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Mechanics of Indentation into
Micro- and Nanoscale Forests of
Tubes, Rods, or Pillars
The force-depth behavior of indentation into fibrillar-structured surfaces such as those
consisting of forests of micro- or nanoscale tubes or rods is a depth-dependent behavior
governed by compression, bending, and buckling of the nanotubes. Using a microme-
chanical model of the indentation process, the effective elastic properties of the constitu-
ent tubes or rods as well as the effective properties of the forest can be deduced from
load-depth curves of indentation into forests. These studies provide fundamental under-
standing of the mechanics of indentation of nanotube forests, showing the potential to use
indentation to deduce individual nanotube or nanorod properties as well as the effective
indentation properties of such nanostructured surface coatings. In particular, the inden-
tation behavior can be engineered by tailoring various forest features, where the force-
depth behavior scales linearly with tube areal density (m, number per unit area), tube
moment of inertia �I�, tube modulus �E�, and indenter radius �R� and scales inversely
with the square of tube length �L2�, which provides guidelines for designing forests
whether to meet indentation stiffness or for energy storage applications in microdevice
designs. �DOI: 10.1115/1.4002648�

Keywords: indentation, micromechanics, nanotube forest, buckling, bending
Introduction
Highly ordered forests of one-dimensional micro- and nano-

tructures such as nanotubes, nanowires, nanorods, and micropil-
ars have attracted much scientific interest owing to their outstand-
ng properties and myriad of applications, including biomimetic
nterfaces �1–7�, optoelectronics and solar cells �8–10�, artificial
ctuators �11–13�, energy absorption materials �14–16�, and tissue
ngineering �17–20�. The geometric features of the individual
ubes �or rods� and the forest �e.g., tube height and diameter, for-
st packing density, and packing arrangement� provide the ability
o engineer surface mechanical behavior such as indentation

odulus and hardness, resilience and dissipation, friction and ad-
esion, and other attributes such as wettability. For example,
ighly controlled and complex microstructures can be actuated on
rrays of high-aspect-ratio silicon nanocolumns to offer multi-
unctional characteristics such as superhydrophobic character and
ensing capabilities �12�. The bending and buckling of fibrils can
hange the compliance and thus enhance the adhesion in bioin-
pired fibrillar interfaces �3�. The mechanical traction force ap-
lied by a biological cell to a substrate can be measured by the
eformation of polymer micropillar arrays as extracellular sub-
trates �17�. Because biological cells are sensitive to the elastic
tiffness of their microenvironment �21�, it is also possible to fab-
icate stimuli-responsive substrates �22� to modulate cell morphol-
gy. Therefore, understanding the mechanical behavior of these
urface structures is essential for the manipulation and modifica-
ion of these materials.

Measuring the mechanical properties of micro- and nanoscale
aterials is a challenge. Micro- and nanoscale materials can ex-

ibit mechanical behavior that differs from their counterpart bulk.
ecently, experimental methods have been developed to measure

he mechanical properties of the constituent nanotube/nanorod/
icropillar as well as the effective collective behavior of the for-
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ests, including nanoscale tensile tests �23,24�, microcompression
tests �25�, bending tests �26�, and nanoindentation tests �27�. In
particular, instrumented indentation is a reliable means that mea-
sures mechanical properties such as effective elastic modulus and
hardness. Currently, the process of indentation has been explored
to determine the mechanical properties of carbon nanotubes,
nanowires, and nanobelts successfully �28–31�. Qi et al. �28� used
a sharp atomic force microscopy �AFM� tip to conduct nanoinden-
tation on the vertically aligned carbon nanotube forests to deter-
mine the effective bending stiffness of the tubes as well as the
collective behavior of the forest. Under indentation, each tube was
modeled as a cantilevered beam subjected to bending imparted by
the penetrating indenter. The nanoindentation technique is thus
shown to be applicable to investigate the mechanical behaviors of
heterogeneous materials, specifically nanotube/nanorod forests, in
addition to the more traditional homogeneous bulk and thin-film
materials. However, quantitative study of the underlying mechan-
ics of indentation on nanotube/nanorod forests is needed to ex-
plore the microscopic and macroscopic deformation mechanisms
as well as to understand how the effective indentation behavior
and properties scale with the features of the forest �areal density
of tubes, tube geometry, and mechanical properties�.

In this paper, the fundamental mechanics of indentation on
nanotube/rod forests are investigated analytically and numerically.
Here, we restrict our attention to well-aligned nanotubes/rods/
micropillars under contact by a comparatively larger radius in-
denter. Use of a large radius indenter benefits the measurement by
�1� removing measurement dependence on local differences of the
spatial packing density of tubes, �2� covering more tubes to elimi-
nate single tube geometry discrepancy, and �3� reducing the influ-
ence of tube height distribution; furthermore, the larger indenter is
a more common tool and also emulates imposed loading condi-
tions, which may be of interest. A quantitative model considering
nanotube compression, bending, and buckling behavior is devel-
oped to understand the contribution of different deformation
mechanisms during the indentation process. The model also pro-
vides the force-depth scaling relation as well as its dependence on
tube properties and forest features. Finite element analysis �FEA�

is also used to analyze the mechanics of deformation for forests
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uring nanoindentation and is shown to be in good agreement
ith the analytical model. The models provide the effective inden-

ation behavior of nanotube/nanorod/micropillar forests and quan-
ify how this behavior can be engineered by tailoring tube modu-
us, tube cross-sectional geometry, tube height, tube array
rrangement, and tube areal density.

Analytical Micromechanical Model
The contact force of indentation exhibits a strongly nonlinear

ependence on indentation depth. For a homogeneous elastic ma-
erial, the Hertzian elastic contact model �32�, the most widely
sed closed-form solution to calculate Young’s modulus from in-
entation data, gives the nonlinear relation between the indenta-
ion force F and depth, h, with F�h1.5

F =
4Es

3�1 − �s
2�

R0.5h1.5 �1�

here Es and �s are the Young modulus and Poisson ratio of the
ample and R is the radius of spherical indenter. Results of inden-
ation into forests of coiled carbon nanotubes show a force-depth
elationship of F�h2, which accounts for the individual elastic
ontribution of carbon nanotube and the contact geometry �16�.
he underlying deformation mechanisms for a tube forest under

ndentation are more complicated than that of a solid. For a sharp
ndenter, when the tip indents into the tube forest, individual tubes
xperience bending deformation �28�; for a larger indenter, indi-
idual tubes are more directly compressed and then buckle upon
eaching a critical load since the contact force of each tube is
early parallel to the tube axis.

In this paper, we consider a general case of indentation tests on
ube forests with a large spherical indenter as illustrated in Fig. 1.
his analysis will allow determining material properties from the
omplicated deformation behavior �compression, bending, and
uckling� of nanotube forests under indentation as well as provid-
ng a model to understand the effect of various forest features
tube geometry, tube properties, and tube areal density� on the
ffective indentation response. Considering an indenter radius R,
hich is larger compared with the tube height L when the indent
epth h�hcr �a critical value determined by the tube buckling�,
ubes can be treated as experiencing simple compression, neglect-
ng lateral deflection �see Fig. 2�. The total indentation force F is
hen simply given by

F = �
A

Pi �2�

here Pi=EA0��h−hi� /L� is the indentation force for an indi-
idual tube. E is the Young modulus of the tube, A0 is the cross-
ectional area of the tube, and hi is the indentation depth at which
he indenter encounters tube i �see Fig. 2�. For a tube areal density

ig. 1 Schematic of nanoindentation tests on nanotube
orests
f m tubes per unit area, by assuming a uniform distribution, the

11014-2 / Vol. 133, JANUARY 2011
total indentation force of Eq. �2� is obtained by integration over
the contact area A

F =�
A

EA0
h − hi

L
mdAi �3�

As illustrated in Fig. 2, dAi=2�Rdhi−2�hidhi. Equation �3� is
integrated to give

F = mEA0�
Rh2 − h3/3

L
�4�

For R�h, the first term is dominant and the force-depth relation-
ship scales as F�h2, which agrees with the previous results for
forests of coiled carbon nanotubes �16� where in the case of coiled
tubes, the effective axial stiffness KA is not equal to EA0 /L but is
that of a coiled spring.

At a critical compressive load Pcr, a tube will buckle; the criti-
cal depth corresponding to this load will be called hcr. Therefore,
when the indent depth h�hcr, buckling of the tube should be
considered when calculating the force. In this case, as shown in
Fig. 3, the tubes in penetration area A1 experience h�hcr and start
to buckle but tubes in penetration area A2, where h�hcr, are still
under simple compression. The friction between the indenter and
the tubes affects the critical buckling load of an individual tube.
Two extreme cases are considered: one where the indenter/tube
interface is frictionless and one where it is completely rough �no
slip�, giving end conditions, which correspond to clamped-free
beams and clamped-pinned beams, respectively �see Fig. 4�.
Based on the classical Euler buckling theory �33�, buckling occurs
when the force reaches a critical load given by

R

h i

d i

L

�

tube i

h

P

(a) (b)

T

Fig. 2 „a… Schematic of indentation on nanotube forests and
„b… diagram of a nanotube touched by the indenter

Fig. 3 Schematic of penetration „contact… area on nanotube
forests during indentation: A1—nanotubes are buckled;

A2—nanotubes are under compression
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Pcr = �
�2EI

L2 �5�

here I is the moment of inertia of a tube and � is a factor that
epends on boundary conditions. �=1 /4 for clamped-free beams
nd �=2 for clamped-pinned beams. Thus, the critical displace-
ent is then

hcr = �
�2I

LA0
�6�

hich for the case of solid rods of radius r gives

hcr = �
L�2

4�L/r�2 �7�

nd the corresponding critical strain is

�cr = �
�2I

L2A0
�8�

hich for a circular cross-sectional rod gives

�cr = �
�2

4�L/r�2 �9�

here L /r is the slenderness ratio of the rod. The total indentation
orce F is then the sum of the forces in indent area A1 and indent
rea A2

F = �
A1

Pi + �
A2

Pi �10�

he first term, which accounts for the buckling of tubes, is ob-
ained by integration

P1 = mEA0��2R�h − L�cr��cr − �h − L�cr�2�cr� �11�
he second term, which considers the compression of tubes, is
btained by integration as

P2 = mEA0��RL�cr
2 − hL�cr

2 + 2L2�cr
3 /3� �12�

hus, Eq. �10� is rewritten as

F = mEA0���2Rh − h2��cr − �R − h�L�cr
2 − L2�cr

3 /3� �13�

onsidering the case that R�h, Eq. �13� shows the total force is
lose to a linear function of indent depth F�h

F = �
2�3�mERI

L2 h . �14�

hich for the case of solid rods of radius r gives

F = �
�4�mERr4

2L2 h �15�

his shows how the buckling of tubes �when contrasted to direct

P

no friction rough friction

P

(a) (b)

0.00 0.05 0.10
0.0

0.2

0.4

0.6

0.8

1.0

P
/P

c
r

h/L

ig. 4 Schematic of a column under compression force: „a…
ifferent boundary constraint in corresponding to the friction
etween indenter and the tubes and „b… typical force displace-
ent relationship for a beam under axial compression
ompression� enhances the compliance of the bulk forest as pro-

ournal of Engineering Materials and Technology
posed in a previous work �3�. Also the forest indentation stiffness
is seen to scale linearly with m, E, and R, and scale with r4 �or I�
and L−2.

When the deflection is taken to result from bending of the tube
�neglecting the early contribution of compression� �see Fig. 2�b��,
a nonlinear relationship between penetration depth and indenta-
tion force for a single tube is obtained through a classical nonlin-
ear beam theory �28� as

h − hi =
di

2

R2� tan kiL

ki
− L	 �16�

where ki=
Pi /EI. Note that Pi cannot be written down as an
explicit function of �h−hi� from Eq. �16�. Identification of key
dependencies on dimensionless geometric ratios provides an ap-
proximate relationship between penetration depth and indentation
force for a single tube undergoing bending as

Pi =
�2EI

4L2 �1 −
1

��h − hi�R2/Ldi
2 + 1�n	 �17�

where the exponent n is found to be 1.15 by curve fitting that best
describes Eq. �16�. The comparison in Fig. 5 shows perfect agree-
ment and implies use of this approximated Eq. �17� is appropriate.
Then the total indentation force F in this case can be obtained as

F =�
A

�2EI

4L2 �1 −
1

��h − hi�R2/Ldi
2 + 1�1.15	mdAi �18�

Figure 6 �left column� compares the load-depth behavior pre-
dicted by the different models presented in Eqs. �4�, �13�, and
�18�, considering �1� compression, �2� compression followed by
elastic buckling, and �3� bending of tubes, respectively. Here, for
illustration purpose, we take the case of E=1 GPa, L=10 	m,
r=0.2 	m, m=1 tube /	m2, and R=500 	m. At small indent
depth prior to tube buckling, the model �Eq. �4�� considering tube
compression shows a lower load than the prediction by the model
considering tube bending �Eq. �18��; the bending case provides an
initially stiffer behavior since the component of the applied inden-
tation force acting to bend the tubes is very small and hence the
applied force will be larger. As indent depth increases, Eq. �4�
shows the nearly quadratic increase �F�h2� and leads to a force,
which will buckle the tubes as shown by the point where the Eq.
�13� curve departs from the Eq. �4� curve. At a depth where a
significant fraction of the tubes are buckled �h�2hcr�, Eqs. �18�
and �13� are in good agreement, indicating the validity of both
models considering either bending or buckling of tubes for the
case of R�L, when the indent depth h�2hcr. The area evolution
as shown in Fig. 6�c� is an indicator of how many tubes are in
contact with the indenter and the numbers of tubes subjected to
compression and bending/buckling, respectively, if we assume a
constant areal density of tube forests. Through this analysis, the

0.00 0.01 0.02
0.0

0.2

0.4

0.6

0.8

1.0

Eqn 16

Eqn 17

(h-hi)*R
2
/Ldi

2

P
/P

c
r

Fig. 5 Indentation force for a single tube as a function of pen-
etration depth based on nonlinear bending theory of a beam
tube forest shows a nearly linear force response with h�2hcr,

JANUARY 2011, Vol. 133 / 011014-3
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hich is clearly different than the indentation of homogeneous
aterials. The right column of plots in Fig. 6 shows the same

esults in a normalized form with the force normalized by the
ritical buckling load of a tube �Pcr� and the depth normalized by
he height of the tubes �L�. The normalized force then basically
racks the number of tubes in contact as the penetration depth
ncreases.

Integration of the force with depth provides an expression for
he stored elastic energy as a function of indent depth. For the case
onsidering tube compression, the energy storage is

U = mEA0�
Rh3/3 − h4/12

L
�19�

For the case considering tube compression followed by elastic
uckling, the energy storage with h�hcr is

U = mEA0���Rh2 − h3/3��cr − �Rh − h2/2�L�cr
2 + �R − h�L2�cr

3 /3

− L3�cr
4 /12� �20�

For the case considering tube bending, the energy storage is

U =�
0

h�
A

�2EI

4L2 �1 −
1

��x − hi�R2/Ldi
2 + 1�1.15	mdAidx �21�

Figure 7 compares the stored strain energy from different model
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Fig. 6 „a… Comparison of different mode
sion of tubes, Eq. „13… considering com
tubes, and Eq. „18… considering bending o
depth. „c… Corresponding area A1 and
=1 tube/�m2 in this case… as a function
redictions for the same forest system of Fig. 6 �with the right

11014-4 / Vol. 133, JANUARY 2011
column again providing normalized results where the energy is
normalized by the energy of a tube at the point of buckling, Ucr
= Pcrhcr /2�. Equation �19� shows the nearly cubic increase with h,
which is valid at small indentation depths prior to tube buckling.
When the indentation depth h�2hcr, both Eqs. �20� and �21� show
the essentially quadratic increase with h, indicating the nearly
linear spring response of the tube forest under a spherical indenter.
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onsidering the case that R�h, the spring constant is estimated as
efore

ks =
2�3�mERI

L2 �22�

hich for the case of solid rods of radius r gives

ks =
�4�mERr4

2L2 �23�

he spring constant is seen to scale linearly with m, E, I, R, and
nversely with L2.

Finite Element Analysis
In order to further verify the deformation mechanisms for tube

orests during indentation and to validate our analytical models,
onlinear finite element analysis is carried out to simulate the
anoindentation process. The simulation takes into account the
ube geometry, packing density of the tubes, and the geometry of
he probe tip. Here, nanotubes are modeled as 3D elastic beam
lements �element type B31 in ABAQUS/standard element library,
rovidence, RI� with solid circular cross-sectional area. The tube
eight and radius are varied for each simulation. The indenter is
odeled as a rigid spherical indenter for various cases of R. The

ontact between the indenter and the tube is specified to be fric-
ionless, frictional, or completely rough with no overclosure. The
riction between the indenter tip and tubes is important in deter-
ining the critical buckling load �Eq. �5�� due to different con-

traints applied on the tube boundary. The contact and friction
etween neighboring tubes are ignored in this study because of the
elatively large spacing between the tubes; tube-tube interactions
ould alter �increase� the critical buckling load since they provide
mutual constraint �similar to an elastic foundation� effect on the
uckling modes. To simulate buckling and post-buckling behavior
f the tubes, infinitesimal random deflection “defects” are intro-
uced in each tube; the buckling load was found to be insensitive
o the defects chosen. The case of tubes arranged in a two-
imensional square pattern with an areal density characterized by
enter-to-center distance �see Fig. 8�a�� is studied. The effect of
eterogeneous spacing as, for example, shown in Fig. 8�b� is also
xamined. The FEA simulation allows us to study the entire in-
entation process where various features will be parametrically
aried for comparison to/validation of the scaling relationships
erived earlier in the analytical model.

Results and Discussion
Parametric studies are conducted to understand the influence of

ifferent forest parameters on the indentation behavior and also to

(a)
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Fig. 8 „a… A two-dimensional square patt
uted pattern of tube array
nderstand the efficiency of the analytical models. The basic sys-

ournal of Engineering Materials and Technology
tem considers E=1 GPa, L=10 	m, r=0.2 	m, m
=1 /9 tubes /	m2, and R=500 	m. These parameters are para-
metrically varied to study their influence on the behavior;
indenter/tube friction is also varied. For most cases, the indenta-
tion response is given in terms of either F versus h or F / Pcr
versus h /L.

4.1 Effects of Friction. Figure 9 shows the influence of
indenter/tube friction on the load-depth behavior for the system
with E=1 GPa, L=10 	m, r=0.2 	m, m=1 /9 tubes /	m2, and
R=500 	m. The critical buckling strain �cr=hcr /L of the tube is
0.025% and 0.2% for the two buckling conditions, respectively;
these values are small compared with the indentation depth of
h /L=0.10 and the initial indent region can be neglected. As ex-
pected, the load for the case of completely rough friction is around
eight times greater than the case of no friction due to the different
buckling mode and critical buckling load of the tubes. When the
coefficient of friction is small �
0.01 in Fig. 9�, the force is
slightly greater than the case with no friction. Interestingly, when
the coefficient of friction is 0.05, the force is very close to the case
of rough friction. The plot indicates nearly no sliding occurs be-
tween the indenter and tubes up to 0.06 of h /L. With increasing
depth, partial sliding induces deflection of the tube ends, which
leads to the softening of the force response �as shown in Fig. 9�.
These results indicate that the indentation process is very sensitive
to the friction between indenter and tube ends, which is critical in
determining the tube deformation mechanisms and the overall ef-
fective stiffness of the forest. When the coefficient of friction is
greater than 0.05, completely rough friction can be considered in
the indentation process. In later simulations, we focus on the two
limiting cases of no friction and no slip, whose results can be
compared with previous analytical models.
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Fig. 9 FEA results of load-depth behavior showing the effect
(

ern
of friction between the indenter and tubes
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4.2 Effects of Indenter Radius. Figure 10 presents the com-
arison of force-depth curves between analytical models and FEA
esults with indenter radius R=500, 200, 100, and 50 	m. A
arger R leads to a higher indentation force for the same indenta-
ion depth where F essentially scales linearly with R, in excellent
greement with the analytical model. Considering the case where
o slip is considered between the indenter and the tubes, buckling
heory gives force-depth predictions in perfect agreement with
EA simulations for all indenter diameters. For the case where no
riction is considered between the indenter and the tubes, the

Fig. 10 Comparison between analytical m
indenter radius R=50–500 �m: „a… no frict
„b… completely rough „no slipping… frictio
shows the corresponding displacement of
an indenter radius of 200 �m.
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buckling model overestimates the total force compared with the
FEA results. The discrepancy between the buckling theory predic-
tion and the FEA simulation decreases as R increases. However,
the bending model provides a better estimation, which is only
slightly higher than the FEA result. The displacement contours of
tube forests show the deformation mechanisms for the two differ-
ent friction conditions. Tube spreading from tip axis is observed
when no friction is assumed between the indenter and tubes; the
tube deflection due to bending away after lower mode buckling is
the dominant mechanism. Under no slip condition, the tube buck-
ling occurs at a higher mode and results in higher forces compared
with the case where tube ends can slide. Around 140 tubes are in
contact with the indenter in both cases in Fig. 10. The evolution in
numbers of tubes in contact as a function of indent depth is shown
in Fig. 11, which tracks well with the normalized force �F / Pcr�
plots of Fig. 10

In both friction conditions, the indentation forces are almost
linearly dependent on indent depth, indicating indentation with a
large spherical indenter gives a linear spring form of behavior, in
agreement with the analytical model. The stored strain energy in
the forest can be written as a quadratic function of indent depth,
U�ksh

2 /2, where ks is the spring constant determined earlier in
the analytical model. Figure 12 shows excellent agreement be-
tween the analytical model prediction of the energy storage when
compared with the FEA simulation results. ks scales linearly with

els and FEA results for indentation with
between the indenter and nanotubes and

etween the indenter and nanotubes. Top
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, implying a linear resistance of tube forests to a spherical con-
act. This result could be useful in the future design of impact-
esistant heterogeneous materials.

4.3 Effects of Tube Height (Forest Thickness). For nanoin-
entation on a thin film, the indentation behavior is independent
f film thickness for indentation depths less than 10% of the film;
or greater depths, there is a substrate constraint effect �27�. For
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nanoindentation on tube forests, the effect of forest height should
be carefully considered. Figure 13 shows the results of analytical
models and FEA simulations of nanoindentation, considering
rough friction interface for tube heights of L=10, 12.5, and
15 	m. Results are shown in terms of: �a� F versus h, �b� �F / Pcr�
versus h, and �c� �F / Pcr� versus �h /L�. Again, there is excellent
agreement between the FEA and the analytical model, verifying
the model prediction of strong dependence on length. Figure 13�a�
shows the dramatic reduction in force with an increase in length
�F�L−2�. Figure 13�b�, which normalized the force by Pcr but
does not normalize the depth, shows a superposition of the three
behaviors, indicating the scaling with Pcr �which contains the L−2

dependence�. Figure 13�c�, which normalizes the depth by the L
corresponding to each case, which incorrectly suggests that the
greater L provides a “stiffer” behavior simply because there is also
a length dependence within the normalized force �meaning care
needs to be taken when choosing normalization scaling�. The
strong dependence on length �F�L−2� is a result of the direct
influence of tube height on the buckling force of each tube. There-
fore, it is important to note that the solid thin film indentation
relationships cannot be applied to or used to interpret the inden-
tation behavior of heterogeneous materials such as tube forests.

4.4 Effects of Tube Radius. Figure 14 shows the comparison
of analytical models and FEA results on influence of tube radius
for a range in r=0.15−0.3 	m. The three cases of r �for both
frictionless and rough friction figures� are found to be collinear
when plotted as F / Pcr versus h /L since the Pcr inherently contains
the r dependence �Pcr� I�r4� and hence show the strong depen-
dence on r. Again, buckling theory gives near perfect prediction
of force-depth curves if rough friction is considered between the
indenter and the tubes; bending theory provides better estimations
if no friction is considered.

4.5 Effects of Tilt Angle of Tubes. It is well shown that the
setae on gecko feet exhibit frictional and adhesive anisotropy be-
cause of the fiber structure where fibers are not vertically aligned
but oriented at an angle to the base �34�. This mechanism is of
critical importance and inspires the design of geckolike surfaces
with directional and adjustable adhesion properties �35,36�.
Nanoindentation can be applied on angled fiber forests to deter-
mine surface properties such as compliance and adhesion �3�.
Here, FEA simulations of nanoindentation on angled nanotube
forests with different tilt angle � �Fig. 15� are conducted. The
indentation resistance decreases dramatically with an increase in �
for the cases considering no friction between the indenter and the
tubes �see Fig. 15�a��. For example, when �=20 deg, the force
response is only 1/3 of that of the case of vertically aligned tubes
��=0 deg�. In this case, the relationship between the contact force
and penetration depth for a single tube can be found from Eq. �16�
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imilarly, the force can be approximated as

Pi =
�2EI

4L2 �1 −
1

��h − hi�/L tan2 � + 1�1.15	 �25�

hen, the total indentation force F in this case can be obtained by
ntegration

F =�
A

�2EI

4L2 �1 −
1

��h − hi�/L tan2 � + 1�1.15	mdAi �26�

Figure 15�a� shows good agreement of this model considering
ube bending with FEA results. Interestingly, for the case consid-
ring no slip between the indenter and the tubes, all force-depth
urves are consistent for a range of � from 0 deg to 20 deg; here
he tube buckling and the buckling force are not very sensitive to
he tilted angle for this case. This advantage provides an easy and
recise solution to measure the resistance response for angled
ube/rod forests.
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4.6 Effects of Tube Areal Density. In the previous FEA
simulations, nanotubes were taken to be uniformly distributed in a
square pattern. The areal density was characterized by the tube-
to-tube distance. Figure 16 compares both analytical models and
FEA results for different areal density of tube forests �m
=1 /9,1 /6,1 /4 tubes /	m2�. As expected, the total force is pro-
portional to the areal density at a given density since it consists of
a summation of the forces of tubes that interacts with the indenter.
The force scales linearly with m.

4.7 Effects of Heterogeneous Spatial Arrangement. In
many fabrications, tube forests are not necessarily patterned in a
highly organized way because of the limitation of fabrication
method. To study the dependence of the indentation force on the
distribution of nanotubes, the positions of tubes are randomly var-
ied �see Fig. 8�b��, while the average areal density is retained to be
same as 1 /9 tubes /	m2. The tube height and radius are taken to
be of the same values as those in the above study. Figure 17
compares the load-depth results between indentations on a square
pattern and a randomly distributed pattern, which agrees well with
each other even when the indenter radius is down to 100 	m.
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his suggests the use of a larger indenter in the nanoindentation
ests to reduce the influence of inherent tube distribution.

Conclusions
In this paper, the mechanics of indentation into well-ordered

orests of nanotubes/nanorods/micropillars was analyzed and dis-
ussed. Such structures are finding increasing importance in tai-
oring surface properties. Theoretical and numerical studies were
sed to explore the deformation of individual tubes and tube ar-
ays subjected to indentation by a relatively large spherical in-
enter �R�L�, which allows us to deduce intrinsic tube and ef-
ective forest material properties from the load-depth curves
easured through experiments. The indentation on forests is

hown to be a depth-dependent behavior, strongly dependent on
ube geometry �height h, moment of inertia I, and radius r�, pack-
ng density m, indenter radius R, tilt angle � of aligned tubes, and
he friction between the indenter and tubes. The force is seen to
cale linearly with h, m, E, and R, r4 and L−2; the stored elastic
nergy of the forests under indentation is seen to scale linearly
ith m, E, A0, R, r2, L−2, and h2. Also, the indentation and the

ffective property of the heterogeneous film are affected by tube
ompression, bending, and buckling behavior. When there is
ough friction between the indenter and tubes, a buckling model
aptures the load-depth response; when there is no friction, a
ending model provides better predictions of the load-depth re-
ponse. Hence, these results reveal the many opportunities in us-
ng the geometry and properties of the tubes �or rods or pillars�,
he height and density of the forests, and the frictional interface of
he tubes with the indenter as a means of tailoring the surface
erformance. An additional design element not touched on in this
aper is the ability to utilize tube-tube �or rod-rod� interactions,
hether frictional or van der Waals or other, to further tailor the

ollective behavior of the forest. These studies show the tremen-
ous potential for tuning and designing surface properties of novel
omplex structured materials in a wide range of promising appli-
ations.
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