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We investigate the elastic wave propagation in bio-inspired hierarchical composites with
nacre-like and biocalcite-like architectures. These two types of architectures consist of hard
mineral and soft organic phases, which are hierarchically assembled to develop multilevel
of hierarchy. We numerically demonstrate that multiple band gaps and passbands, covering
an ultrawide frequency range, arise in the proposed hierarchical composites with two
levels of hierarchy. We further reveal that the multilevel structural hierarchy itself is
responsible for this multiband characteristic. Specifically, the low frequency band gaps in
the composites with two levels of hierarchy are attributed to Bragg scattering, which are
intrinsically governed by the hierarchical and periodic modulation of constituent phases
at the second hierarchical level. By contrast, the multiple band gaps and passbands in high
frequency ranges correspond to waveguide modes, enabling the incident wave to be either
trapped inside the waveguides or efficiently transmitted through the waveguides. The
findings in this paper not only shed light on the mechanisms responsible for the multiband
features of bio-inspired hierarchical composites, but also offer new opportunities towards
the design of compact and mechanically robust phononic crystals with the capability to
effectively manipulate wave propagation.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Manipulating acoustic and elastic wave propagation
using rationally designed architectures has attracted in-
creasing research interests in recent years. The peri-
odic architectures of phononic crystals, for example, can
modify phonon dispersion relations, providing avenues to
tailor group velocities and hence the flow of vibrational en-
ergy [1,2]. When the structural periodicities of phononic
crystals have the same order of magnitude as the wave-
lengths of acoustic and elastic waves, multiple scatterings
arise at the interfaces between constituent phases with
contrast in elastic constants. This mechanism gives rise to
complete wave band gaps, where propagation of phonons
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is prohibited, irrespective of incident angles. Interestingly,
even if the structural periodicity of phononic crystals is in-
terrupted by defects, it is still possible to effectively manip-
ulate wave propagation, such as wave bending and wave
splitting [3-8]. These capabilities make the perfect and de-
fective phononic crystals particularly suitable for design-
ing wave filters and waveguides [4,5,7,9-12].

Aside from the basic requirements of wave filtering
and waveguiding capabilities, a few novel attributes, in-
cluding multiple band gaps, subwavelength characteristic,
compact size, and outstanding mechanical performance,
are highly desirable in engineering practice. Conventional
phononic crystals, however, become inefficient when
these properties are simultaneously pursued. Inspired
by the fractal design of their counterparts in electro-
magnetic waves [13-16], phononic crystals with peri-
odic fractal architectures have been proposed recently
[17-19]. The rationally designed fractal architectures can
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give rise to multiple band gaps as well as the shifting of
band gaps towards lower frequency ranges for longitudinal
waves [17]. Similar to the fractal design of phononic crys-
tals, bio-inspired hierarchical composites with multilevel
structural hierarchies have been reported, which exhibit
a broadband wave filtering phenomenon [20]. In addition,
a multiobjective optimization method has been proposed
to achieve desired wave dispersion properties, including
simultaneous multiple passbands and stopbands in one-
dimensional layered systems [21,22]. These progresses in-
dicate that the desired multiple and broad band gaps could
be achieved by rationally designing the inherent architec-
tures of phononic crystals.

This paper aims to explore the elastic wave propagation
in bio-inspired hierarchical composites with nacre-like
and biocalcite-like architectures. These two types of archi-
tectures consist of hard mineral and soft organic phases,
which are hierarchically assembled to develop multilevel
of structural hierarchy (Fig. 1). Guided by the finite ele-
ment modelling, we show that multiple band gaps and
passbands, covering an ultrawide frequency range, arise in
the hierarchical composites with two levels of hierarchy.
In particular, low frequency band gaps, akin to the sub-
wavelength characteristic in acoustic metamaterials, exist
in the hierarchical composites with two levels of hierar-
chy. We emphasize that the mechanisms responsible for
the multiple band gaps and passbands are totally different,
depending on the frequency ranges of the band gaps and
passbands.

2. Numerical modelling

2.1. Characterization of the hierarchical composites

The proposed bio-inspired composites have a nacre-like
architecture and a biocalcite-like architecture with two
levels (N = 2) of structural hierarchy, where N is the
total number of structural hierarchy level (Fig. 1(a) and
(b)). In the nacre-like composite, the soft organic phase is
continuous, with the hard mineral platelets dispersed in
the soft organic matrix. In the biocalcite-like composite,
however, the soft organic platelets are distributed in
the continuous hard mineral phase. The two-dimensional
periodicity at each level of the hierarchical architectures
is characterized by a rhombic lattice with vectors a,;,; =
[(ln + tn)/27 tanoy, - (ln + tn)/z]- and a;; = [(ln +
tn)/2, — tanoy - (I, + t;)/2], where I, is the length of
the mineral platelet, t, is the thickness of the matrix, a;,
is the lattice angle (Fig. 1(c) and (d)), and the subscript
n denotes the order of structural hierarchy level. In this
regard, the volume fraction of the mineral phase can be
defined as v = 2,0, /[(In + to)? - tana,] for level n = 1,
2 of nacre-like composite and level n = 2 of biocalcite-
like composite; while for level n = 1 of biocalcite-like
composites, the volume fraction of mineral phase is given
by v = 1 — 2hy/[(Iy + t)? - tan o], where hy, is the
height of the organic platelets at level n.

We assume the overall volume fractions of mineral
phase in the composites with N = 1and N = 2 levels
of hierarchy are equal to V = 0.80. To ensure the self-
similarity in each level of the composite with N = 2

levels of hierarchy, the volume fraction of mineral phase
in each level is given by v, = /Vs = 0.894. In addition,
the lattice angle is taken as @, = 30° in each level. We
further assume that for level n = 1 of the nacre-like and
biocalcite-like composites, l; = 10 um and t; = [;/50 =
0.2 wm. Considering the trade-off between accuracy and
computational burden, we use four unit cells (nine layers
of hard minerals) along vertical direction in each level of
structural hierarchy. Then the parameters in level n = 2
can be calculated as I, = 97.69 pm and t;, = /50 =
1.95 wm accordingly.

2.2. Numerical modelling of wave propagation

The governing equation of elastic wave propagation in
the hierarchical composites can be written as

E
2(1+v)

~ potu = 2

+2(1—i—v)(1—2v)v(V W (1
where u is the displacement vector, and w is the angular
frequency. E, v, and p are the Young’s modulus, the
Poisson’s ratio, and the density of each constituent phase,
respectively. Here we assume the constituent phases of
the hierarchical composites are homogeneous, isotropic
and linearly elastic. Their properties are characterized by,
Young’s modulus E,, = 100 GPa, Poisson’s ratio v,, =
0.30, and density p, = 2950 kg/m> for the mineral
phase, and Young’s modulus E, = 1 GPa, Poisson’s ratio
v, = 0.30, and density p, = 1350 kg/m? for the organic
phase [23-27].

The transmission spectra of the elastic wave propaga-
tion in the proposed composites are calculated by perform-
ing frequency domain analyses. To model the normally
incident elastic wave propagating in the hierarchical com-
posites, a harmonic vertical displacement with an am-
plitude of 0.01 wm is applied on the top surface of the
composites with 1 x 4 supercells. Perfectly matched lay-
ers (PMLs) are applied at the two ends of the homogeneous
parts to prevent reflections by the scattering waves from
the domain boundaries [28]. In addition, periodic bound-
ary conditions are applied on the two lateral sides of the
composites to model the infinite periodicity of the su-
percells. The transmission coefficient is defined as ¢ =
(u+v) / (up + vo), where u and v are the amplitudes of
transmitted horizontal and vertical displacements, respec-
tively, and ug and v are the amplitudes of applied hori-
zontal and vertical displacements, respectively. Since we
only apply a small amplitude vertical displacement, then
we have ug = 0, and vg = 0.01 pm in this study.

The phononic dispersion relations are constructed by
performing eigenfrequency analyses. To this end, Bloch’s
periodic boundary conditions are applied at the boundaries
of the supercell such that

u; (r +a) = e*u; (r) (2)

where r is the location vector, a is the lattice translation
vector, and k is the wave vector.
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Fig. 1. Schematics of the proposed hierarchical composites and the associated supercells. (a)-(b): Nacre-like and biocalcite-like hierarchical composites
with two (N = 2)levels of structural hierarchy, where N is the total number of structural hierarchy level; (c)-(d) supercells of nacre-like and biocalcite-like
hierarchical composites. The two-dimensional periodicity at each level is characterized by a rhombic lattice with vectors a,; = [(I, +t,)/2, tanoy, - (I, +
ty)/2],and ap; = [(Iy + t;)/2, —tanay, - (I, + t,)/2], where I, is the length of the platelet, ¢, is the thickness of the matrix, «, is the lattice angle, and the

subscript n denotes the order of structural hierarchy level.

The governing equation (1) combining with the bound-
ary condition, Eq. (2), leads to the standard eigenvalue
problem:

(K- o’M)U=0 (3)

where U is the assembled displacement vector, and K
and M are the global stiffness and mass matrices assem-
bled using standard finite element analysis procedure, re-
spectively. Eq. (3) is numerically solved by imposing two
components of wave vectors and hence yields the corre-
sponding eigenfrequencies. The phonon dispersion rela-
tions are obtained by scanning the wave vectors in the first
Brillouin zone.

3. Results and discussion

We start by examining the transmission property of
elastic wave propagation in the proposed hierarchical
composites. Fig. 2 shows the transmission spectra of the
normally incident elastic wave propagating in the nacre-
like and biocalcite-like hierarchical compositeswithN = 1
and N = 2 levels of structural hierarchy. It is observed that
in both composites with N = 1 level of hierarchy, about
7 wide continuous band gaps arise in the frequency range
0.4 ~ 1.5 GHz. These band gaps are attributed to Bragg scat-
tering and/or local resonances, as our previous study re-
vealed [29]. However, when the total number of structural
hierarchy is increased into N = 2, the original wide contin-
uous band gaps degenerate into multiple sharp band gaps
and passbands. The most remarkable phenomenon in the
transmission spectra of composites with N = 2 levels of
structural hierarchy is the emergence of 4 ~ 5 new band

gaps located in low frequency range 0 ~ 0.3 GHz, akin to
the subwavelength characteristic of acoustic metamateri-
als [30]. These phenomena are similar to those observed in
one-dimensional layered composites with multilevel hier-
archies and two-dimensional solid-fluid system with frac-
tal architectures [17,20]. The difference is that these new
features arising in the proposed composites are obtained
by simply assembling the mineral and organic phases in a
hierarchical manner. Therefore, we believe that the struc-
tural hierarchy itself accounts for the low frequency and
multiband features of the composites with N = 2 levels of
hierarchy. Specifically, the periodic arrangement of min-
eral and organic phases in hierarchical level n = 2 leads to
the emergence of low frequency band gaps. At leveln = 1,
however, the structural periodicity is interrupted, result-
ing in multiple shape band gaps and passbands.

To validate our hypothesis of low frequency band gap
formation, we calculate the phonon dispersion relations
of the two types of hierarchical composites with N =
2 levels of hierarchy. To this end, a two-dimensional
supercell for each composite is considered to calculate
the phonon dispersion relations (Fig. 1(c) and (d)). Note
that the normally incident elastic wave propagation in the
hierarchical composites corresponds to wave propagation
along YI" direction of their first Brillouin zones [29].
Fig. 3(a) and (c) present the phonon dispersion relations
of nacre-like and biocalcite-like composites with N =
2 levels of hierarchy, respectively. For the purpose of
comparison, the transmission spectra within 0 ~ 0.3 GHz
are also displayed (Fig. 3(b) and (d)). One notices that
multiple partial band gaps arise in the dispersion relations,
which agree well with the attenuation zones in the
corresponding transmission spectra. This result supports
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Fig. 2. Transmission spectra of the proposed hierarchical composites with N = 1and N = 2 level of hierarchy. (a)-(b): Transmission spectra of nacre-like
and biocalcite-like composites with N = 1 level of hierarchy; (¢)-(d): Transmission spectra of nacre-like and biocalcite-like composites with N = 2 levels
of hierarchy. The overall volume fractions of mineral phase in the composites with N = 1and N = 2 levels of hierarchy are equal to Vj; = 0.80.
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Fig. 3. (a) and (c): phonon dispersion relations of nacre-like and biocalcite-like hierarchical composites at level n
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with N = 2 levels of hierarchy.

that the low frequency band gaps stem from the structural
periodicity at level n = 2 of the hierarchical composites. It
is important to note that this low frequency feature enables
the design of compact and lightweight wave filters, thus
providing more flexibility in engineering practice.

To gain a better understanding of the low frequency
band gap formation, we plot in Fig. 4 the total displacement
fields of the composites with N = 2 levels of hierarchy
under incident wave frequencies within the low frequency
band gaps, as well as frequencies at passbands. At frequen-
cies f = 0.079 GHz and f = 0.071 GHz, within the band
gaps of nacre-like and biocalcite-like composites, respec-

tively, the incident wave is mostly reflected by the hier-
archical composites, which is a strong evidence of Bragg
scattering (Fig. 4(a) and (c)). By contrast, at frequencies of
passbands, the normally incident wave can pass through
both of the hierarchical composites without decay. These
phenomena suggest that the low frequency band gaps are
Bragg-type, where the wavelengths of elastic wave have
the same order of magnitude as the structural periodicities
at level n = 2 of the hierarchical composites. It is inter-
esting to note that the widths of these low frequency band
gaps are much narrower than those of the continuous band
gaps in hierarchical composites with N = 1 level of hierar-
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Fig.4. Total displacement fields of hierarchical composites with N = 2 levels of hierarchy at (a) f = 0.079 GHz, inside the band gap, and (b)f = 0.113 GHz,
at passband for nacre-like composites; (c) f = 0.071 GHz, inside the band gap and (d) f = 0.105 GHz, at passband for biocalcite-like composite. The
positions of the selected frequencies for (a)-(d) are labelled as A, B, C and D in Fig. 3, respectively.
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Fig. 5. (a)-(b): Transmission spectra of nacre-like and biocalcite-like perfectly periodic composites without being interrupted, the unit cells of which are
the same as those at level n = 1 of composites with N = 2 levels of hierarchy, except that here the volume fraction of the hard mineral phase is vz = 0.894;
(c)-(d): Transmission spectra of nacre-like and biocalcite-like composites with N = 2 levels of hierarchy.

chy. We believe that this is mainly because the contrast in
elastic constants at hierarchical level n = 2 is significantly
reduced when the structural hierarchy is increased from
N = 1to N = 2 [29]. To demonstrate this, we evaluate
the stiffness contrasts of the hierarchical composite with a
nacre-like architecture, as an example. For N = 1, the stiff-
ness contrast between mineral phase and organic phase is
given by yn—1 = Em1/E, = 100, whereas for N = 2, this
contrast becomes yy—, = Enz/E, = 30.8, where E,
1GPa, E;;y = E;, = 100 GPa, and E,; = 30.8 GPa is esti-
mated by the shear lag model [31]. Intrinsically, the stiff-
ness contrast is solely dictated by the geometric features of
the nacre-like architecture including level of structural hi-
erarchy, volume fraction and lattice angle. This finding not
only provides us a better understanding of the mechanisms

accounting for the low frequency band gaps, but also sug-
gests possible avenues to design tunable phononic crystals
with optimal band gaps.

Having revealed the mechanisms responsible for the
low frequency band gaps, we next explore the origin of
multiband feature of the composites with N = 2 levels of
hierarchy. Here the band gaps and passbands within high
frequency range 0.4 ~ 1.5 GHz are particularly interested.
A direct comparison of transmission spectra between com-
posites with N 1and N = 2 levels of structural hi-
erarchy inspire us to postulate that the interrupted peri-
odicity at hierarchical level n 1 is responsible for the
multiple sharp band gaps and passbands in the composites
with N = 2 levels of hierarchy. Indeed, the hierarchical
composites with N = 2 levels of hierarchy can be consid-
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Fig.6. Total displacement fields of hierarchical composites with N = 2 levels of hierarchy at (a) f = 0.957 GHz, inside the band gap, and (b)f = 1.010 GHz,
at passband for nacre-like composites; (c) f = 0.968 GHz, inside the band gap and (d) f = 1.039 GHz, at passband for biocalcite-like composite. The
positions of the selected frequencies for (a)-(d) are labelled as A, B, C and D in Fig. 5, respectively.

ered as two-dimensional periodic composites with defects.
To validate this hypothesis, we calculate the transmission
spectra of periodic composites without being interrupted,
which is equivalent to the hierarchical composites with
N = 1level of hierarchy, except that here the volume frac-
tion of the hard mineral phase is vs = 0.894 (Fig. 5(a) and
(b)). As expected, the perfectly periodic composites exhibit
wide continuous band gaps, as compared to the multiple
sharp band gaps and passbands of composites with N = 2
levels of hierarchy. This phenomenon further supports our
claim that the structural hierarchy itself is responsible for
the multiband feature. In other words, the defects, acting
as waveguides in the composites with N = 2 levels of hi-
erarchy, give rise to multiple band gaps and passbands.

To demonstrate that the waveguide modes are respon-
sible for the multiple band gaps and passbands at high
frequency range, we present the total displacement fields
of the composites with N = 2 levels of hierarchy at these
high frequencies. Note that for the purpose of comparison,
the frequencies of selected band gaps and passbands also
locate inside the band gaps of the perfectly periodic com-
posites. At frequencies f = 0.957 GHz and f = 0.968 GHz,
inside the band gaps, the elastic wave is well confined
within the waveguides. This is because the wave propa-
gation is prohibited by the surrounding perfectly periodic
composites (Fig. 6(a) and (c)). At passbands, as indicated in
Fig. 6(b) and (d), the incident elastic wave is concentrated
in the waveguides and transmits through the waveguides,
and then radiates at the exits of the waveguides. Although
some of the wave energy penetrates into the surrounding
supercells, as indicated in Fig. 6 (d;), we believe this en-
ergy only takes a small proportion and most of the con-
centrated wave energy transmits through the waveguide
efficiently. This is supported by the high transmission co-
efficient (0.75) of the elastic wave at f = 1.039 GHz, which

corresponds to a waveguide mode. Apparently, the phys-
ical mechanisms of multiple band gaps and passbands at
high frequencies are totally different from those of low fre-
quency band gaps. We emphasize that the high frequency
band gaps and passbands of the hierarchical composites
with N = 2 levels of hierarchy correspond to waveg-
uide modes, which result from the introduction of defects;
whereas the continuous band gaps in the perfectly peri-
odic composites and hierarchical composites with N = 1
level of hierarchy are attributed to Bragg scattering or lo-
cal resonances [29]. It should be pointed out that the pro-
posed hierarchical architectures with multilevel structural
hierarchies also endow the composites with enhanced me-
chanical properties including high strength and high frac-
ture toughness [31-33]. This additionally exceptional fea-
ture together with the wave filtering and waveguiding ca-
pabilities implies the possibility to design phononic crys-
tals suitable for mechanically challenging environmental
conditions.

4. Conclusions

In summary, we have investigated the elastic wave
propagation in bio-inspired hierarchical composites with
nacre-like and biocalcite-like architectures. Multiple band
gaps and passbands arise in the proposed hierarchical com-
posites with two levels of hierarchy. Remarkably, the low
frequency band gaps, akin to the subwavelength character-
istic of acoustic metamaterials, are attributed to the peri-
odic arrangement of mineral and organic phases at the sec-
ond hierarchical level. By contrast, the band gaps and pass-
bands in high frequency ranges correspond to the waveg-
uide modes, enabling the incident wave can be either
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well trapped inside the waveguides or efficiently trans-
mit through the waveguides. These features enable the de-
sign of compact and lightweight wave filters and waveg-
uides operating in an ultrawide frequency range. Notably,
the hierarchical architectures with multilevel structural hi-
erarchies also endow the proposed composites with en-
hanced strength and toughness, which are highly desir-
able for phononic crystals under mechanically challenging
environmental conditions. The findings in this paper not
only provide us a better understanding of the mechanisms
accounting for the multiband features of bio-inspired hi-
erarchical composites, but also offer new opportunities
towards the design of compact and mechanically robust
phononic crystals with capabilities to effectively manipu-
late wave propagation.
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