIIa).

For Stephenson IIa, we first compute five relative positions of
link 4 with respect to link 2. The SVD algorithm is then applied to
these five positions to determine where to attach the sixth binary
link in order to form a four-bar linkage using links 2, 3, 4, and 6.
In this case, since the five-bar chain provides one feasible dyad,
we know there exist feasible solutions as the resulting quartic
equation yields feasible solutions in pairs. Thus, one may obtain
up to three feasible Stephenson IIa linkages.

For Stephenson IIb, we first compute five positions of link 3 rel-
ative to link 5, and then apply the SVD algorithm to determine
where to attach the sixth binary link to form a four-bar linkage
using links 3–6. Again, one could obtain up to three feasible Ste-
phenson IIb linkages.

Similarly, one can compute five positions of link 5 relative to
link 2 and use links 1, 2, 6, and 5 to form a four-bar linkage. This
results in up to three feasible Stephenson I linkages.

For the Stephenson IIIa linkage type, one can use links 1, 6, 4,
and 5 to form a four-bar linkage and use five positions of link 4
for dyad synthesis. Again, there could be up to three feasible
linkages.

In summary, when there is only one feasible dyad, one may
obtain up to 12 Stephenson six-bar linkages for each choice of a
triad.

Fig. 4 A planar displacement of a moving frame M with respect
to the fixed frame F
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3.3 Type III: The End-Effector is Not Constrained by Any
Dyad. When the end-effector is not constrained by any dyad, it
has 3DOFs and can be easily made as the end link of a triad, with-
out changing the number of DOF. Again, we may select any one
of the several triad types involving R- and/or P-joints. To reduce
the DOF from three to one, we seek to add one binary link and
one ternary link to obtain a six-bar linkage. As shown in Fig. 3,
this leads to two Watt six-bar structures (Ia and Ib). The process
of adding a new link requires the synthesis of a four-bar linkage
as discussed earlier. For Watt Ia, this involves synthesizing the
four-bar linkage with links 1, 2, 3, and 5 and subsequently, the
second four-bar with links 3, 4, 6, and 5. As each four-bar could
yield up to three new solutions, we will have up to nine Watt Ia
six-bar linkages. Similarly, we can conclude that we will have up
to nine Watt Ib six-bar linkages as well.

In summary, when there is no feasible dyad, one may obtain up
to 18 Watt I six-bar linkages for each choice of the triad.

3.4 Discussion on Circuit/Assembly Mode of Resulting
Linkage. In practical mechanism design applications, aside from
the realization of task positions, the circuit/assembly mode should
also be considered for linkages containing four-bar closed-loop
structure, i.e., it should be investigated that if all five task posi-
tions belong to the same circuit/assembly mode.

As discussed in Sec. 3, a planar dyad constraint (such as RR,
RP, or PR) is converted to a quadric in the form of Eq. (4), which
could be represented by a hyperboloid-shaped (RR) or
hyperbolic–paraboloid shaped (RP and PR) quadratic surface in
image space (named a “constraint manifold” or “C-manifold”
[23]). The coupler motion of a four-bar closed-loop linkage,
which is constructed by two planar dyads, could be represented by
the intersection curve of two such C-manifolds in image space.
Different circuits/assembly modes are illustrated in the image
space as separate intersection curves (see Fig. 5). Since the task
positions are converted to a set of points in the image space, after
investigating the intersection curve(s), it is clear to identify the cir-
cuits/assembly modes of the coupler motion [24,25], and hereby
determine if all five task positions lie within the same circuit of the
four-bar closed-loop structure. As illustrated in Fig. 5, both result-
ing dyads are RR, and thus, we obtain an RRRR-type four-bar

structure. If there is only one intersection curve as in the right fig-
ure, it means that there exists only one circuit/assembly mode, i.e.,
it is a non-Grashof four-bar structure. But if there are two intersec-
tion curves as in the left figure, this implies that the resulting struc-
ture contains two circuits, and we need to further investigate
whether the five image points (task positions) locate on the same
intersection. If not, as in the figure, the five task positions are real-
ized separately in two circuits; then, it leads to the circuit defect.

Thus, to avoid the circuit defect of the resulting four-bar or six-
bar linkage, during the above design process in Secs. 4.1, 4.2, or
4.3, one needs to make sure that all the task positions lie on the
same intersection curve whenever a dyad is added through SVD
algorithm and a four-bar closed-loop structure is formed. If not,
the synthesized dyad should be identified as infeasible, and it is
necessary to reselect the parameters of the triad in Sec. 4.2 or 4.3
so as to obtain a different structure and set of task positions for
the following synthesizing procedure.

4 Examples

In this section, we present three examples to demonstrate the
task-driven design process for synthesizing planar linkages that
guide through five specified task positions.

4.1 Example 1: Five Task Positions With Four Feasible
Dyads. First, consider five task positions given in Table 1. The
application of our task analysis algorithm leads to four feasible
RR dyads. The circle points (x, y) and the homogeneous coordi-
nates of the circle constraints a0; a1; a2; a3ð Þ are obtained using
Eq. (9). The results are listed in Table 2 and shown graphically in
Fig. 6. These four circle constraints define four RR dyads, which
could be used to construct six four-bar linkages.

4.2 Example 2: Five Task Positions With Two Feasible
Dyads. Now, consider another set of five task positions listed in
Table 3. In this case, our task analysis algorithm yields only two
real solutions p1 and p2 for homogeneous coordinates of the con-
straint manifolds of planar dyads. Listed in Table 4 are the homo-
geneous coordinates of the two circle constraints and coordinates
of two circle points. These two circle constraints define two dyads,
which could be used to construct a four-bar linkage.

Suppose only one of the two dyads, say, for example, p2, is
deemed acceptable. We choose to use a triad (3R) to replace the
dyad associated with p1. The pivot on the moving body is then
selected to be at (3, 0) and the fixed pivot to be (1, 1). The link
lengths of the first two links are set to be identical, which is 2.
The location of the second joint can be easily calculated
by inverse kinematics: 0:7488;�0:9842ð Þ; 1:4125;�0:9570ð Þ;
1:8163;ð �0:8258Þ; 2:6789;�0:0867ð Þ; and 2:8306;0:1945ð Þ. This

results in a five-bar linkage with 2DOFs such that its third link
passes through the five given positions. As shown in Fig. 2, we
seek to add the sixth link between links 4 and 1 to obtain a Ste-
phenson IIIa linkage. The next step is to use the five positions of
link 4 to find one or more dyads that are compatible with the
resulting five-bar linkage. As feasible dyads must come in pairs
and there is already a feasible one, which is formed by links 4 and
5, we know that there exists at least one, perhaps three feasible
solutions to connect the sixth link from the ground link to link 4.
In this example, there exists only one solution for the sixth link,
which is shown in Fig. 7(a).

As stated earlier, one of the important advantages of our
approach is the generality in the type of joints. In other words,

Fig. 5 Coupling of two constraint manifolds (RR open-chain)
in image space, where each intersection curve represents one
circuit/assembly mode of the resulting RRRR four-bar linkage,
and the task positions are converted to a set of image points

Table 1 Example 1: A set of five task positions that leads to four feasible dyads

E1 E2 E3 E4 E5

Translation (3.67, 0.645) (1.98, 1.56) (2.56, 1.7) (3.5, 1.14) (4.5, 0.55)
Rotation (deg) �77 �56 �35 �38 �63
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since our algorithm handles both revolute joint and prismatic joint
with the same approach, therefore, the resulting best-fit mecha-
nisms could contain either type of joints. To illustrate this point,
we now select a different 3R chain such that the third joint
is located at (2, 0), the first joint (the ground joint) is changed to
(0, 1), and the two link lengths remain to be 2. It follows that
the locations of the second joint are: 0:7362;�0:8596ð Þ;
1:3691;�0:4580ð Þ; 1:8097;0:1484ð Þ; 1:9961;0:8744ð Þ; and 1:9021;ð

1:6180Þ. In this case, our algorithm generates three dyads that
could be used to define the sixth link between links 4 and 1, two
of which are RR dyads and the third one is a PR dyad (Table 5).
The first three coordinates of p1 are close to zero, which means
that the resulting RR dyad has such a large radius that it could be
approximated by a PR dyad. Shown in Fig. 7(b) is the Stephenson
IIIa six-bar linkage that includes this P-joint.

This example shows that the type of joints in the resulting
mechanism is not determined by preselection but by computation.
For theoretical motion synthesis, this indicates that our approach
achieves both type synthesis and dimensional synthesis simultane-
ously with one unified algorithm. In practical machine design
cases, our algorithm could yield the optimal linkage without going
through all different combinations of joint types.

4.3 Example 3: A Six-Bar Linkage Generating a Sit-to-
Stand (STS) Motion. STS motion executed by individuals is a
biomechanically demanding task requiring muscle strength
greater than other activities of daily life, such as ambulation or
stair climbing [26]. It is also known that more than two million
people of age 64 or older in the U.S. have difficulty in rising from
a chair [27]. In this section, we are seeking to design a linkage
mechanism which is incorporated in a custom wheelchair that
enables people with such disability to stand up from a seated
position. We specify five task positions sampled from the
dorsal motion of a healthy person during STS process:

Table 2 Example 1: Coordinates of circle constraints and circle points of the four resulting dyads

Vector a0:a1:a2:a3 x y Dyad type

P1 1 : �4:8708 : 1:8109 : 25:3914 3.4815 �0.3537 RR dyad
P2 1 : 0:8353 : �2:3813 : 4:4677 �3.3112 �2.7609 RR dyad
P3 1 : �0:2441 : 4:3333 : 6:3577 0.9667 �2.7887 RR dyad
P4 1 : �5:1255 : �8:1550 : 54:5546 �1.3472 0.5821 RR dyad

Fig. 6 Example 1: Four circle constraints defining four RR
dyads

Table 4 Example 2: Coordinates of circle constraints and circle points of the two resulting dyads

Vector a0: a1: a2: a3 x y Dyad type

P1 1 : 1:0109 : �5:5980 : 8:6605 2.0255 0.0430 RR dyad
P2 1 : �2:7224 : �1:1771 : 8:4095 3.5505 0.2013 RR dyad

Table 5 Example 2: Homogeneous coordinates for three dyads that could be used to define link 6 between links 4 and 1

P1 0.0019 �0.0040 0.0042 �0.2321 0.4498 0.4359 0.7315 0.1365 PR dyad
P2 0.0140 �0.0265 0.0349 �0.2720 0.4330 0.1427 0.7954 0.2887 RR dyad
P3 0.0143 �0.0656 0.0894 �0.1176 �0.0254 �0.8517 0.1902 0.4598 RR dyad

Table 3 Example 2: A set of five task positions that leads to two feasible dyads

E1 E2 E3 E4 E5

Translation (�0.8556, 2.0065) (0.2122, 2.9396) (2.1209, 4.0810) (3.9846, 4.3271) (3.3990, 5.1619)
Rotation (deg) �26 �45 �85 �125 �97
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6:6;71:8;0degð Þ; 19:46;78:69;�37degð Þ; 27:08;88:85;�30degð Þ;
32:15;101:54;ð �17:5degÞ; and 38:15;108:31;0degð Þ with the

origin of the moving frame being at the center of the wheel.
After analysis of the five task positions, it turned out that they

yield no feasible dyads, so we start with a 3R chain and synthesize
a six-bar linkage. As shown in Fig. 8, the third joint of the 3R

chain (L1) is selected at the shoulder, i.e., (0, 10) in the moving
frame, and the ground joint (F1) is at �10; 80ð Þ and the lengths of
links 2 (F1M1) and 3 (M1L1) are both set to be 35. Following the
procedure in Fig. 3, we next choose to add link 5 (L2M3) between
links 2 (F1M1) and 4 (L1L2). Using our SVD-based motion synthe-
sis algorithm in Sec. 3 to analyze the relative positions of link 4

Fig. 7 Example 2: Two six-bar linkages obtained by constrain-
ing a five-bar chain with an additional link connecting to the
ground: a Stephenson IIIa six-bar linkage with no P-joint (a) and
one P-joint (b),

Fig. 8 Example 3: The synthesized six-bar linkage for the gen-
eration of STS motion at the third task position

Fig. 9 Example 3: The sit-and-stand six-bar linkage at task
positions 1 and 2 (top) and 4 and 5 (bottom)

Fig. 10 Example 3: The sketch for the prototype that employs
the six-bar linkages designed in Fig. 8, with position 4 (Fig. 9)
being realized
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with respect to link 2, we obtain link 5: L2 ¼ �0:1867; 85:3220ð Þ
and M3 ¼ 8:8308; 67:2514ð Þ at the position in Fig. 8. Adding link
5 reduces the DOF of the system from three to two.

Link 6 (F2M2) is added between links 5 (L2M3) and 1 (ground)
to reduce the system DOF from two to one. Similarly as above,
after computing the five positions of link 5 with respect to
the ground and conduct our SVD-based motion synthesis
algorithm, we obtain the locations of two R-joints of link 6:
F2 ¼ 2:9477; 69:7299ð Þ and M2 ¼ 4:2413; 72:2061ð Þ in Fig. 8.
Figure 9 shows the synthesized Watt Ia six-bar linkage passing
through the remaining four specified task positions. Figure 10
illustrates a prototype for the assistive wheelchair, with the result-
ing six-bar linkage equipped at the seat back part.

5 Conclusions

In this paper, we developed a task-driven unified methodology
for synthesizing four-bar and six-bar linkages for five-position
motion generation. Central to our methodology is an SVD-based
task analysis algorithm that reduces the five-position synthesis
problem to the solution of a quartic equation. The algorithm is for-
mulated using planar quaternions which lead to a unified represen-
tation of all four types of planar dyads, RR, RP, PR, and PP, using
a set of eight homogeneous coordinates p1; p2;…; p8ð Þ satisfying
two quadratic equations. A novel feature of this algorithm is that
it solves the five-position Burmester problem by analyzing the
five given positions directly. One can now determine, directly,
whether a particular set of five positions can be realized with any
of the four planar dyads, and if not, one can proceed to synthesize
six-bar linkages for five-position motion generation. In addition,
this paper also provides a new classification of planar six-bar link-
ages based on whether a rigid body (the end-effector) can be con-
strained with two dyads (type I), or one dyad (type II), or no dyad
(type III). While the traditional classification, named after Watt
and Stephenson, is based on how four binary links and two ternary
links are connected and is more suitable for the analysis of six-bar
linkage, our classification focuses on how the end-effector is con-
strained as part of a six-bar linkage and is thus more suitable for
task-driven design.
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