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a b s t r a c t

Curved beams have been wildly used in MEMS (Micro-electromechanical systems) devices and energy
absorption materials owing to its bistability. Almost all curved beams in previous studies have a con-
stant thickness. Although better performance can be achieved by changing the thickness distribution,
such as beams of uniform strength, lack of design and optimization tool limits the development and
application of curved beams with varying thickness. In this paper, we demonstrate a new approach
to design and optimize curved beams based on machine learning, which has been successful in
many fields owing to its ability to process big data that can also be used in structural design and
optimization. This machine learning-based model is able to achieve accurate predictions of nonlinear
structure–property relationships. The optimized designs with different optimization objectives, such as
stiffness, forward snapping force, and backward snapping force, are obtained efficiently and precisely.
Experimental testing is conducted on specimens with optimized profiles, which are fabricated using a
high-resolution multi-material 3D printer. The computational results are validated by the experimental
results. The machine learning-based optimization approach developed here can provide a promising
tool for the design and optimization of beam-based structures and mechanical metamaterials.

© 2020 Published by Elsevier Ltd.
1. Introduction

A beam is a structural element that has been studied for many
ears and widely used in various engineering fields across length
cale. In many large-scale structures, beams are used as horizon-
al structures to carry vertical loads, such as keels in ship struc-
ures and girders in bridge structures. Also, for microstructures,
urved beams are used to construct architected metamaterials for
nergy trapping owing to its bistability [1–5]. From rectangular
ection beams to I beams, uniform cross-section beams to tapered
eams, and straight beams to curved beams, engineers modify
he form and shape of the beam to achieve different objectives.
ewly developed fabrication techniques provide advanced tools
o fabricate structure with complex geometries [6–8]. Meanwhile,
apidly developing industries bring up new demands to struc-
ures, such as to be lightweight and antifatigue. Therefore, how
o use these tools to realize the various optimization objectives
ecomes essential.
For a given structure, its mechanical performance can be ob-

ained using experimental testing or numerical simulations. How-
ver, the inverse problem, finding the structure to achieve a target
erformance is not straightforward as the design space is too
arge to be explored extensively. To solve the inverse problem,
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various optimization techniques have been developed, such as
density method [9], level set method [10], and evolutionary ap-
proach [11]. These techniques achieve great success not only in
mechanical design problems but also in other physical disciplines
such as fluids and acoustics [12,13]. However, there are still many
challenges including the high computational expense, the limited
application range of compliance minimization problems, and the
difficulty to apply more geometric and physical constraints [14].

The term ‘‘Machine Learning (ML)’’ was first coined by Arthur
Samuel back in the 1950s when he created a checkers-playing
program that can learn by itself [15]. With the rapid progress
of computer hardware and the development of novel machine
learning methods, ML has achieved great success in image recog-
nition [16], speech recognition [17], medical prediction [18], and
recommendation engines [19], and so on. The core ability of ML
is that it can detect and reconstruct the complex internal corre-
lations of input and output variables from a large-scale dataset.
Therefore, in principle, the correlations between the shape of
a structure and the performance of the structure can also be
obtained by ML. Moreover, the corresponding optimization of the
shape of the structure can be performed easily after establishing
the correlations. This idea has already inspired researchers to
apply ML to several optimization problems in different physical
systems [20–26]. For example, the inverse design of graphene
kirigami has been performed using NN and CNNmachine learning
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odels [20]. The optimal designs that maximize elastic stretcha-
ility have been obtained from a large design space with a small
mount of training samples. Super-compressible metamaterials
ave been designed and optimized based on the Bayesian ma-
hine learning technique [22]. With the delicate design, brittle
olymers have been transferred to lightweight and recoverable
etamaterials. Hierarchical composites made of stiff and soft
aterials have been designed using convolutional neural net-
orks [23]. The optimized patterns of the composites show sig-
ificant increases in both strength and toughness. These studies
emonstrate that ML can be a powerful tool in solving the inverse
roblem and designing structures with optimized performance.
owever, for the topic of beam optimization, the research is
imited to optimizing parameters that are used to define lim-
ted shapes or profiles but not exhaustively searching the entire
esign space [27–30].
In this work, we focus on the design of the curved beam

ith a varied thickness distribution and the optimization of three
echanical objectives: stiffness (E), forward snapping force (S),
nd backward snapping force (B). We present an inversed design

approach using fully connected neural networks and an opti-
mized shape generator. We first describe the general mechanical
performance of a curved beam and the concept of changing its
performance by thickness modulation. Then we discuss the input
training data creation for the machine learning model and the
output training data distributions. Later, we propose the pro-
cedures of constructing an ML model and discuss the training
process, verification process, and optimization process. After that,
we show the training and optimization results of our ML model
and show the optimized profiles of the beam for different op-
timization objectives. Finally, we fabricate specimens of beams
with optimized profiles using a high-resolution multi-material 3D
printer and perform validation tests on the specimens.

2. Mechanical properties of curved beams

Bistable mechanisms are widely used in designing microelec-
tromechanical systems (MEMS) such as valves and switches since
these devices need two stable positions to fulfill their functional-
ities. Also, bistable mechanisms are used to construct architected
metamaterials for energy trapping. A typical bistable structure
is a compressed straight beam which is very common in daily
life, such as a compressed poker card with two stable positions.
The bistability in a compressed straight beam is achieved by pre-
applied stress, however, which is hard to fabricate. On the other
hand, a curved beam with pre-shaped curvature may have bista-
bility with carefully selected geometries. As shown in Fig. 1(a),
the initial shape of the curved beam is:

w (x) =
h
2

[
1 − cos

(
2π

x
l

)]
(1)

where l is the span and h is the apex height of the beam. With
the boundary condition as shown in Fig. 1(a) and with the second
mode constrained, the typical load–displacement curve of this
curved beam is shown as the blue line in Fig. 1(b). The highly
nonlinear load–displacement curve has 3 stages: force increases
in stage 1, decreases in stage 2, and increases again in stage
3, which can be explained by the change of bending and com-
pression energy. Three mechanical properties of the curved beam
can be extracted from the load–displacement curve: stiffness (E),
which is determined by the initial slope of the load–displacement
curve; forward snapping force (S), which is determined by the
maximum force at the end of stage 1; backward snapping force
(B), which is determined by the minimum force at the end of
stage 2. The curved beam is bistable if the value of the backward
snapping force is below 0. The effect of initial shape, such as
2

Fig. 1. Schematic diagrams of curved beams and typical load–displacement
curves. (a) Geometry and notation for curved beams with constant thickness and
varying thickness. (b) Typical load–displacement curves and three mechanical
properties: stiffness (E), forward snapping force (S), and backward snapping
force (B). . (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

curvature, on the mechanical properties of the curved beam has
been investigated in previous studies. However, the mechan-
ical properties can also be controlled and tuned by changing
the thickness distribution of the beam. Here is an example: a
curved beam with varying thickness as shown in Fig. 1(a). For
the purpose of comparison between the mechanical properties
of the beam with constant thickness and the beam with varying
thickness, the initial shapes and the mass of the two beams
remain the same. Fig. 1(b) shows two load–displacement curves,
respectively. Clearly, by changing the thickness distribution, stiff-
ness, forward snapping force, and backward snapping force can
all be tuned. Now the question is: how to arrange the thickness
distribution to achieve a desired mechanical performance?

3. Machine learning model

In this section, an ML based model will be constructed, and
the optimization based on the ML model will be performed. Fig. 2
shows a 4-step workflow used to construct the ML-based model.
The first step is to create a database including two parts: beam
profiles (input data) and mechanical properties (output data). The
reference beam used for optimization has the following normal-
ized geometric parameters: l = 60, t = 2, and h = 8. By changing
the constant t to varying t(x), there is an infinite number of beam
profiles. To avoid unpractical designs that thickness is too thin in
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Fig. 2. The 4-step workflow of ML-based optimization of curved beam thickness distribution. (a) Training database creation. (b) The training process of the ML model.
(c) The prediction and verification process of the ML model. (d) The flow chart of the optimization process.
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some sections of the beam, we add a constrain tmax/tmin ≤ 2,
which means that for each beam in the design space, the thickest
part of the beam cannot be 2 times thicker than the thinnest part
of the beam. Note that this number can be changed based on
the need. Because of the symmetric boundary condition, a half
beam model is considered. The half beam model is then dispersed
into 30 sections. An array with 30 numbers denotes the relative
thickness of all 30 sections is used to describe the profile of the
beam. The thinnest section has ti = 1 while other sections has
ti ∈ {1.0, 1.1, 1.2, · · · , 2.0}. The half beam model, discrete beam,
and the relative thickness array are shown in Fig. 2(a). The input
data used to train the ML model are relative thickness arrays. The
output data, the mechanical properties of beams with different
profiles, is obtained from finite element (FE) simulation results
using Abaqus. The stiffness of the varying thickness beam can be
obtained analytically [31]. However, it is hard to find analytical
solutions to the highly non-linear mechanical properties of beams
with complex profiles. Note that the relative thickness arrays
 l

3

must be transformed into real thickness arrays in the FE simu-
lation. To ensure all beams have the same mass as the reference,
the transformation is performed as:

toi =
ti∑30
i=1 ti

· 30 · 2 (2)

here toi is the real thickness array and the ti is the relative
hickness array. Each possible beam profile has 30 sections and
ach section has 11 possible relative thicknesses. So, there are

1130 possible beam profiles in total, which is huge design
pace. Here, we randomly generate 105 beam profiles used as the
nput data and calculate 105 corresponding mechanical responses
rom FE simulation as output data. These are the data sets used
o train the ML model.

After getting the database, the second step is to construct
n ML model and use the database from the first step to train
he model as shown in Fig. 2(b). An open-source neural-network
ibrary Keras [32] is used to construct the ML model. Firstly, the
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ype of the model should be determined. In this work, two types
f models are considered: a sequential model and a convolutional
eural networks model [32]. The ML model used in this work has
ne input layer with a size of 30×1, one output layer with the size
f 1, and several hidden layers with different sizes. The number
f hidden layers and the size of the hidden layers are tried with
ifferent numbers. Then, the loss function, which is a method of
valuating how well the algorithm models the database, needs
o be determined. Moreover, two loss functions: mean squared
rror and mean absolute percentage error [32] are tried. Follow-
ng this, a proper optimizer, which is used to shape and mold
he model to a more accurate form during the training process,
eeds to be determined. Stochastic gradient descent optimizer
nd Adam optimizer [32] are used in this work. In the end,
e try several activation functions for hidden layers and output

ayers including ReLU (Rectified Linear Unit) activation function,
igmoid activation function, and linear activation function [32].
t this point, a set of models can be constructed due to multiple
ombinations. In the training process, we test how well these
odels perform and determine one model that gives the most
atisfactory result. Besides, we find the ideal values of weight
atrices for all layers that minimize the loss function. Weight
atrices are used to define the relationship between each layer

n the ML model. Following these procedures, an ML model is
onstructed and trained which can well represent the relationship
etween the beam profiles and the mechanical properties in the
raining data sets.

The trained model in the previous step cannot be directly used
or optimization because of the potential overfitting problem. As
iscussed previously, the whole design space is much larger than
he training data sets. The ML model is intended to apply to the
hole design space instead of just the training data sets. The ML
odel that fits the training data set well may not fit the whole
esign space. Therefore, another dataset that is independent of
he training dataset is created with 104 random beam profiles.
his dataset, which is known as the testing dataset, is used to
erify the trained ML model. We use two methods to predict
he mechanical properties of the 104 random beam profiles: FE
imulation and the trained ML model, see Fig. 2(c). Two output
atasets are therefore obtained. The loss function used in the
raining process is also used here to determine the difference
etween the two output datasets. The trained model can be
alidated if the value of loss calculated here is as small as the
oss calculated in the training datasets.

In the last step, the trained and validated ML model is used to
erform optimization. We follow the general optimization proce-
ure proposed by [23]. The flow chart of optimization is shown in
ig. 2(d). In each optimization loop, 104 samples are predicted and
valuated by the ML model. Top 10% beam profiles in the training
ataset are used as the initial samples in the first optimization
oop. In the latter loops, 104 samples are generated based on
valuation results from the previous loop which includes three
arts. The first part is 9000 beam profiles generated randomly.
he second part is the top 100 samples from the previous loop.
he third part is 900 samples generated based on the occurrence
f relative thickness at each section in the top 10% samples from
he previous loop. With several loops of optimization, beams with
etter mechanical performance can be obtained.

. Results and discussion

As discussed in the first step, 105 beam profiles are randomly
enerated and the corresponding mechanical performances from
E simulation are calculated. Each simulation took ∼12 s on
he Intel Xeon E5-1650 central processing unit (CPU). In this
ork. We have three optimization objectives: stiffness (E), for-
ard snapping force (S), and backward snapping force (B). The
4

histogram data of these three objectives are shown in Fig. 3
and all the results are normalized by the corresponding val-
ues of the reference beam (the beam with constant thickness).
All three of them have roughly normal distributions. The goal
of the optimization is to find beams exhibiting a higher value
of stiffness, a higher value of forward snapping force, and a
lower value of backward snapping force. As shown in Fig. 3(a–b),
for stiffness and forward snapping force, the majority of beams
in the training dataset show values lower than the beam with
constant thickness. Considering the distribution of stiffness and
forward snapping force, optimization objectives in the far-right
tail region of the distributions are hard to obtain. Fig. 3(c) shows
that distributions of the backward snapping force where beams
with backward snapping force values lower than 0 are bistable
beams which are marked with green. Though the beam with con-
stant thickness is not a bistable beam, by changing the thickness
distribution of the beam, bistability can be achieved.

With the training dataset, we have tried different ML models
with the various parameters as discussed above. Grid-search is
used to find the optimal parameters of a model that has the
most accurate prediction. After performing a grid search on the
number of the hidden layer (3 values), size of the hidden layer (10
values), and activation function (2 values), we obtain an optimal
ML model that gives the most satisfactory result as shown in
Fig. 4(a). It has one hidden layer with a size of 960. The activation
functions used in the hidden layer and output layer are ReLU
function and linear function, respectively. The loss function is
mean squared error and the optimizer is Adam optimizer with
a learning rate of 0.001. 100 epochs are used for training. The
training process takes ∼40 m and each prediction based on the
trained model takes ∼10−4 s which is ∼100000 times faster than
E simulation. The comparison between mechanical properties
alculated by FE simulation and predicted by ML model is de-
icted in Fig. 4(b–d). Results from training datasets are shown
ith yellow dots that scatter around the straight-line y = x. It
roves that the ML model has a high prediction accuracy for the
raining dataset. Also, results from testing datasets (blue dots) are
cattered around the straight-line y = x too, which demonstrates
he ML model has no overfitting problem and can be used in
he prediction and optimization for the entire design space. Note
hat a simple linear regression model can also be used to predict
he structure-property relationships. However, it can not reach
uch high accuracy achieved by the ML model. The results of
he top 100 high-performance designs after 10 loops and 100
oops of optimization are shown with pink and dark red dots. For
he results after 10 loops optimization, all results are located in
he high-performance range, but there are some overlaps with
he training dataset. For the results after 100 loops optimization,
he mechanical properties are further improved and there are
o overlaps with the training dataset. That indicates the ML
odel we have trained with training datasets indeed has learned

he designs with better performance. A beam design that has a
tiffness 1.15 times higher and a forward snapping force 1.1 times
igher than the reference beam can be obtained based on the
arameters we use. The improvement of stiffness and forward
napping force is not very significant. However, the normalized
ackward snapping force value is changed from 1 to −1 after 100
ptimization loops. Therefore, the bistability of a curved beam can
e dramatically tuned by changing the thickness distribution.
Fig. 5 shows the results of beams with the optimized pro-

iles and corresponding force–displacement curves using the ML-
ased optimization. The force is normalized by the forward snap-
ing force of the reference beam and the displacement is nor-
alized by 2 time the apex height of the beam 2h. The first
eam (red) has optimized forward snapping force and the second
eam (green) beam has optimized stiffness. Both have similar
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(

Fig. 3. Histogram of the three normalized optimization objectives in training dataset: (a) Stiffness (E). (b) Forward snapping force (S). (c) Backward snapping force
B). . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Trained validated ML model and the optimization results. (a) Optimal ML model that gives the most satisfactory results. (b–d) Prediction and Optimization
results based on the ML model for the three optimization objectives. . (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
patterns of thickness distribution: thicker sections on both ends
and thinner section in the middle. However, there is a slight
difference between these two patterns. For the beam with op-
timized forward snapping force, the thickness changes gradually
from thick to thin and the transition region is long. For the beam
with optimized stiffness, thick sections change to thin sections
dramatically in a very short region. Since stiffness is obtained
5

at the small deformation of the test, high stress concentration
can be found in both two ends of the beam. Optimized E design
has thicker sections at both ends that could reduce the stress
concentration and therefore increase the rigidity. However, under
large deflection, the sudden thickness change in the optimized E
design could create other stress concentration points, therefore
generate a lower forward snapping force as compared to the
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Fig. 5. Optimization results and experimental validation tests. (a) Optimized force–displacement curves for the reference beam with constant t and 3 optimized
beams. (b) The corresponding beam profiles of 3 optimized beams. (c) A 3D printed beam specimen with optimized backward snapping force (B). (d) Experimental
results of force–displacement curves for all 4 beams. . (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
beams with optimized S. Note that both beams with optimized
stiffness and optimized forward snapping force have positive
backward snapping force values, indicating they are not bistable
beams. The third beam (blue) is optimized to have the lowest
backward snapping force value. Contrary to the previous two
beams, the optimized bistable beam has thicker sections in the
middle and thinner sections on both ends. The bistability mech-
anism of the beam can be explained by the structural energy
change during the deformation. The energy stored in the beam
comprises both bending energy and compression energy. The
bending energy increases monotonically. The compression energy
increases to maximum when the beam is almost straight then
decreases. For the reference beam, the decrease of compression
energy is slower than the increase of bending energy and the total
energy keeps increasing. Thus, the reference beam is not bistable.
However, for the beam with optimized backward snapping force,
the two ends of the beam have higher stress concentration during
the deformation. By decreasing the thickness of the two ends, the
increase of bending energy is lowered. Therefore, the increase
of bending energy is slower than the decrease of compression
energy and the total energy is decreasing. That leads to a negative
backward snapping force and bistability. Note that the designs in
Fig. 5 are obtained by performing 100 loops of optimization. It is
highly possible that we can find better design after performing
more loops of optimization. The designs are not the true optimal
designs but they are extremely close after a convergence of the
6

results is researched in the 100 loops of optimization. The design
space is too large to simulate all possible designs and find the best
one. But the designs we find here can properly guide the design
of the beam profiles.

To verify the optimization results, the specimens of the ref-
erence beam and all 3 optimized beams are fabricated using an
Objet Connex260 multi-material 3D printer (Stratasys, Ltd) as
shown in Fig. 5(c). A rigid plastic material VeroWhite is used to
for the supporting frame and a rubber-like flexible material Shore
95A is used to print the beam. The compression tests are per-
formed using an MTS mechanical tester (C43 frame) with a 1 kN
load cell and the test rate is 8 mm/min. To facilitate comparison,
load–displacement curves from compression tests are normalized
in the same way as in Fig. 5(a). Clearly, the FE simulation curves
in Fig. 5(a) show a good match with the experimental results in
Fig. 5(d) and get validated. It is consistent that the optimized E
design has the highest stiffness, the optimized S design has the
highest forward snapping force, and the optimized B design has
the lowest backward snapping force, which is negative.

5. Conclusion

In this paper, we have developed an approach to design
curved beams using an ML-based optimization technique. The
complete procedures of the ML-based optimization are discussed.
We create a database including an input dataset describing the



F. Liu, X. Jiang, X. Wang et al. Extreme Mechanics Letters 41 (2020) 101002

b
t
g
i
A
i
s
r
r
t
m
t
o
d
f
m
O
p
s
t
s
c
c
m

D

c
t

R

eam profiles and output dataset describing mechanical proper-
ies. Several ML models are constructed and one of them which
ives the most satisfactory result is selected. The ML model
s trained and verified using the training and testing datasets.
self-learning optimization approach based on the ML model

s performed to predict the profile of beams with optimized
tiffness, forward snapping force, and backward snapping force,
espectively. Beams specimens with optimized profiles are fab-
icated using a high-resolution multi-material 3D printer and
ested. The optimization results are validated by the experi-
ental results. The ML model in this study is able to capture

he inherent highly nonlinear structure–property relationships
f the whole design space with a limited amount of training
ataset, which makes the ML model-based optimization much
aster than conventional methods. Moreover, this optimization
ethod is almost universal for different optimization objectives.
ur study demonstrates the machine learning-based model can
rovide a promising tool for the design and optimization of
tructures and mechanical metamaterials. It should be noted
hat the optimization approach demonstrated in this paper is a
ingle objective optimization process. However, combining with
onventional methods, such as weighted sum method and ε-
onstraint method, we believe ML could be a promising tool for
ulti-objective optimization as well.
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