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A Novel Approach to Algebraic
Fitting of a Pencil of Quadrics
for Planar 4R Motion Synthesis

The use of the image space of planar displacements for planar motion approximation is a
well studied subject. While the constraint manifolds associated with planar four-bar link-

ages are algebraic, geometric (or normal) distances have been used as default metric for
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nonlinear least squares fitting of these algebraic manifolds. This paper presents a new
Sformulation for the manifold fitting problem using algebraic distance and shows that the
problem can be solved by fitting a pencil of quadrics with linear coefficients to a set of
image points of a given set of displacements. This linear formulation leads to a simple

and fast algorithm for kinematic synthesis in the image space. [DOI: 10.1115/1.4007447]

1 Introduction

This paper deals with the use of the image space of kinematic
mapping for planar motion approximation. The concept of kine-
matic mapping was first introduced by Blaschke [1] and Grunwald
[2]. A comprehensive theory for applying kinematic mapping for
motion approximation was developed by Ravani and Roth [3,4].
These works were followed by Bodduluri and McCarthy [5], Bod-
duluri [6], Larochelle [7,14], Ge and Larochelle [8], Husty et al.
[9]. Purwar et al. [10] and Wu et al. [11] have applied kinematic
mapping approach to the design of single- and multi-DOF
(degrees of freedom) planar linkages using an interactive com-
puter graphics method. The basics of kinematic mapping have
been summarized in the seminal book by Bottema and Roth [12]
and in a more recent book by McCarthy [13].

The main idea of the kinematic mapping based approach to kine-
matic synthesis is to transform planar displacements into points in
the image space and algebraic constraints into algebraic manifolds
in the same space. In this way, a single degree of freedom motion
of a planar mechanism is represented by the intersection curve of
two algebraic manifolds. The problem of motion approximation
is transformed into an algebraic curve fitting problem in the
image space, where various methods in approximation theory
may be applied. This includes the definition of the approximation
error (called structural error) in the image space, formulation of
a least squares problem, and applying appropriate numerical meth-
ods to find values of the design variables for minimization of the
error.

While the constraint manifolds associated with planar four-bar
linkages are algebraic, geometric (or normal) distances have been
used as default metric for least squares fitting of these algebraic
manifolds. This paper studies the problem of using algebraic dis-
tance for least squares fitting of quadrics defining the constraint
manifolds. In contrary to the existing approach of trying to use the
intersection curve of two algebraic manifolds for curve fitting, this
paper shows that the problem of kinematic synthesis of planar 4R
linkages can be solved by directly fitting a pencil of quadrics to a
set of image points defining the image curve of a desired motion.
This leads to a very simple and fast algorithm for mechanism syn-
thesis. While geometric distance based least squares approxima-
tion in theory should yield more accurate approximation, in
practice, due to nonlinear nature of the optimization process,
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approximation of geometric distance is typically used instead of
the exact distance. The quality of approximation under algebraic
fitting could be actually better than the first order approximation
of geometric distances used in prior work.

The organization of the paper is as follows. Section 2 reviews
the concept of kinematic mapping and image space in so far as
necessary for the development of this paper. Section 3 presents
the constraint manifold associated with a planar dyad composed
of revolute joints. Section 4 reviews the existing work on
least squares fitting of algebraic manifolds using geometric and
algebraic distance measures. Section 5 deals with the problem of
algebraic fitting of a pencil of quadric surfaces to a set of image
points of a set of given displacements. Examples are presented in
Sec. 6.

2 The Image Space of Planar Kinematics

A planar displacement, as shown in Fig. 1, can be given by the
following 3 x 3 homogenous matrix:
cos¢p —sing d;
cosdp dy (1)
0 0 1

[T] = | sin¢

where d;,d, represent the origin of the moving frame M with
respect to the fixed frame F, and ¢ denotes the orientation of M

dy |- X~

Y

0 d F

Fig.1 A planar displacement of a moving frame M with respect
to the fixed frame F
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relative to F. The three parameters (di,da, ¢), for a planar dis-
placement can be combined to define a four-dimensional vector
Z = (Z,2,,7Z5,Z4) where (see Refs. [3,12,13])

1
Z) == (dl sin? —dy cos?)

2 2 2

1
Z, == | d; cos?—kdz sin?

2 2 2 )
Z3 = sin%
Zy = COSE

In this way, we can convert the homogeneous transform (1) into a
new matrix which is quadratic in terms of Z; (i=1, 2, 3, 4)

72 -7: —27:7,4 2(Z1Z5 + 7274)
1= | 22374 7z - 72 22275 — Z,Zy4) 3)
0 0 ZZ+72

The four-dimensional vector Z = (Z,,Z,,Z3,Z4) has been consid-
ered as defining a point in a projective three-space called the
Image Space of planar displacement [3].

3 Algebraic Manifolds in the Image Space

This section provides a review of the constraint manifold asso-
ciated with a special motion in a plane that has two degrees of
freedom: a motion for which a point of the moving body stays on
a circle [3,12,13]. Physically, this motion can be realized with a
dyad composed of two revolute joints, i.e., an RR dyad.

Let (x, y, 1) denote the homogeneous coordinates of a point on
the moving body and (X, Y) its corresponding affine coordinates
with respect to the fixed frame. It follows from Eq. (3) that

(Z2 — Z3)x — 27374y + 2(Z1Z5 + ZaZy)
2+ 72 ’

X =
(C)]
| 2Z3Zux + (23 — Z3)y + 22223 — 71 Zs)

Y
ZZ+7;

Consider a circle with radius r and center at (X,,Y,). The sub-
stitution of (X, Y) from Eq. (4) into the following equation:

X=X+ -Y)-rr=0 )
leads to
22472 +20172,23 + 2007575 + 21121 2y + 2127074

+2(0111 + 0212)Z3Z4 + (6% + 6% — c)Zg + (‘L’% + ‘E% — C)ZZ =0

(6)
where
p _7X+Xc J_7Y+YL
1= > ; 2 = 2 ’
’ N
_ )y _x=Xe
T = D) , T2 > ) - 4
In matrix form, Eq. (6) can be expressed as
Z'C1Z =0 ®)
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X

(x3,¥2)

(x;, y1)

(XCI’YCI) (‘XCZ’YCZ)

Fig. 2 A planar 4R linkage with a fixed frame F and a moving
frame M. The ground pivots are located at (-2.2, 0.1) and (1.15,
0.38) relative to F; the moving pivots are located at (1.24, 0.1)
and (4.59, 1.34) relative to M; and the length of the input link
and output links are r; =1.2377 and r, = 4.6712, respectively.

where
1 0 0 T
0 1 [ T2
[C] = 2, 2 ©
o1 0y o1+o03—c (01T + 0212)

11w (ot +oan) ©T+K-c

and ZT is a row vector of its coordinates Z;. This quadric surface
has been called the constraint manifold of a RR dyad [13]. By let-
ting Z4 = 1, one can rewrite Eq. (6) into

(Zy+ 0125+ T|)2 n (Zo 4 0225 + T2)2
¢ ¢

~-Zi=1 (10)

Equation (10) indicates that the projection of the constraint mani-
fold (6) onto the hyperplane Z; = 1 results in a right circular
hyperboloid of one sheet.

For a planar 4R linkage, the coupler motion is constrained by two
RR dyads and thus its image curve is the intersection of two con-
straint manifolds associated with two RR dyads [3]. Figure 2 shows
a 4R linkage to be used as an example in Sec. 6 of the paper. Figure 4
shows a pair of hyperboloids of one sheet, which are the constraint
manifolds of the linkage. The location, orientation, and size of each
of the two hyperboloids are defined by a set of five design variables:
three coming from the circle constraints (X, Y, ) and the other two
from the choice of the moving point (x, y). In this way, the problem
of dimensional synthesis of a planar 4R linkage for motion approxi-
mation can be studied as a curve fitting problem in the image space,
i.e., find ten design parameters (X, Yei, 11, X, yi) (i=1, 2) such that
a measurement for motion approximation error is minimized.

4 Least-Square Fitting of Algebraic Manifolds

Ravani and Roth [3] were the first to use normal distance for
least squares fitting of a set of image points to the algebraic mani-
folds of a four-bar motion. Their algorithm has two features: (1)
fit the set of image points to two constraint manifolds simultane-
ously; and (2) use a linear approximation of constraint manifolds
to obtain an estimate for the normal distance. The resulting algo-
rithm is highly nonlinear and requires many initial choices to con-
verge to a reasonable solution.

Larochelle [18,19] presented a different approach to the con-
straint manifold fitting problem that has the following two fea-
tures: (1) fit the set of image points to a single constraint
manifold; and (2) use a direct search method to obtain the normal
distance directly. The restriction to a single manifold greatly
reduces the difficulty in the fitting problem and only one random
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initialization is required to converge to a good solution for a single
RR dyad. However, the fitting of a single manifold is not suffi-
cient to solve the motion approximation problem that involves the
intersection of two manifolds.

The problem of fitting algebraic manifolds (or surfaces) has
also received considerable attention in Computer Aided Design
(CAD) and pattern recognition. Pratt [15] discussed in details
issues related to the least squares fitting of quadric surfaces using
algebraic distances. Chen and Liu [16] presented a method for
fitting a general quadric surface with ten linear coefficients based
on algebraic distance. In particular, they described criteria for
classifying various quadric surfaces for surface recognition. Ahn
et al. [17] presented a general theory for orthogonal (or normal)
distance fitting of implicit curves and surfaces.

Although not explicitly mentioning algebraic distance, Hayes
et al. [20,21] explored the use of algebraic distance for least
squares fitting of quadric surfaces in the image space of planar ki-
nematics. Hayes and Rusu [21] considered two types of quadrics,
one is the general quadric with ten linear coefficients and the other
is the constraint manifold associated with a planar dyad. Similar
to Chen and Liu [16], they also include a classification of quadric
surfaces that are well known in classical geometry. While these
ideas present a significant step forward, they did not address the
key issue of how the fitting of a single manifold can lead to the
complete solution of fitting a set of the image points to the inter-
section curve of two constraint manifolds.

In summary, there have been two major issues involved in least
squares fitting of constraint manifolds: one is the choice of dis-
tance measure, geometric or algebraic, and the other is whether to
fit a single constraint manifold or two simultaneously. We have
found that in the case of constraint manifold of an RR dyad
(Eq. (8)), algebraic distance formulation gives almost the same ac-
curacy as geometric distance formulation while incurring far less
computational cost. Table 1 lists the results of three fitting meth-
ods, the approximate geometric distance fitting of Ravani and
Roth [3], the exact geometric distance fitting of Larochelle [18],
and the algebraic distance fitting using the Levenberg-Marquardt
nonlinear least squares algorithm that we tested. This table uses
the input data for the numerical example presented in Ravani and
Roth [3].

Furthermore, all the existing work for quadric surface fitting in
CAD deals with surface data that lead to a unique best fit surface.
In kinematics, however, a given motion is mapped to a curve in
the image space. Thus, the problem of quadric surface fitting in
the context of kinematic mapping is fundamentally different from
CAD. Since only curve data are given, the result is not a unique
quadric but a pencil of quadrics that share the same curve of inter-
section. In this paper, we study algebraic fitting of quadric surfa-
ces from this perspective and develop a new method for kinematic
synthesis of planar 4R linkages based on linear least squares fit-
ting of a pencil of quadrics.

5 Algebraic Fitting of a Pencil of Quadrics

A general quadric surface in the Image Space is given by
D2} + 025 + @375 + QuZiZs + qsZ0 Z3

+ q6Z0Zs + @121 Zs + qsZoZs + qoZsZs + q1oZs =0 (11)

Table 1 Comparison of geometric versus algebraic distance
fitting: R—Ravani, L—Larochelle, .A—Algebraic

X, Y, r,x,y) Structural error
R (14.00, —0.12, 8.31, 9.00, —1.00) 1.03x 1072
L (14.98, —2.08, 6.45, 11.22, —4.62) 3.62x 1073
A (14.92, —2.07,6.41, 11.03, —4.70) 9.58 x 10°*

It follows from Eq. (6) that for Eq. (11) to represent the constraint
manifold of a RR dyad, we must have

91 =q, q4=0 (12)

Substituting the above into Eq. (11) and replacing the remaining
coefficients with p;(i = 1,2, ..., 8), we obtain

PI(Z} +Z3) + paZ5 + p3ZiZs
+ paZoZs + psZiZs + peZoZa + prZaZs +psZs =0 (13)

Let X =2,/24,Y =2,/Z4,Z =Z5/Z4. Now, consider the
problem of fitting a pencil of quadrics to a set of N points, where
N > 8, arranged such that they define an image curve rather than
a surface. This problem can be formulated as an overconstrained
linear problem [A]p = 0 where the coefficient matrix becomes the
matrix [A], which is given by

(X24Y2 72 X\Zy NZ X, Y, Zy 17

X2 +Y2 72 XyZy YnZy Xy Yy Zy 1)
(14)

5.1 Singular Value Decomposition (SVD). In linear algebra,
the SVD of an N x 8 matrix [A] is a factorization of the form [22]

[4] = [lIsIvVI” (15)

where [U] is an N x N orthonormal matrix, whose N columns,
called the left singular vectors of [A], are the eigenvectors of
[A][A]";[S] is an N x 8 diagonal matrix with eight non-negative
real numbers (singular values) on the diagonal, whose values are
square roots of the eigenvalues of [A][A]" (or, [A]"[A]); and [V]" is
an 8 x 8 orthonormal matrix, whose eight columns, called the
right singular vectors, are the eigenvectors of [A]"[A].

The overconstrained system of linear equations, [A]p = 0, can
be solved as a total least squares minimization problem with the
constraint p’p = 1. The solution turns out to be the right singular
vector of [A] corresponding to the smallest singular value. For a
two-dimensional set of points (or surface data), if there is a perfect
fit, there will be only one singular value that is equal to zero. This
leads to a unique singular vector that defines the coefficients of a
quadric that best fits the data; for a one-dimensional set of points
(or curve data), if there is a perfect fit, there will be two singular
values that are zero. In this case, they lead to a singular plane,
which may be defined by a pair of orthonormal singular vectors of
eight dimensions, V; and V;, that correspond to two smallest

Table2 Ten positions sampled from a four-bar motion

Translation Rotation (deg)
(—0.8253,—1.0329) 91.91
(—1.6554, —0.2721) 66.99
(—2.6392,0.2920) 49.90
(—3.5027,0.3088) 43.94
(—4.0549, —0.2141) 45.58
(—4.1022, —1.0521) 52.67
(—3.5805, —1.8708) 64.52
(—2.6250, —2.3408) 78.84
(—1.5557, —=2.2742) 93.02
(—0.8016, —1.7382) 101.25
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Table 3 The singular values of [A]

448 x107% 5.91 x 107% 0.0073 0.1525 0.2868 1.2043 1.6355 10.4664

singular values. Thus, any unit vector in the singular plane can be
given by

p = cos Ov; + sin Ov, (16)

where the angle 6 indicates the orientation of p relative to the ba-
sis vectors V; and V;. In view of Eq. (13), the singular vector p
given by Eq. (16) defines a pencil of quadrics as 0 varies.

5.2 Identifying Constraint Manifolds From a Pencil of
Quadrics. We note that the singular vectors, V; and V,, obtained
directly from a SVD algorithm may not take the form of the con-
straint manifold associated with a RR dyad as given by Eq. (6).
As can be seen in Sec. 6 (Fig. 4), in addition to a hyperboloid of
one sheet, Eq. (13) may yield an ellipsoid or an hyperboloid of
two sheets as well. We now consider the problem of identifying
those special quadrics within the pencil of quadrics that corre-
spond to the constraint manifold of a RR dyad. By comparing
Egs. (6) with (13), we conclude that a singular vector (16) repre-
sents the coefficients of a constraint manifold when their compo-
nents satisfy the following two quadratic relations:

p1p7 — (paps + paps) /2 = 0,

17

pi(p2 = ps) = (P3 +pi —P5 —Pe)/4=0 4
When the given data are perfect, i.e., when they are generated
from a RR dyad, the two relations in Eq. (17) would be compati-
ble. If the data are not perfect, we may have to find the angle 0
that approximately satisfies Eq. (17). This may be formulated as a
least squares problem

E(0) = [pip7 — (p3ps + pape) /2]
+pip2—ps) — (3 +03 —PE— PO /A (18)

The optimal value for 0 can be obtained by minimizing E(0).

6 Three Examples

6.1 Exact Four-Bar Motion Synthesis. In this section, we
use an example of a four-bar coupler motion that comes from
Fig. 2 to illustrate our approach. Listed in the caption are the pa-
rameters that constrain this four-bar motion. These include the
centers and radii of two circles, (X.1,Yc1), (Xe2,Ye2),r1 and r, as
well as the locations of moving pivots (x1,y;) and (xz,y,) with
respect to the moving frame.

We sample ten positions from this motion and list them in
Table 2. The size for matrix [A] as in Eq. (14) is 10 x 8. The next
step is to find the two smallest singular values and their corre-
sponding singular vectors of [A] by SVD. The singular values are
listed as in Table 3. Two near-zero singular values close to the
machine precision are ¢; = 4.48 x 1078, g, = 5.91 x 1078, Their
associated singular vectors are listed in Table 4, where the last
column e indicates the square-root of the constraint fitting error £

Fig. 3 Two “eigen-quadrics” defined by two singular vectors
in Table 4: v, defines an ellipsoid while v, defines a hyperboloid
of two sheets. The highlighted image curve shows the intersec-
tion of two quadrics.

as defined by (18). As shown in Fig. 3, these singular vectors
define an ellipsoid and a hyperboloid of two sheets and, therefore,
are not the constraint manifolds of RR dyads.

Minimizing E(6) in Eq. (18) leads to two sets of solution as
listed below

0, = —43.13deg, e; =2.25x 1071, (19)
0, =44.72deg, e, =6.98 x 10713
They give rise to the following two coefficient matrices:
1 0 0.4800 0.0000
0 1 —0.1000  1.7200
[Ci] = (20
0.4800 —0.1000 —-0.1426 —0.1720
0.0000 1.7200 —0.1720 2.5754
1 0 —2.8700 —0.4800
0 1 —0.8600  1.7200
[Ca] = 21
—2.8700 —0.8600 3.5215 —0.1016
—0.4800 1.7200 —0.1016 —2.2662

The constraint manifolds defined by these two matrices are shown
in Fig. 4. They represent exactly the two hyperboloids of one
sheet that constrain the motion of the given four-bar mechanism.
We also note that quadrics in Figs. 3 and 4 share the same inter-
section curve, yet only a pair of them are valid constraint mani-
folds. Since vector p in Eq. (16) represents an arbitrary vector in
the singular plane, we can visualize the evolution of the “eigen-
quadrics” to the constraint manifolds by varying 0. Figure 5 shows

Table 4 A pair of orthonormal singular vectors corresponding to singular values
61 =4.48x1078 and 6> = 5.91x10°8. Error e in the last column indicates the constraint fit-

ting error.

P1 P2 P3 Pa

Ps Pe P

Pg e

\'J 0.2387 0.2716 —0.3298 —0.1745
v, —0.0677 03360 —0.6618 —0.1218

—0.8009 0.8211
—0.0855

—0.0704 0.2108  0.1555
—0.2329 0.0358 —0.6057 0.1677
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Fig. 4 Constraint manifolds of the two dyads identified from a
pencil of quadrics. In the hyperplane Z, =1, the two constraint
manifolds are given by (X+22)2+(Y - 01)>=1.53 and
(X+115) + (Y- 038)% = 21.82.

Fig. 5 In-between quadrics obtained from vector p for three
values of 0 = 80.21deg, 70.73 deg, 60.00 deg. Also, shown is an
“eigen-quadric” (hyperboloid of two sheets) defined by v,
(6 =90deg).

how the ellipsoid of Fig. 3 evolves to a hyperboloid of one sheet
that represents a valid circular constraint. Similarly, Fig. 6 shows
how the hyperboloid of two sheets in Fig. 3 evolves to a hyperbol-
oid of one sheet.

6.2 Approximate Four-Bar Motion Synthesis. In this sec-
tion, to illustrate how well our approach handles approximated
motion, we add some random noise to the input positions given in
Table 2. The new data are listed in Table 5.

Following the same procedure as before, we obtain the singular
values as listed in Table 6. Two near-zero singular values

Journal of Computing and Information Science in Engineering

Fig. 6 In-between quadrics obtained from vector p for three
values of 0 = —48.60deg, —42.84 deg, —36.87 deg. Also, shown
is an “eigen-quadric” (ellipsoid) defined by v, (0 = 0).

Table 5 Ten given positions for approximate motion synthesis

Translation Rotation (deg)
(—0.9822, —1.0389) 78.54
(—1.6808, —0.2377) 56.77
(—2.5539,0.3288) 42.43
(—3.3366,0.3632) 37.77
(—3.8565, —0.1174) 39.89
(—3.9009, —0.9078) 47.13
(—3.4396, —1.6997) 58.25
(—2.5710, —2.1842) 71.48
(—1.6143, —2.1793) 83.77
(—0.9229, —1.7280) 89.21

Table 6 The singular values of [A] for the approximated
example

1.76 x 107 3.03x 107 0.0696 0.1336 0.1533 1.1662 1.5327 9.7251

are: o7 = 1.76 x 107,60, =3.03 x 1073 and their associated
singular vectors as well as the constraint fitting error e are listed in
Table 7.

Minimizing the error function in Eq. (18) leads to

0, = —21.28 deg, e; =578 x 1073

(22)
0, = 54.08 deg, e, =5.65x 1073

The resulting singular vectors define the constraint manifolds with
the following coefficient matrices:

1 0 0.3597  0.03519
0 1 —0.1420 1.6281
€1] = 23)
0.3597 —0.1420 —-0.1341 —-0.2709
0.03519 1.6281 —0.2709 2.3668
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Table 7 A pair of orthonormal singular vectors that correspond to singular values
61 =1.76x1073 and ¢, = 3.03x1073. Error e in the last column indicates their constraint fit-

ting error.

P P2 P3 P4

Ps Pe P Psg e

\ 0.2385  0.1986 —0.08753 —0.1188
v, —0.03487 0.5966 —0.6903

0.007753  0.7819 —0.2153
—0.1211 —0.02564

0.4734 0.08199
—0.1002 —-0.2019 —0.3166 0.1522

Fig. 7 “Eigen-quadrics” (ellipsoid and hyperboloid of two
sheets) and the constraint manifolds (hyperboloid of one sheet)
of a planar 4R mechanism for approximate motion synthesis

Table 8 The resulting parameters of a planar 4R mechanism
for approximate motion synthesis

Design variables Value

Xer, Yer) (—1.9878,0.1772)
r1 1.0667

(1, y1) (1.2684,0.1068)
X2, Ye2) (1.0431,0.6785)
) 3.2664

(2, y2) (4.4231,0.8237)

Table 9 Comparison of resulting parameters of a planar 4R
mechanism with Ravani and Roth’s example

Design variables Our method Ravani
Xe1, Yer) (6.43, -0.21) (6.46, —0.06)
r 5.02 5.07
(x1,y1) (2.73, —8.60) 3,-9
X2, Yeo) (15.00, —0.80) (14.00, —0.12)
I 597 8.31
(X2, ¥2) (11.40, —4.33) (9.00, —1.00)
1 0 —2.7331 0.07263
0 1 —0.7511  1.6900
[C] = (24)
—2.7331 —-0.7511 5.3699 —1.2975
0.07263 1.6900 —1.2975 0.1907

Figure 7 show two “eigen-quadrics” as well as two constraint
manifolds. The mechanism parameters can be obtained from

041003-6 / Vol. 12, DECEMBER 2012

Eq. (9) and are listed in Table 8. The structural error of approxi-
mation is calculated to be 8.41 x 1072,

6.3 Comparison With Ravani and Roth’s [3] Example. For
Ravani and Roth’s [3] ten design positions, our linear optimiza-
tion method produces structural error of 9.51 x 1073, which is
only slightly lower than their error of 1.03 x 1072, however, the
advantage over their method is in a simpler and efficient formula-
tion. Table 9 lists the results of the comparison between our
method and Ravani and Roth’s method.

7 Conclusions

In this paper, we presented a novel method for synthesizing pla-
nar motion using kinematic mapping. Instead of finding two
constraint manifolds associated with a four-bar linkage with non-
linear (quadratic) coefficients, which makes the problem difficult
to solve, we used a more general form of quadric such that its
coefficients are linear. Furthermore, we seek to fit a given set of
image points to a pencil of quadrics. This leads to a linear least
squares problem that can be readily solved using SVD algorithm.
After obtaining the pencil of quadrics that contains the constraint
manifolds, we then impose the quadratic constraints associated
with the constraint manifold to find the two special quadrics that
satisfy the requirements for a RR dyad. The resulting algorithm
for planar four-bar linkage synthesis is efficient and the underly-
ing mathematical machinery is simpler.
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