This is an open access article published under an ACS AuthorChoice License, which permits
copying and redistribution of the article or any adaptations for non-commercial purposes.

a\
>
A4

2

ACS
AUTHORCHOICE

http://pubs.acs.org/journal/acsodf

The Shape of Heavy Droplets on Superhydrophobic Surfaces

Yang Yu,* Cunjing Lv, Lifeng Wang, and Peiliu Li

Cite This: ACS Omega 2020, 5, 26732-26737

I: I Read Online

ACCESS |

[l Metrics & More

| Article Recommendations

ABSTRACT: An analytical model is developed to describe the shape of heavy droplets on
solid surfaces with arbitrary wetting properties (corresponding to the contact angles ranging y
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(RTEA Model)
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from 0 to 180°). This model, based on a surface of revolution by rotating two elliptic arcs, sl

reduces to the ellipsoid model for a hydrophilic case. Experimental measurements are also —

conducted to verify the model. It shows that the mean curvature distribution of the developed kc\" T Oflj{ _______ _VL_LAHPYI;
‘ 2

model agrees well with that of real droplets on hydrophobic surfaces, even on [z o
superhydrophobic surfaces. For water droplets with a volume up to 1000 uL on
superhydrophobic surfaces having a 162° contact angle, the errors of the predicted heights,
maximum radius, and wetting radius using this model are less than 1.7%, which suggests the
capability of this model in studying the wettability of heavy droplets. This model provides an
accurate theoretical basis for designing and controlling the spread, transport, condensation, and

evaporation of heavy droplets on superhydrophobic surfaces.

1. INTRODUCTION

Spread, transport, condensation, and evaporation of droplets
have important applications in many fields,'™® such as
microfluidic, micro-electromechanical systems (MEMS), med-
ical apparatus and instruments, chemical engineering, and
biological engineering. In these processes, both the droplet
shape and wetting property of solid surfaces affect the dynamic
behaviors of the system. The height, maximum cross section,
and wetting area of the droplet, which are determined by its
shape, have key effects on the driving forces and resistance
forces. Superhydrophobic surfaces’” with high contact angles
(6 > 150°) and very low rolling angles (a < 5°) can help
droplets to move and transport more freely and faster. In
nature, raindrops can run down from the lotus leaves'’ and rice
leaves'' very easily due to the superhydrophobicity of leaves.
In daily life, droplets moving and transporting on solid surfaces
have a wide range of applications in clinical diagnostic
screening,lz’13 condenser systerns,14 and biomedical applica-
tions."

The equilibrium shape of a droplet is determined by the
Young—Laplace equation,'® 2yH = Ap, where y is the surface
tension, H is the mean curvature, and Ap is the Laplace
pressure. The challenge lies in the fact that the Young—Laplace
equation cannot be solved analytically except in a few special
cases;' '8 therefore, a lot of efforts have been made to solve it
numerically. An alternative approach is to approximate the
shape of the droplet with an a priori assumed profile.
Approximate curved surfaces are widely used to replace the
real shape of droplets to analyze or study the corresponding
dynamic and static behaviors.””™>' Generally, the effect of
gravity could be neglected when the characteristic scale of the

droplet is much smaller than the capillary length I, = \/y/pg,
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where p is the mass density of the liquid and g is the
gravitational acceleration. In this case, the Laplace pressure Ap
is almost a constant and the spherical cap model can well
describe the shape of the droplets,” and the variable radius cap
model is used for the droplets on a cylinder surface.”” The
superhydrophobic surfaces are always rough. Unlike smooth,
homogeneous, and uncontaminated surfaces where the solid—
liquid—vapor three-phase contact line of the droplet is circular,
microdecorated surfaces offer anisotropic energy barriers such
that the depinning contact angles vary along the perimeter and
the contact line shape is polygonal.”® The rotational symmetry
model cannot correctly predict such contact lines. However,
the energy barriers could decrease to very low values and
become identical when the size and space of the microstructure
are small.”* Under such scenarios, the three-phase contact line
of the droplet is almost circular on these superhydrophobic
surfaces, and the rotational models are available.

However, the effects of gravity should be considered when
the characteristic scale of the droplet is larger than the capillary
length. Gravity affects the shape of droplets and also the
dynamic behavior of droplets, such as dynamic advancing
angle, receding angle, and sliding angle.25 There are a lot of
practical applications related to heavy droplets, ranging from
liquid marbles,* long-distance liquid trans%)ort behaviors,”’
liquid lenses,”*’ to medical liquid samples.'” In this regard, a
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new and more convenient method that could capture the
geometry properties of heavy droplets is necessary and highly
desired. For heavy droplets, the Laplace pressure Ap of the
whole droplet is not a constant but a linear distribution alon%
the gravity direction. Previously, the oblate spheroid model’
and ellipsoid model®"** were widely used to approximately
describe the shape of heavy droplets instead of the spherical
cap model. The oblate spheroid model was proposed
depending on minimization of the total energy, and this
model could be used to calculate the shape and contact angle
of heavy droplets.”” The ellipsoid model was built by assuming
that the droplet takes the shape of an oblate spheroidal cap and
by minimizing the corresponding free energy, and it was
verified that this model is accurate for the contact angle below
about 120° and the size on the order of the capillary length.”’
Another ellipsoid model based on the volume and contact
angle was proposed for mvestlgatlng heavy droplets on flat and
spherical solid surfaces.” It showed that the droplet height and
wetting radius given by the ellipsoid model well fitted the
results of Surface Evolver simulations under the conditions that
the volume was less than 100 uL and the contact angle was less
than 120°. The ellipsoid model was also used to study the
evaporation of sessile drops (0.3—1.5 mm) on polymer
surfaces and fitted the experimental data better than using
the spherical model.”> Furthermore, the ellipsoid model was
also employed to study the shape of droplets and to calculate
the contact angles on anisotropic surfaces.”*

Even though, on hydrophilic surfaces (6 < 90°), these
ellipsoid models are in good agreement with the shape of heavy
droplets for droplet sizes on the order of the capillary length,
they are not able to give a very good description of the heavy
droplet shape on surfaces with moderate hydrophobicity (90°
< 0 < 120°). Moreover, all of them cannot describe the shapes
of heavy droplets on superhydrophobic surfaces due to
symmetric problems. In these models, the upper part of the
droplet is simply assumed to be symmetric to its lower
counterpart, which is inconsistent with the Young—Laplace
equation. Consequently, there is no physically correct solution.
In this work, we develop an analytical model to describe the
shape of heavy droplets on flat solid surfaces with arbitrary
wetting properties (corresponding to the contact angles
ranging from 0 to 180°). The model is based on a surface of
revolution by rotating two elliptic arcs (RTEA). For water
droplets with a volume up to 1000 uL on superhydrophobic
surfaces, the proposed model can accurately predict the
heights, maximum radius, and wetting radius. The model
developed in this paper is promising to analyze and understand
the natural wetting states of large droplets, shedding new light
on optimizing solid surfaces to control their capillary
behaviors.

2. THEORY AND METHOD

The equilibrium shape of a droplet on a flat solid surface is a
surface of revolution with a central axis. The Cartesian
coordinate system is established as shown in Figure 1. The x
axis is along the maximum radius and parallel to the solid
surface. The z axis is along the central axis, and the y axis is
perpendicular to both the x axis and z axis. The shape of the
droplet on hydrophilic surfaces is entirely only one part, and it
is the same as the ellipsoid model, whereas it is considered to
be composed of two parts (Part I as the black line and Part II
as the red line) that are divided by the xOy plane on
hydrophobic surfaces. These two parts are both surfaces of

Droplet height

Wetting radius

Maximum radius

Figure 1. Schematic showing the theoretical model employed to
approximately describe the shape of a heavy droplet. The coordinate
system is established, and the geometrical parameters are indicated.

revolution that are obtained by two elliptic arcs rotating
around the central axis. The semimajor axis and semiminor axis
of the upper elliptic arc are a; and b; (a; > b,), respectively.
Those of the lower elliptic arc (as indicated by the red dashed
line) are b, and a, (b, > a,), respectively, and the lower arc
needs a horizontal translation of distance [ to keep the whole
profile continuous.

The upper and lower surfaces of revolution are, respectively,

2 2 2

X y z
i+ =1, (>0
al al b} (>0 (1)
2 2 2
NEE A 2
#+Z—2=1, (=h, <z<0)
a, b, (2)

where h, is the height of the lower part, and the horizontal
translation is

l=a - a, (3)

The translation leads to a continuous link of the upper part
and lower part; meanwhile, the first derivative is also
continuous automatically because the tangent lines of the
joint of the two parts are both perpendicular to the x axis in the
xOz cross section.

The mean curvature (H) is an average of the two principal
curvatures (k; and k,), ie, 2H = k; + k,. The principal
curvatures are the same at the same height due to rotational
symmetry. The principal curvatures at every point of the
elliptic arc in the xOz plane (y = 0) can represent the principal
curvatures at the same height. Therefore, for the upper surface,
the two principal curvatures are, respectively,

b4
krgy = 4
lup IZ _ bZ 2 + b4)3/2 (4)
k b12

e anjalz’ — blz® + b} (s)

For the lower surface, they are

4
k _ a,b,
1low ( 2Z2 _ b22z2 + b;})3/2 (6)
bb? — 2*
kZIow = ) 7
(az\/b — 2" + bl )\/azz — byz" + by (7)

For each part, the difference in the Laplace pressure between
the top point and the bottom point equals that generated by
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gravity (i.e, Apl,g — Apl,_y; = pgb; and Apl,__,, — Apl._, =
pgb,, respectively), so we get

a 1 b

r(—i + —) - 2y~ = pgh
b 4 a; (8)
b, a, 1

Tal y(bf @+ ] re ©)

In order to keep the pressure distribution (depending on the
mean curvature of the interface) continuous across the
combining site, the mean curvatures of these two parts are
satisfied as

a; l_ﬁ 1

b2 a, b2 ay+1 (10)

It also keeps the second derivative of the model, which is
related to the mean curvature continuous.

The volume of the droplet (V,) and wetting property of the
solid surface (contact angle 6) are known to provide the
boundary conditions for the model. For the lower part (Part
II), the elliptic arc will be cut by the solid surface at the tilt
angle equal to the contact angle @ as illustrated in Figure 1.
The slope is

oz
Ox

= tan(z — )
y=0,z2=—h, (11)

where
b
\/(a,tand)* + b (12)

The droplet volume is the sum of the volumes of the two
parts

hy, =

0

2
‘/0 = ‘/Partl + ‘/PartH = _ﬂalzbl + / ”xzdz
3 —h, (13)

The key parameters a;, b;, a,, b, and I can be obtained by
eqs 1—3 and eqs 8—13 for the given V, and 0. Then the shape
of the heavy droplet can be described by the combined surfaces
of revolution corresponding to eqs 1 and 2. The height (h),
maximum radius (Ry), and wetting radius (Ry) of the heavy
droplet are, respectively,

h=b+h, (14)
Ry =4, (15)

Ry, = azztan(ir -0) +

\/(a,tand)* + b (16)

3. RESULT AND DISCUSSION

The RTEA model developed here will reduce to the ellipsoid
model for the hydrophilic case because the lower part is not
included. The accuracy of the ellipsoid model had been
discussed and verified by Lubarda and Talke’' and Wang and
Yu.”> Besides the same ability as the ellipsoid model on
hydrophilic surfaces, the main advantage of the RTEA model is
for hydrophobic cases, especially for superhydrophobic cases.
The nondimensional Bond number, Bo = pgR,/y, where Ry is
the characteristic scale of the droplet, is generally employed to

represent the effect of gravity relative to the surface tension.
The Bond number can also be expressed as Bo = (Ry/l.)*
associated with the capillary length . If Bo < 1, the effect of
gravity on the shape can be neglected. If Bo > 1 corresponding
to Ry > I, the effect of gravity on the droplet shape must be
considered and the RTEA model will be employed.

Two times value of the mean curvature (2 M. C.) and the
two principal curvatures (P. C. 1 and P. C. 2) of the solution of
the Young—Laplace equation, RTEA model, and ellipsoid
model® are shown in Figure 2A, with volume V, = 500 uL
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Figure 2. (A) Variation of the two times value of the mean curvature
(2 M. C.), the principal curvature 1 (P. C. 1), and principle curvature
2 (P. C. 2) with the vertical distance away from the top point. The
solid line, dashed line, and dot line represent the results of the
numerical solution of the Young—Laplace equation, the RTEA model,
and the ellipsoid model, respectively, for a 500 yL water droplet on a
solid surface with a contact angle of 150°. (B) The droplet shape of
the Young—Laplace equation solution and predicted shapes of the
RTEA model and ellipsoid model.

(corresponding to Bo = 3.27) and contact angle 6 = 150°. The
principal curvature 1 is the curvature of the elliptic arc, and the
principal curvature 2 is the curvature that is orthogonal to this
elliptic arc. The mean curvature of the real droplet increases
linearly along the opposite direction of the z axis. It shows that
this increase is mainly from the increase of the principal
curvature 1 (red solid line) and the principal curvature 2
increases slowly at first and then decreases (blue solid line).
The mean curvature of the RTEA model keeps increasing
continuously from Part I to Part II along the direction of
gravity. It agrees with the mean curvature of the real droplet for
the whole vertical distance, and the deviation is mainly from
the principal curvature 1. So, the RTEA model (red solid line)
is almost coincident with the real droplet shape (black solid
line) shown in Figure 2B. For the ellipsoid model, the mean
curvature does not always increase and will decrease below the
maximum radius plane due to the symmetry. The main reason
comes from the principal curvature 1. For describing the shape
of the droplet on hydrophobic surfaces, the main errors of the
ellipsoid model are caused by this decreasing stage of the mean
curvature. A smaller mean curvature makes the shape shrink
more slowly so that the same difference in the tilt angle from
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the maximum radius plane (the tilt angle 90°) to the contact
plane with the solid surface (the tilt angle 180° — ) needs a
longer vertical distance. So, the droplet height in the ellipsoid
model will be larger than the real height. Due to the volume
conservation condition, it could be imagined that the
maximum radius and wetting radius will be smaller than
those of the real droplet. The comparison of the shapes of the
real droplet (black solid line) and ellipsoid model (blue dashed
line) clearly shows the difference in Figure 2B. However, the
mean curvature does not deviate very much if the solid surface
has moderate hydrophobicity, such as when the contact angle
is in the range of 90° < @ < 120°. This is the reason why the
ellipsoid model can describe the shape of heavy droplets on
hydrophilic and moderate hydrophobic surfaces (ie., 6 <
120°).

Figure 3A shows the experimental results of the water
droplet shapes with different volumes (V = 300 (Bo = 2.32),

i Numerical Solution | seeeeees RTEA Model
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Figure 3. Comparisons of the predicted shapes by the RTEA model,
numerical solutions, and real heavy droplets with different droplet
volumes. (A) Experimental results of sessile water droplets with
different volumes (300, 500, 700, and 1000 uL) on a super-
hydrophobic surface (6 = 162 + 3°), numerical solutions as the
yellow solid line, and predicted shapes by the RTEA model as the red
dashed line. (B) The three key parameters varying with different
volumes on a superhydrophobic surface (6 = 162°).

500 (Bo = 3.27), 700 (Bo = 4.09), and 1000 uL (Bo = 5.18))
on the aforementioned superhydrophobic surface. The shapes
are consistent with the solutions of the Young—Laplace
equation (yellow solid line). It is verified again that the
equilibrium shape of a droplet is determined by the Young—
Laplace equation. The predicted surfaces by the RTEA model
(red dashed line) fit the real droplet shapes very well even
though the volume reaches 1000 yL. Moreover, compared with
the real volume, the errors of the volume from the RTEA
model are all less than 0.1%.

The key parameters of the droplet shape including height,
maximum radius, and wetting radius are chosen to analyze the

errors of the RTEA model. They are shown in Figure 3B with
the volume of water droplets changing from 50 to 1000 L on
the fabricated superhydrophobic surface (8 = 162 + 3°). It
shows that all the errors of these parameters are very small
(less than 1.7%) in this range of volumes. If the volume
continues to increase, the droplet shape of the upper part will
become more oblate and deviate from a half-ellipsoidal shape.
The predicted maximum radius by the RTEA model will be
larger. Figure 3B also suggests that the height of the water
droplets increases slowly after the volume reaches a few
hundreds of microliters. The height only changes 6.2% (from
5.19 to 5.51 mm) when the volume changes from 500 to 1000
uL. After this stage, the increased volume mainly compensates
the increase of the maximum radius and wetting radius, and the
height increases insignificantly.

To examine the ability of the RTEA model in different
wetting properties, the comparison between the RTEA model
(red solid line) and Young—Laplace solution (black dashed
line) is further shown in Figure 4A. In this case, S00 uL

RTEA Model
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Figure 4. Comparisons of the predicted shapes by the RTEA model
and numerical solutions with different contact angles. (A)
Comparisons of the RTEA model and the Young—Laplace solution
with a constant volume (V = 500 uL) on solid surfaces having
different contact angles (6 = 120, 150, and 180°). (B) Variation of the
three key parameters with the contact angle in the hydrophobic range.

volume water droplets with contact angles 8 = 120, 150, and
180° are used, and the profiles of the droplet are obtained
using numerical solutions of the Young—Laplace equation. It
indicates that the predicted shapes are in very good agreement
with the numerical profiles even if the contact angle reaches
180°.

Figure 4B shows the influence of these key parameters on a
500 pL water droplet on hydrophobic surfaces with different
wetting properties (90° < 6 < 180°). Both the maximum radius
and the wetting radius decrease with increasing contact angle.
However, the maximum radius decreases more slowly than the
wetting radius. The height increases smoothly with contact
angles. All the errors are lower than 1.5% in the whole
hydrophobic regime. It also indicates that the RTEA model
can describe the shape of a droplet on surfaces with higher
contact angles (6 > 120°) even better than that with moderate
hydrophobicity (90° < 6 < 120°).
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4. CONCLUSIONS

The shape of heavy droplets deviates from a spherical cap and
becomes an oblate spheroidal cap. The ellipsoid model can
well describe the shape of heavy droplets with the size on the
order of the capillary length on hydrophilic surfaces. By
analyses of the mean curvature of the ellipsoid model on
hydrophobic surfaces, it first keeps increasing to the plane with
the maximum radius and then decreases to the contact plane
with a solid surface. Considering that this distribution does not
agree with the real case, the ellipsoid model cannot well predict
the shape of heavy droplets on hydrophobic surfaces, especially
on superhydrophobic surfaces. For droplets on hydrophobic
and superhydrophobic surfaces, the mean curvature in the
RTEA model could monotonously increase across the
combined plane. Moreover, the RTEA model will have no
lower part and be reduced to the ellipsoid model in hydrophilic
conditions. Therefore, the RTEA model can describe the shape
of heavy droplets with the size on the order of the capillary
length on surfaces having arbitrary wettability (0° < 6 < 180°).
In this range, the predicted height, maximum radius, and
wetting radius of the RTEA model agree well with those of real
droplets, and the errors are all less than 1.7%. The RTEA
model could provide an accurate theoretical basis for designing
and controlling the spread and transport of heavy droplets on
superhydrophobic surfaces.

5. EXPERIMENTAL SECTION

Superhydrophobic glass slides were produced by treatment
with a commercial coating agent (Glaco Mirror Coat Zero,
Soft99, Co.) containing nanoparticles and an organic
reagent.”*® The superhydrophobic coating was applied on
the glass by pouring the Glaco liquid over the substrate. A thin
liquid film wets the glass and dries in less than 1 min. The
coated glass was then put into an oven and kept at 200 °C for
30 min. The pouring and heating processes were performed
three times. After that, a contact angle @ = 162 + 3° was
achieved. The contact angle and the shape of the droplet were
measured using an OCA20 Device from DataPhysics
(Germany). The droplet used in the measurement was made
of deionized water.
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