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Abstract

Consider a noncooperative game at whose outcomes commaodities accrue to play-
ers, which are both valued by them and susceptible to transfer between them. In
this situation, outcome-contingent transfers of commodities form a natural schema
for incentivizing cooperation, in the following sense. Transfers agreed upon by
the players give rise to a new noncooperative game whose Nash Equilibria (NE)
may engender a Pareto-improvement over some designated status quo NE of the
original game.

However, as in the folk theorem for repeated games, an embarrassingly large
set of NE may be sustainable via transfers. The main source for this pathology is
the possibility of “threats”, which can be understood as “off-shell” transfers, i.e.
transfers at outcomes that are not actually being reached with positive probability
at the NE under consideration. Our endeavor is to restore the discriminatory nature
of NE by means of two simple ideas. We say that an NE of the post-transfers
game is transparent if there are no off-shell transfers. This can also be viewed
via the lens of “credibility”, of something being seen in order to be believed. The
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other condition is budget balance, i.e., at the NE, there should be no need for a
net injection of commodities from the outside in order to sustain transfers. An
NE is considered eligible by us if it satisfies these two conditions, in addition to
engendering Pareto-improvement. If a social welfare function is specified, then
one may seek to determine eligible NE that maximize welfare on the domain of
feasible transfers. We carry out this analysis for three classical noncooperative
games. These are the Centipede Game, Contest, and the Prisoners’ Dilemma; the
last of which we discuss in some detail.

JEL Classification: C70, C72, C79, D44, D63, D82.

Keywords: Games of Income, Nash Equilibrium, transfers, transparency,
budget balance, gains to transfers, Prisoners’ Dilemma.

1 Introduction

The notions of strategy and payoff are fundamental to the theory of noncoopera-
tive games, and suffice to define Nash Equilibrium ([9]). However in many classes
of games in the economic literature there is an intermediate notion of “income”
— often of interest for its own sake — from which the payoff is derived through
a utility function. Income typically consists of commodities that are valued by
players and susceptible to transfer between them. The canonical example is of
course Cournot oligopoly ([1]). Here there is a single commaodity called “money”
and each firm’s payoff is linear in the money that it earns.

In consonance with this literature, we consider a game with the following fea-
tures. There is commodity income that accrues to players, contingent upon the
state of the world, or “outcome”, realised in the game. The outcomes could be
random, but their probability distribution depends on the strategies selected by
the players. Moreover, we assume that while outcomes — and the commodity
transfers made there — are publicly observable, the strategies themselves are pri-
vate knowledge to the players.?

2This paper updates, extends, and supersedes an earlier version [2].

3Consider, for example, a stochastic generalization of Cournot oligopoly, where each of n
firms produces random output conditional on its deterministic investment of money; and where its
sales revenue is also random, since the price at which the output sells is determined by the total
output of all firms and an exogenously fixed market demand function. The investment is private
information to the firm, but its output is on market and publicly known, as is the market demand.
The outcomes here correspond to the n-tuples of firms’ outputs, the probability distribution on
outputs is determined by the n-tuple of firms’ strategies (i.e., investments), and finally the outcome-
contingent income of each firm is the money it makes from sales. More abstractly, our model



In this scenario, and assuming that players are in an NE of the original game
which serves as their status quo, what would be the means available to them if
they wanted to cooperate for mutual benefit? Let us suppose that not only is
preplay communication possible between players, but that they have access to a
“court” under whose auspices they may sign a contract as to what they will do. It
is evident that they cannot contract to play specific strategy selections, since these
are unobservable, and hence unverifiable, by the court. Think of the case where
many different strategy selections, each characterized by its own distinct set of
“spoilsport” players, give rise to the same bad outcome. Then how can the court
infer from the outcome who the culprits are that need to be taken to task?

Any contract must be limited to what is observable by the court, i.e., outcome-
contingent commaodity transfers. In our model, all commodity incomes are fixed,
with no scope for enhancing them. Thus the only course of action open to the
players — provided no prohibition is placed upon it — is to contract transfers of
commodities at the court®, thereby transforming the game they have to play. If
this maneuver leads to utility gains for all, via the emegence of “better” NE in the
transformed game, then players will be incentivized — indeed, often impelled —
to innovate these contracts, especially if the gains are significant. (Note that there
is no transfer of utiles being contemplated here, only the transfer of commodities,
which of course does affect utilities.)

A typical instance we have in mind occurs when certain strategy selections
lead to a huge amount of commodities in total, but with a skewed distribution, so
that some players get very little. Such players will tend to play safe strategies that
preclude the huge total, but guarantee them better payoffs. In order to get them
to fall in line for the huge total, it becomes needful for the big winners to transfer
sufficient commodities to them so that none has any desire to deviate. Of course,
as we shall see in the examples below, there can be subtler reasons for benefits
from transfers, based upon the full chain effect of the strategic interaction among
the players, i.e., upon NE.

It is worth emphasizing that, despite the element of cooperation introduced
by transfers, the noncooperative character of the game is left intact. Strategies
chosen privately by the players, upon which outcomes depend, must perforce arise
in an endogenous manner, with each player acting in his own self-interest, in the

includes extensive form games ([7]) in which payoffs are derived fom utility of income at the
terminal nodes. To the extent that games of incomplete information may be viewed as extensive
games of imperfect information ([4]), these are also included.

4The court — tasked to implement transfers — is of course necessary, since transfers cannot
possibly be “self-enforcing”, for who would ever voluntarily part with valuable commodities?



strategic competition that ensues once transfers are put into place. In the parlance
of game theory, players’ strategies must constitute an NE of the transformed game
which results from the transfers. In general any such game may have multiple NE.
Since we wish to remain agnostic about which NE the players will settle upon,
the objects of study in this paper are pairs (t,0), where t denotes outcome-
contingent transfers and o is an arbitrary NE of the post-transfers game induced
by .

A crucial condition that we place, upon the pair (7, ), is as follows: transfers
T must be restricted to outcomes that occur with positive probability at the NE o;
in short, they must occur in the “play””® of the game generated by o. This is a joint
condition on 7 and . The idea behind it is to render transfers “transparent”(or
“factual”, disregarding completely all counterfactual transfers at outcomes that do
not occur in the play of ). Transparency of 7 in (7,o0) lends more credence
to t. Think of an NE ¢ as the prevalent and persistent mode of behavior in the
game generated by 7 (all else being rendered ephemeral by players’ strategic de-
viations). Then transfers in 7 that are “on shell”, i.e., witnessed within the play of
o, acquire the imprimatur of “legal precedence” (in the court tasked to implement
7) and thus become more credible to the players. To put it bluntly, transfers must
be “seen to be believed” and those that are “out of sight are out of mind”. Also
note that, were the transparency condition to be lifted, the discriminatory power of
NE would be quite lost. Indeed, as in the “folk theorem”, a plethora of outcomes,
accompanied by the original payoffs of the pre-transfers game, could then be sup-
ported as NE by means of drastic conjectural transfers that are not subjected to a
reality check via the NE play. (See Remark 1 in section 2.4.)

Transfers can be intra-outcome, with commodities exchanged between players
at every outcome. These are “simple” transfers and, for ease of presentation, form
the focus of all our examples. However, in the general model we make room
for the much broader category of inter-outcome transfers, in which players may
(collectively) give up some commaodities at certain outcomes in order to get them
at other outcomes®. To sustain such transfers, we need to postulate — again in
the background, like the court — a risk-neutral agency, e.g., a “bank”’, which is
willing to lend select commaodities (such as money) to players at zero interest rate
provided it recoups the loan. In the light of risk-neutrality, this is tantamount to

5i.e., the set of outcomes that occur with positive probability under o.

®Inter-outcome transfers are the center of attention in our forthcoming companion paper. For a
preliminary version, see [2].

0r, perhaps, even one of the players within the game who is endowed with sufficient wealth
as to be risk-neutral.



the budget balance condition that the expected profit of the bank be zero for every
commodity-loan.8 Notice that, like transparency, this too is a joint condition on
the pair (7,0): the strategy selection o must be an NE of the game determined
by transfers 7, and simultaneously T must be budget-balanced based upon the
probability distribution of outcomes generated by o.

Thus our domain consists of pairs (7, o) which satisfy the twin conditions of
transparency and budget balance, along with the “individual rationality” constraint
that o yield to each player no less than his status quo payoff. Our focus is on the
set of pairs that are Pareto-optimal with respect to some exogenous set of feasible
transfers. This set is clearly invariant under independent affine transformations
of players’ utilities, i.e., it is “cardinal” in character. Now if a “social welfare
function” is specified, then one may select pairs which maximize welfare on the
Pareto set . In this event, we define the gains to transfers as the gain in welfare
achieved by the selection. One could think of it as the incentive to cooperate in-
herent in the noncooperative game. This notion might be useful both normatively,
from the point-of-view of a policy-maker trying to steer the game towards welfare
gains; and also descriptively, as an explanatory variable that correlates with play-
ers’ deviation from NE behavior observed in empirical data. (Needless to say, it
is not a cardinal notion, since welfare willy-nilly entails interpersonal comparison
of utilities.)

In conclusion, let us note that transfers have long been at the center of attention
in the analysis of cooperative games. Indeed the Core and the Shapley Value, as
well as several other solution concepts, are all concerned with how the fruit of
full cooperation is to be transferred to the players. It seems to us both natural
and worthwhile to also consider transfers in a noncooperative setting. We are
not aware of too much research in this direction. The references [5], [10], [12],
[15] are in the context of transferable-utility models of bargaining with strategic
threats, and do not have much overlap with the model here.

The paper is organized as follows. After presenting our abstract model of
transfers, we bring it to bear on three examples: the Centipede Game, Contest and
(most elaborately) the Prisoners’ Dilemma. In all of these — for simplicity, and in
the footsteps of Cournot — players get a single commodity called money at every
outcome and all players are presumed risk-neutral®; furthermore, social welfare

8In Section 7, we consider the case where the bank may charge positive interest or even seek
to maximize expected profit.

9These assumptions may give the illusion of “transferable utility”(TU). Indeed, with a sin-
gle commodity money and risk-neutral utilities, our model is mathematically isomorphic to the
TU model. However, conceptually it stands apart: transfers are postulated for money alone, and



is taken to be “egalitarian” (sum of players’ utilities). Even in this simplest of
frameworks, the computation of gains to transfers can be quite subtle. In partic-
ular, since we view payoffs as cardinal and not ordinal (thereby admitting mixed
strategies in our analysis), there is a large domain of Prisoners’ Dilemma games.
The gains to transfers vary widely across this domain, enabling us to demarcate
regions where they are pronouncedly high (or, low). In the process, we show that
reducing money in the game can often be of benefit to both players when transfers
are allowed (even when that reduction is detrimental to them when transfers are
forbidden).

For the most part, we restrict to deterministic transfers, although it is straight-
forward to accomodate random transfers in our model. However, a special kind
of randomization is briefly discussed in our analysis of the Prisoners’ Dilemma:
nature picks, and fully reveals to the players, different games for them to play,
each of which is induced by deterministic transfers. This has the advantage of
restoring symmetry to the solution of a symmetric problem, by randomizing over
deterministic solutions, each of which necessarily entails symmetry-breaking.

2 The General Model

2.1 Games of Income

We formalize the class of noncooperative games discussed in the introduction. For
simplicity we make a number of finiteness assumptions which can be relaxed in
the usual manner.

We consider the following setup. Let N and K be finite sets, of players and
commodities, respectively. For each player i € N let T' be a set, of strategies, and
letX = HieNZi be the Cartesian product. Also let Q be a finite set, of outcomes,
and let A (Q) be the collection of probability distributions on Q.

A noncooperative game of income I' = T"(¢, i, u) is specified by a triple of
maps

0:2—AQ), u:NxQ—RK u:NxQxRK—R (1)

The vector u (i, ) € RX is the income of commodities that accrues to player i at
®, and Uy, (z) = u(i, ®,2) is the payoff, or utility, that i derives from consumption
of z at . The game is defined as follows. A strategy selection ¢ = (G')iEN ex

changes in utiles are pure byproducts. (That they seem identical is an artifact of risk-neutrality).



of the players leads to the probability distribution g5 on Q. The expected payoff
of i at o is given by

m'(0) =Y ¢s(0)uy,(u(i,0)). )

weQ

GivencecXandseX', we denote by (o |i s) € X the strategy selection which
is the same as o except that ' is replaced by s. We say (see [9]) that oy is a Nash
Equilibrium (NE) of " if

m'(o)>7'((o];s)) forallieNandse X'
2.2 Transfers and Eligible Nash Equilibria

A transfer (of commodities) in I" is a map
T:NxQ— RK

Such a 7 defines a new income map u + t; we write I'; = I' (¢, u + 7, u) for the
modified game, and denote by zr'r its payoff functions as in (2).

A pair (o, 1), consisting of strategy selection o € X and a transfer 7, is called
transparent if, for all o € Q,

7(i,0) #0 forsome i = @5 (@) >0;
and balanced if it satisfies commodity conservation in the sense of expectation:

Z [QD((D7G)ZT(L@)] =0 3)

weQ ieN

A transfer is said to be simple if commodity conservation holds at each outcome:

Y t(i,o)=0forall e Q
ieN

It is clear that if T is simple then (o, 7) is balanced for all o € X.
Let o* be an NE of I" — the status quo. We say that (o, 7) is o*-dominant if

m (6) > ' (c*) forallieN.

If (o, 7) is transparent, balanced and o*-dominant we say that it is o*-eligible..
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2.3 Optimal Transfers

LetI"and o* be as above, and let T be an exogeneously given set of “permissible”
transfers. Define

&(0*,T)={(o,1) €XxT:(0o,7) isc*-eligibleand s isan NE of I';},
and the corresponding set of payoff vectors
Z(c*,T)={n:(0) eRN:(0,7) € &(c",T)}.
We shall assume throughout the set T satisfies two conditions

0eT (4)
Z (o™, T) is bounded (5)

We note that (4) implies that (*,0) € & (6*,T) and hence & (6*,T)and Z (¢*,T)
are nonempty. As we shall see shortly (5) implies the existence of NE that are “ap-
proximately optimal”, either in the Pareto sense or with respect to a social welfare
function.t0

2.3.1 Pareto Optimal Transfers

We say a vector u dominates a vector v in RN if u; > v; for all i, and that it e-
dominates v for some € > 0 if u; > vj +¢ for all i. For asetV c RN we define
its Pareto frontier PV and e-Pareto frontier P,V to be those vectors that are not
dominated and not e-dominated, respectively, by any other vector in V.

Lemmal If V ¢ RN is nonempty and bounded then P,V is nonempty for any
€ > 0. IfV is compact then PV is nonempty, although it need not be compact.

Proof. First suppose V is bounded and € > 0. Then the function X (u) =
Ui +---+un has a supremum s on'V and we can find v in V with X (v) arbitrarily
close to s. In particular we can find v such that

X(v) >s—|Nje

1(_’The boundedness of Z (6*, T) can be deduced from explicit conditions on the exogenous data
T,u' of the model, e.g., each u' has finite supremum on its entire domain; or, alternatively, T is
bounded and each u' has finite supremum on any bounded subset of its domain.



If some u were to e-dominate v then we would have X (u) > X(v) +|N|e > s,
which is a contradiction. Thus v belongs to PV and thus P;V is nonempty.

If V is compact then any v at which X attains its supremum belongs to PV.
Finally, the following example shows that PV need not be compact.

V={(xy) eR%:x+y=1}U{(0,2)} = PV =V\{(0,1)}.

]
Since Z (o*,T) is nonempty and bounded, Lemma 1 immediately implies

Proposition 2 P.Z (c*,T) is nonempty for any € > 0.

Note that, since transparency is not a closed condition, & (¢*,T) and Z (¢*,T)
need not be closed, and therefore the Pareto frontier PZ (6*,T) may be empty,
which is what led us to consider the e-Pareto frontier P.Z (6*,T).

2.3.2 Gains to Transfers

A (social) welfare function is a map w : RN — R which is strictly increasing in
each coordinate. Given such a w, we define gains to transfers at o € &5+ (7) to be

Gw (6*7 677) = W(ﬂ:f (G)) _W(E(G*)) :
and the gains to transfers on T by
Gw (0", T) =sup{Gw(c*,0,7):(0,7) € &(c",T)}.

Proposition 3 If w is bounded on Z (6*,T) then Gy (c*,T) is finite; moreover
for any € > 0 there exists (o, 1) € & (o™, T) such that

Gw(o*,0,7) > Gy (c",T)—¢.

Proof. Since w is bounded, Gy, (c*, T ) can be approximated arbitrarily closely
in&(c*,T). m

In the subsequent sections we will study G,y in greater detail for certain clas-
sical games and the “egalitarian” welfare w.



2.4 Remarks on the Model

(1) (Transparency) Consider games of income in normal form as in [9], where
outcomes are identified with pure strategy selections. Without the transparency
condition, any pure strategy selection oy = (o;i) icy € Z can be sustained as an NE
via transfers. Indeed at every (o4 |i o'), fori e N and o' € £\ {o}}, leta lot of
commodities'! be transferred from i to other players. Then no i will have incentive
to unilaterally deviate from oy, with the upshot that oy will be an NE. Indeed, by
such punishments for deviations, a large number of NE can be generated in any
given game via a single outcome-contingent transfer. For instance, in an n x n
bimatrix game, any n entries such that no two lie in the same row or column, may
be sustained as NE. In general, in a multimatrix game with k players, the number
of NE pure-strategy selections grows exponentially with k. For instance, consider
binary games where each of the k players has two pure strategies. Then to sustain
any strategy selection as NE, we need to punish k unilateral deviations from that
NE, one for each player. Thus we may create at least n NE where n = 2K —nk; i.e,
n=2%/(1+k). Ingeneral, we have n = (I x ... x Ig) /(1411 + ...l — k) where
li is the number of pure strategies of i.

Our notion of transparency is reminiscent of “rational expectations equilib-
rium” (transfers anticipated conform to transfers realized). and even more of
“self-confirming equilibrium” (SCE) in extensive form games (see [3]). In SCE
players are permitted to hold arbitrary, idiosyncratic conjectures regarding each
others’ strategies outside of the NE play, but within the NE play their conjectures
must concur with the “objective reality” of what is going on there. (Needless to
say SCE further requires that no player must want to to unilaterally deviate, in
the light of his conjectures.) However, note also a difference. Our transparency
condition says that no transfers may be conjectured at outcomes outside of the NE
play, i.e., transfers that are “out of sight are out of mind”.

Transparency can be of wide-ranging application, going well beyond the games
of income considered here. Think of abstract, outcome-contingent “consequences”
and suppose there exist (verifiable and contractable) “alterations” in the conse-
quences that affect utiles and thereby the game. Then transparency can be defined
for alterations in general, exactly as it is for transfers in our model.’2. Even in

\we assume in this argument that T permits“suitably” large transfers, e.g., suppose players get
non-negative commaodity bundles at every outcome which they strictly prefer to the zero bundle
and that it is permitted in T to take away the entire bundle of any player i and give it to others, thus
punishing i adequately whenever necessary.

2Transparency may be an especially relevant consideration when the alterations are to be made
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our context of commodity income, one could think, for instance, of destruction —
rather than transfers — of commodities as such an alteration.

(2) (Mechanism Design) There is burgeoning literature in which transfers
are considered from a mechanism design perspective. The idea is to “design”
an extensive form game (a “bargaining protocol”) in which players propose and
accept/reject transfers amongst themselves, possibly over several rounds, at the
end of which certain transfers are agreed upon (condional on the realized play
of the game); and then finally the original one-shot game is played, with payoffs
amended according to those transfers. This gives rise to an overall enhanced game
whose (typically, “sequential”) NE are analysed. The protocol is meant to be
universal in that it enables efficiency (welfare-maximization) to be achieved as
an NE outcome for every one-shot game (chosen from an a priori given class of
such games). It is worth emphasizing that efficiency is enabled but not ensured
in this framework. Indeed many other inefficient NE also occur, and often there
is a “folk theorem effect” with a plethora of NE outcomes. (See [15], and the
references therein, for more details.)

Our approach is complementary to this literature. We take it for granted that
players are eager to register transfers in a court, in a spirit of cooperation. (They
need not be persuaded to participate in an elaborately designed mechanism, where
cooperation could arise out of pure self-interested NE behavior.) Nevertheless,
for any transfer that players unanimously agree upon, there remains a residual
noncooperative game. In a forthcoming paper, we discuss a scheme for endoge-
nizing transfers, based on appending markets for commodity trade to the original
game; but the resultant enhanced game is still one-shot, and complementary to the
mechanism-design approach.

3 Games of Money

In the rest of the paper, we shall illustrate our concepts through three examples:

e Centipede Game,
e Contest,

e Prisoners’ Dilemma.

voluntarily by individual players at ex post personal cost, albeit for ex ante personal gain.
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In all these examples, incomes are denominated purely in terms of a single
commodity which we call money; and players are risk-neutral. Thus the set K is a
singleton; ul,(x) = x for all i, w,x; and the games are specified by

P:Z—AQ), u:NxQ—R, 7(c)=Y ¢s(0)u(i,0). ()
e

In addition: (i) each of the games has a unique NE o* prior to transfers; (ii) we
invoke the egalitarian welfare function w (7) = Yjcn 7' (s0 that welfare is simply
the total money in the hands of the players). On account of (i) and (ii), we may
suppress o* and w, and write & (T), G(T) etc. instead of & (c*,T), Gw(c*,T)
etc.

It further turns out, though this is not obvious, that the gains to transfers G (T)
are actually achieved via eligible NE in our examples, not just approximated.

For Contest, the post-transfer games that achieve G (T) also have unique NE.
This is no longer true for the Centipede Game or Prisoners’ Dilemma. How-
ever, uniqueness is restored for “almost all” transfers in the Centipede Game once
we restrict to subgame perfect NE. And it is “essentially” restored for Prison-
ers’ Dilemma, for a minuscule price: given an arbitrarily small € > 0, there exist
transfers such that the post-transfers game has a unique NE that is both eligible
and achieves gains to transfers of at least G (T ) — . (See Remark 11 for details.)

The uniqueness of NE makes our examples all the more compelling, since
we steer clear of the (generally unavoidable) arbitrariness of NE-selection in the
course of determining either the status quo ¢* or the gains to transfers G (T).

4 Centipede Game

The original “Centipede Game”, due to Rosenthal (see [11]), is given by the ex-
tensive form

O— -0

0,00 +4,3) (2,2) (4.8 (4,4) (3,7) (6,6) (5,9 (88) (7M)

To recast it as a game of money, the numbers at the terminal nodes (outcomes)
must be viewed as both the payoffs and the dollar rewards to players 1,2. The
unique NE outcome entails player 1 choosing “down” at the left-most node of
the game tree, resulting in rewards (0,0) to the players. Now consider the trans-
fer " in which player 1 transfers 1 dollar to player 2 at the right-most terminal

12



node, changing rewards there from (10, 10) to (9,11), while all other rewards re-
main untouched. Then (9,11) becomes an eligible NE payoff in the post-transfers
game, though (0,0) also persists as another (albeit ineligible) NE payoff. Both the
NE are, moreover, subgame perfect. (However note that, for any larger transfer
1 < t* < 2, the right-most node becomes the unique subgame-perfect NE out-
come, which is also eligible and has maximum welfare 20, thus achieving the
gains to transfers in the Centipede Game.

Proposition 4 Let T be any bounded set of transfers at the rightmost node that
contains T* = {7:1 < t* <2}. Then G(T) =20 and is achieved by any 7 € T*.

Proof. This is obvious in light of our earlier discussion, since 10+ 10 = 20
is the maximum total money among all the terminal nodes; and since the welfare
at any NE (eligible or not) obtained via any transfer, being an expectation of the
total money across terminal nodes, cannot exceed 20. m

5 Contest

There is a vast economic literature on Contest, starting with [14] and [8] (for an
extensive survey, see [6]). Here we consider a simple example of an asymmetric
binary contest. Suppose Rowena (the row player) and Colin (the column player)
can each exert either low or high effort, denoted L and H respectively, which incur
disutility d and produce output t, as follows:

Rowena | d |t Colin|d |t
L 0 |80 L 0 |0
H 30 | 120 H 30 | 82

(Note: Rowena is uniformly stronger than Colin.). An outcome is the pair of
outputs produced by the two, and is observable and owned by Emily who is their
employer. However Emily has announced that she will keep only half the total
output to herself and hand out the other half as bonus to the one who produces
more (over and above a fixed wage, which w.l.0.g we take to be 0). This induces
the following game between Rowena and Colin

H
L | (40,0) | (0,51)
H [ (30,0) | (71, —30)

13



Claim 5 Let T be any bounded set of simple transfers at (H,H) that contains
transfers of 30 + A from Rowena to Colin at (H,H), for 0 < A < 5.938. Any such
A achieves the gains to transfers G (T).

Proof. It is easy to check that the pre-transfer game has a unique NE, where
Rowena plays the (mixed) strategy (30/81,51/81) and Colin plays (71/81,10/81)
with expected payoffs of 2480/81 = 35.062 and O respectively. However a trans-
fer of 30 + A units (out of her bonus of 101) from Rowena to Colin at the entry
(H,H), for 0 < A < 41, will ensure that (H,H) is the unique NE outcome with
payoffs 41 — A to Rowena, and A to Colin. For 0 < A < 5.938, both will be better
off compared to the original NE, though Rowena only moderately so and Colin
by a considerable amount. The NE is clearly eligible. The Claim now follows. m

Note that the gift of money by the strong Rowena to the weak Colin is of the
benefit to both contestants.

A “converse” claim may be formulated when T is the set of all simple transfers
at (L,H). Indeed, a transfer of 40+ A (out of his bonus of 81 from the weak Colin
to the strong Rowena), at the entry (L,H), will ensure that (L,H) is the unique
eligible NE outcome with both better off.

At first glance, transfers from Colin to Rowena at (L,H) appear to be more
efficient because (L,H) is the “social optimum” in the game, in the sense that the
sum of the two contestants’ payoffs is maximum there. However, if we include
Emily in the picture, the scenario changes completely because the (expected total)
output at (H,H) is 202, which is considerably better (even after compensating
contestants for their effort) than the output of 162 at (L,H) or of 127.5 at the NE
of the original pre-transfers game. There is every incentive for Emily to announce
a higher bonus at (H,H) to lure both players to choose effort H. (In section 7, we
introduce a game designer, such as Emily, injecting money at judiciously chosen
outcomes of the game — thus going beyond transfers — in order to influence
players’ strategic behavior.)

6 Prisoners’ Dilemma

We consider a class of symmetric Prisoners’ Dilemma games (of money), where
each player has two pure strategies: 0 (defect) and 1 (cooperate). We write [p,q]
for the mixed strategy pair where the two players choose to cooperate with prob-
abilities p and q, respectively. The games we consider have payoffs given by the
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following bi-matrices'3, whose entries may be viewed as dollars or utiles:

0 1
r*f =0 (B,B) | (1,0) 1>a>B>0 7)
1] (0,1) | (a,)

The cells of the matrix correspond to pure strategy pairs; thus [0,1] is the top
right cell etc. It is easy to see that I'*# has a unique NE ¢* = [0,0] with welfare
2f3. The “dilemma” is, of course, that the non-equilibrium pair [1, 1] yields higher
payoff o > 3 to each player. For simplicity we shall restrict attention to simple
transfers in the cell [0,1], giving rise to the games

reb _ ((lé:lf)) (1(;72)7) 1>7>0. (8)

This set T of transfers shall be held fixed throughout, so we suppress it in our
notation and denote the gains to transfers in ['%# by

G (&, B) = maxw (7; () —w(w (6")) = max (w} (o) + 72 (0) — 2B) .
where (recall) 7! (o) is the payoff to player i at & in the game Fff."ﬁ.

Note that although I'*# is symmetric, F?‘ﬁ is not, and thus the eligible NE
that achieve the gains to transfers G(o, ) will in general be symmetry-breaking.
To the reader who finds this troubling, we note that one may we view Fgﬁ as half
the story. Consider the transposed game with the simple transfer = from Column
to Row at the cell [1,0]. Let nature choose between the two games with equal
probability, after which both players are fully informed of the transformed game
they are in. This leads to an extensive form whose subgame perfect equilibrium
achieves the same gains to transfers as 1“2"[3 , with equal payoffs to the players,
and symmetry restored. With this explicit understanding, we proceed with our
asymmetric analysis.

13The original example reported by Tucker ([13]) in the early 1950°s, was as follows:

(-1,-1) | (1,-2)
(*231) (070)

By a change of scale for measuring money (i.e, a common affine transformation applied to all the
entries of the matrix, namely adding the constant 2 and scaling by 1/3) the example corresponds
to our case with a« =2/3 and 8 = 1/3. Indeed any Prisoners’ Dilemma may be put into our format
%P by such a change of scale.
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Consider the triangular region Z = {(a, ) : 1 > o« > B > 0} . It will be con-
venient to divide & into four (non-disjoint) smaller triangles A,B,C,D shown in
the Figure below.

Note that the perimeter of & is understood to be missing. Also note that the
intersection of any two consecutive triangles in the list A,B,C,D is the straight
line (minus its endpoints) that is the common boundary between them. We shall
denote the interiors of these regions by A’,B’,C",D’.

The following theorem identifies all pairs (o, ) such that

G(a,B) = m; (o) + 77 ()~ 2B
showing that in particular that G (o, B) is in fact achieved.
Theorem 6 For («, ) € # let us denote

o =1-a,p/ =1-Band{ = apa'p'

The table below shows all pairs (t,0) € & (F“vﬁ> at which G («, B) is achieved

Region T c G(a,B)
A B<t<d 0,1] 1-28
ANB o=1/2 | [pa:0<p<iZ 1
B/ o = l;ﬁ 1 1+O£—§(;t{2—ﬁZaﬁ _28
C |a—B+2(ap+8)| |H5ta o L+ 2Bt 2B
D’ 0 [0,0] 0

Moreover for (o, 8, 7,0) in the table, if T # o then o is the unique NE of F?’ﬁ.
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The figure shows the graph* of the function G as a surface®® above Z.
First note that the surface is continuous on % except for CN D, which is a line
of discontinuity, since G drops abruptly to 0 as we leave C and enter D’. Next

. 3k—2 3 1
AmGA=kbP) = 5172 20k—1)
i.e., as we approach (1,0) along different lines a + kB = 1 from within B’, the
limit of G rises from 1 to 1.5 as k rises from 1 to e, showing that G cannot be con-
tinuously extended to (1,0). The supremum of G on % is 1.5 and is not achieved
on Z. Finally, by Lemma 8 below, G (¢, ) > 1—2f in B’UC’. (Intuitively speak-
ing this is so because, in the completely mixed eligible NE that achieves G (a, 8),
the small welfare 23 < 1 at the cell (0,0) is more than compensated for by the
probability of visiting the cell (1,1) with the large welfare 2a > 1.).

In light of this picture, consider points (o, f) close to (1,1/2) in D’. The
gains to transfers are 0, so that players’ payoffs are approximately 0.5 each after
making optimal transfers. Now reduce 3 to 8/, so that (a, B’) is in B/, near (1,0)
and on the line x4+ ky = 1 for large enough k. Then the gains to transfers will be
near 1.5, and (after symmetrization, as discussed above) each player is better off
with payoff just under 0.75.

14We are grateful to Yusra Naqvi for generating this beautiful picture.

15The line segment, connecting (0,0) to (1,1) is not in Z. Its second half, shown as a dashed
line in the figure, corresponds to the missing hypotenuse of D; and the dark cliff above its first
half, which is meant to be vertical, is not part of the surface.
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6.1 Proof of Theorem 6

For the proof we will compute all eligible NE ¢ = [p,q] of Fﬁ"ﬁ and the payoffs
c,r to the column and row player. There are three kinds of NE.

1. Completely mixed, where each player uses a mixed strategy
2. Pure, where each player chooses a pure strategy, i.e., either 0 or 1.

3. Half-mixed, where one player chooses a pure strategy and the other, mixed.

The next two lemmas deal with completely mixed NE. For convenience we
work with the slightly larger class of equalizing NE, where each player is indif-
ferent between choosing 0 and 1.

Lemma7 The game F?’B has an eligible equalizing NE if and only if
(a,B) e AUBUC and B’ > 7> max{a’,B}.

In this case there is a unique such equilibrium, given by

q r
B | B | xn| _m_
7—0 746 7—6 746

where t =oaff and 6 = o+ — 1.

Proof. Suppose [p,q] is an equalizing NE of the game

o,p (ﬁaﬁ) (1_777)
ref = 0.1 [(wa) | 12720

with payoffs ¢ and r to the row and column players. Then by definition of “equal-
izing” we get

c=1-p)B+p=(1-p)t+pa
r=(1-9)f+q(l-1)=9qu

Solving these equations yields

©)




as in the table.
The numbers p,q,r,c are required to satisfy the following inequalities

1>p>0, 1>0>0, c>B, r>§,

where the inequalities on r,c and the strict inequalities on p,q comprise the eligi-
bility of . Now (9) gives

T—B 1 7—d

_— = 1——:

1
1-p o’ q B

and since o/, B > 0 on #, the conditions on p,q imply

t>Bandt> 0. (10)
Another simple calculation using (9) gives

B/
7T—0

__B
T+ 0

c—p= (t—B), r—p (B'—1). (11)
Combining (9) and (10) we get t4+ 6 > 0and t — 6 > 0. Therefore (11) gives
t>Band 7 <p. (12)
and by (10) and (12) we get
B’ >t>max{c,B}.

as needed. Since o’ < B’ in the region %, such 7 exist if and only if

B'>p — ﬁg% <~ (a,B) e AUBUC.

|
In the view of the above lemma, for (¢, ) € AUBUC, we define

l(a,B)={7:p'>1>max{a,f}}
T—7 T
r—9+1+6

MWeq (@, B) = max {Weq (e, B,7) i T € 1 (r, B) }

Weq(a,[)),f) :r+C:
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Lemma8 For (a,fB) in A" we have MWgq (o, B) < 1. In regions B and C the
maximum MWy is attained as follows

MWeq T
1+a—20’—20f o
2—2a-

C bty | (VOB VB

On B" and on C\ B, we have MWeq (c, ) > 1. On ANB and BNC, MWeq (¢, B) =
1 and is achieved by the limits of the equalizing, eligible NE from the interior (of
either side).

Proof. Let0 =+ —1,7=oaf asheforeandput 7’ =o'’ = (1— o) (1 — B),
then we have

n—n'=6
and it follows by a direct calculation that

/

T T—7 T T
Weq(a’ﬁ’f)_l_r+9+f—9_ T T+6 1-6 (13)
Olt— (n+7')
== gz (14)
For 7 € 1 (o, ) we have 7 > o' and also
72 > 62 (15)

For (a, ) in A" we further have 6 < 0 and a < 1/2 which implies &’ > o and
hence
n+n =af+d (1-B)<d —(a-0a)p<a. (16)
Thus for (a,B) in A”and 7 € | (e, B) the expression (14) is negative. It follows
that MWeq (@, B) < 1 for (a, B) in A'.
For regions B and C we examine more closely the extrema of Weq (e, 3,7) as
T varies in | (a, B). Differentiating (13) we get

d ' ™

o7 Wea (o, B,7) = 6P (1167 (17)
— “2:—92)2 (7*—2(2n—6) T+ 6%
:ﬁ(r—u)(r—r_) (18)
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where 7. are given by the quadratic formula

= (2n—0)+\/(2n-0)— 02 =21—0+2/FTVT—0  (19)
(fi\/—> (Vasvw ) (20)

Thus the maximum of Weq (@, B, 7) can only occur at the endpoints of | (¢, B), or
at 71 if these happen to lie in the interior.
We note that 7, > 7 > 0 and moreover

’L’+’L:(\/_—|-\/_> (\/_ \/_) (m— ’)2:92.

It follows that 7 < |6| and by (15) we conclude that 7_ does not belong to the
interior of | (¢, B).

For (o, ) in B/, we have o’ > 8 and so | (at, B) is the closed interval [a/, B].
Also 6 < 0 thus in formula (18) the derivative changes from negative to positive
near 7,, and so 7, is a local minimum. We claim that the maximum value of
Weq (7) is obtained at the left endpoint . In fact we will prove the sharper result

Weq (') > 1> Weq (B).
Since 6 < 0 by formula (14) it suffices to show that
o <af+adop <p,

which is proved as in (16). Thus we get

n n—a
MW, =W, N =
eq(ayﬁ) GQ(OC) 9—|—(X’+9—OC/
_af af-l+a l+o—20”-2af
B 2-2a-B @ 2-20a—-B

In region C’ we have 6 > 0, thus the above argument shows 7, is a maximum
and we get
T T— T4
0+7, O0—14 .

MWeq (@, B) = Weq(7+) = (21)

To simplify (21) we set
a=+/aB, b=+/dap.
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Note that in C’
a>bh (22)

Now we can write 7 = a8 = a% and we get

0=oaf —o'p =a>—b?
7, = (a+b)? = a?+2ab +b?

This implies

T, + 6 =2a’+2ab=2a(a+b)
7, — 6 = 2b%+2ab=2b(a+b)
7, —m =b?+2ab=b(2a+b)

Thus the maximal payoff (21) in region C’' becomes

o al b(2a+b) 1

MWeq (@.B) = 2a@s0) " 2b(ash) ~ 2(asp) 22 +0
21 a1 vop (23)
2 a+b 2 VopB+/ o' B’

as claimed. Moreover by (22) we get MWeq (ct, ) > 1.
Finally we consider the boundary lines. On BNC we have 6 = 0 hence we get

T T-T
Weq(f):;ﬂL T

=1
forall 7 €1 (a,B). OnANBwe have | (a,B)={7:p'>7>1/2} and
a=0o'=1/2, m+7=1/2, 6<0
By (14), we get
0[t—1/2]
T2 _ 92
ThusW (1/2) =1andW (7) < 1for B’ > v >1/2 and hence MWeq (o, f) =1. m

W(t)—1=

B

Lemma9 The eligible pure NE of I's"” are

1. [0,0] for t=0andany (e, p),withr=c=pB andr+c=2f
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2. [0,1]forf<t<ca’and (o,B) e AUB,withr=1—1,c=7andr+c=1.

Proof. For T =0 and any I'®#_ clearly 0 is a strictly dominant strategy for
each player, which proves (1). If T > 0, then transparency requires that [0,1] be
the NE, with payoffs 1 — 7 and 7 to the row and column players respectively, and
therefore welfare 1. Now for 1 to be a best reply of the column player (to 0), we
must have T > f3; and for O to be a best reply of the row player (to 1) we must
have 1 — 7 > «. The last two inequalities imply B < 7 < 1— a; and in this case
each player’s payoff is also at least 8. Such 7 exist if, and only if, « + <1, i.e.,
(a,B) € AUB. This proves (2). m

Finally we examine the half-mixed NE. Transparency requires that the cell
[0,1] occur with positive probability, thus the half-mixed NE can be one of two
types: [0,q] or [p,1], with 0 < p,q < 1.

Lemma1l0 1. Type [0,q] exists if and only if 7= and (a,3) € C'UD.

2. Type [p,1] exists if and only if 7 = &’ and (¢, ) € AUB’; and in this case
there is a continuum of such NE given by

¢ (a.B)={[p,1]:0<p< p(a.B)};  p(a.B):= %

Proof. For type [0,q], indifference of the column player (between his two
pure strategies) implies T = f3; and the choice of the first row implies (1 —q) 8 +
q(1—-pB)>qa,ie,q(o+p+p —1) < B, which has solutions 0 < q < 1 if and
onlyifa+p>1,ie, (a,f)cC' UD.

For type [p,1]. indifference of the row player implies T = @', and the choice
of the second column implies

(1-p)l-a)+pa>(1-p)B+p (24)

Since (1—a) < B inCuUD and o < 1 always, we conclude that (24) cannot hold
in CuD, hence such NE do not exist in CuUD.

On the other hand, 1 —a— 3 >00on AUB’ hence 0 < p(a,8) < 1. Moreover
(24) is equivalent to p < p (e, B). These two inequalities imply that ¢ (o, ) is
the set of eligible half-mixed NE as claimed. m

Proof. (Completion). Denote by Wy (q) the welfare at the half-mixed NE
[0,9]. ThenWn () =(1—q) (28)+4q. Now if (o, ) €C' then 28 < 1,50Wp (q) <
1;if (o, ) € D' then 23 > 1,50 Wiy (q) < 2B; and if (o, ) eCND, then2 =1,
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so Wi (q) = 1. Then, by Lemma 8 and Lemma 9, Wy, is surpassed in all three
scenarios by the welfare of an eligible, equalizing NE or an eligible, pure NE.
Next, the welfare at any [p,1] € € (o, B) is

Wn (p) =(1-p)+p(2a) (25)

In A" we have 2 < 1, hence (25) implies that Wy, < 1, which is surpassed (see
Lemma 9) by the welfare of the pure NE [0,1]. In B/, clearly [p(a,f),1] €
% (o, PB) is the eligible, equalizing NE of Lemma 7; moreover by (25) and the
fact that 2oc < 1, all the other NE in % (o, ) have strictly lower welfare than
[p(e,B),1]. Finally, on ANB, where we have 2oc =1and p* = (1-28) /(3—2p),
it is evident that all the NE have welfare 1. m

Theorem 6 is now immediate from Lemmas 7, 8, 9 and 10, after substituting
1—o,1— B for o, B’ and doing the algebraic simplifications so that all expres-
sions are in terms of «, 3, C.

Remark 11 (Uniqueness and Eligibility of NE in the Post-Transfers Games
T'%*). Theorem 6 displays the optimal pairs (z, &) for any given game I'*#. One
may ask the question: once the players contract upon an optimal t, and generate
the post-transfers game F‘Tx’ﬁ, how likely is it that they will play the concommitant,
“correct” ¢? It is already a strong behavioral assumption that players will get
to some NE of F?"ﬁ. The correct o calls upon them to do more: they must get to
an NE that is not just eligible, but the best eligible . For instance (see Lemma 10)
the optimal 7 is o/ = 1— o for (o, B) € B and gives rise to a continuum % (ct, B)

of eligible NE in Fﬁﬁa, only one of which maximizes welfare and is“best™ or
““correct”. Fortunately we may bypass this vexing problem of NE-selection for a

miniscual price. A careful reading of our proof shows: for any («,f) € # and

any € > 0, there exists 7 such that rﬁ‘ﬁ has a unique NE, which is both eligible
and achieves gains to transfers above G (¢, ) — €.

7 Variation on the Theme: Beyond Transfers to Al-

terations
Consider a principal (a “government”, or “game designer”) with the ability to
credibly offer rewards of outcome-contingent commodities to players (e,g. via

legally binding escrow accounts). The principal might also propose what players
should occasionally give up, in exchange for the rewards. However, while players
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are ever ready to get rewards, it is quite another matter to persuade them to give up
anything. They will need to be convinced that there are significant gains for them
in the process. (See the “participation constraints” below). Moreover, no player
will be gullible enough to take on faith other players’ promises to give up com-
modities: this will have to be seen to be believed! (See the “semi-transparency”
condition below.)

For ease of presentation, we make two simplifying assumptions. First, as
usual, there is only one commodity which we call “money”, i.e., K is a singleton
set. Second, the objective of the principal is to maximize his expected profit.1

Let 7 be a transfer as in section 2.2, except that we shall now call it an “al-
teration”, in view of the fact that the budget balance condition will no longer be
imposed.

Definition 12 The pair (7, o), consisting of an alteration 7 and a strategy choice
o, is called a Nash Equilibrium with Transparent Alterations (NETA) in the game

(o, ) if
(a) for every w € Q

T(0) 20 = ¢ (»,0) >0
(b) o is a Nash Equilibrium of (¢, u+17);

The symbol 7>é above means that at least one of the components of the vec-
tor 7 (w) is strictly negative. Thus the “semi-transparency”condition (a), only
requires transparency when any player gives up money.

The profit maximization problem of the principal may now be formulated as
follows (where T is a given set of feasible alterations):.

Max ) [q)(a),G)Z—‘ci(a))]

0eQ ieN
subject to:
te€Tand (7,0) isNETAIn (¢, u)
140 = Uj(o,p,u+7)>KforallieN

16The reader can easily check that the model is well defined for multiple commodities, and an
objective that is an arbitrary function of players’ outcome-contingent consumptions as well as the
principal’s own outflows and inflows of commodities across outcomes. (Moreover, the variantion
where each player is required to repay his loan at some stipulated positive interest rate, can be
incorporated in our model in the obvious manner and is also left to the reader.)
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The last display constitutes the participation constraints, where the are x; arbi-
trary constants. Thus, as before, k;j could be the payoff of i at some status quo NE
of the pre-transfers game; or, going further, x; could be the maximum expected
money that i can get across all NE of the pre-transfers game, creating more incen-
tive for player i will accept the alteration 7. (Note that by choosing x; sufficiently
negative, the participation constraints may also be rendered irrelevant.).

The game designer is here like a lender of money who (via t) gives each player
i money 7' (®) (at outcomes w where 7' (@) > 0) in exchange for getting money
—7' () from i (at outcomes @ where 7' (@) < 0). Since 0 € T the maximum in
the above optimization problem is non-negative, i.e., the game-designer does not
make a loss.

7.1 Promises in Extensive Form Games: an Opportunity for
Arbitrage

We present a special example of NETA, which may be of some interest in its own
right. Our domain consists of finite extensive form games with perfect information
and without chance moves; and, throughout this subsection, by “NE” we shall
mean a “subgame-perfect NE”.

In terms of our general model, the specifications are as follows: X' is the set
of pure strategies of player i € N; Q is the set T of terminal nodes of the game
tree; ¢ maps o € X to the terminal node reached under o; K is a singleton set
(money); and ul(x) = x forall i € N and t € T. This leaves p : N x T — R to
finish defining the game. We shall vary pt, keeping the rest of the data fixed; thus,
without confusion, we may refer to the “game p” from now on. We constrain u
to be in the “generic” set!’

IT= {u : all the values p (i,t) are distinct across N x T} .

For u € IT, there is a unique NE which we denote o;,. Also we denote by t,, the
terminal node reached under oy,; and by u (ty) = (u (i,ty));cy € RN players’
payoffs at the NE o,.

Next define

()= {mell:n>pu () =puty), i) > ut)}

(Note that u € IT(u), so IT(u) is nonempty.) Given the original game ., the set
of rewards (transfers) available to the principal is T (u) ={g—pu:p eIl(u)}.

7In fact, the complement of IT in RN*T is a finite union of lower-dimensional planes.
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The reward i — p > 0 transforms the game u to p. The NE oy is clearly NETA
since players not giving up any money; moreover, our definition of IT(u) guar-
antees that the ensuing play t; of oy does not call upon the principal to redeem
his promises and actually hand out any rewards at all. Thus the principal can
manuever the play to any terminal node in T (i) = {tﬁ eT:pell(u)} atno
cost whatsoever to himself and with no loss to any player relative to his status
quo payoff at t,,. The principal’s promises y lurk in the background, and players
think about them while calculating their moves, but the play t; of the game that is
realized in equilibrium steers clear of his promises.

We may view the situation in the form of a maximization problem, as in the
preceding section. Given the game u, let K5 = u (i,tu). And let the principal
choose rewards i — u in T (1) S0 as to maximize the total money Yicy i (i, t;) in
the hands of the players (equivalently, to achieve the gains to transfers under the
egalitarian welfare'8). This maximum M (u) is a well-defined number for every
extensive form game of money u (with perfect information). Were we to suppose
that, by way of “commission”, the principal can collect a fixed fraction K of every
player’s monetary gain (in the transition from the old NE o), to the new NE o),

then K <M (n)— ZieN 1q> is the money he can take away from the game u, after

engineering (1 —K) (M (u) —Ziequ> welfare gains for the players. In effect,

the game is like a “money pump”, giving him the opportunity of arbitrage!

By way of a numerical example of NETA, consider the following extensive
form. Player 1 moves first, followed by 2, followed again by 1. All moves are L,R.
Drawing L to the left and R to the right, we have terminal nodes going from left to
right: LLL, LLR, LRL etc. with payoffs (3,3),(1,1),(1.1,2),(1.5,4),(0,1.5),(1.3,1.1),
(0.5,1.2),(2,2). The equilibrium play is RRR leading to payoffs (2,2). Now let
the designer boost (1.1,2) to (2.9,2) and (0.5,1.2) to (3.1,1.2). The Nash equi-
librium play switches to LLL with payoffs (3,3) and clearly constiutes a NETA.

The principal does not have to keep his promises. He engenders the increase in
welfare, and makes his commision, at no cost.
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