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Abstract

We analyze the equilibrium of a proportional electoral system with free entry
in a citizen candidate model. In proportional systems the policy outcomes are
typically decided through legislative bargaining and a perspective entrant has
to worry about the governing coalitions that will be able to reach 50% of the
seats. We show that there are equilibria with medium-sized parties, i.e. no party
has absolute majority but the number of parties is relatively small. However,
when the number of seats is sufficiently large, all equilibria must have at least 4
parties. We also discuss the impact of variations of the electoral formula, such
as the introduction of of thresholds.

1 Introduction

According to the Duverger’s Hypothesis, proportional systems tend to have a
larger number of parties than majoritarian ones. But how many parties can we
expect to see in a proportional system and why? Many models of the proportional
system assume a fixed number of parties (see for example Baron [5], Cho [9], Cho [10]
and Indridason [20]). While models with a fixed number of parties are very useful for

a number of questions, they are not useful when the question is ‘how many parties can
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we expect in a proportional system?’. Furthermore, the assumption of free entry and
exit is the natural one when we want to evaluate the consequences of modifications
of the electoral formula, e.g. the imposition of a minimum legal threshold of votes
for representation.

When there is free entry the standard Downsian model of office-seeking politicians
does not offer interesting answers. Even ignoring potential equilibrium existence
problems, a model in which the only goal of parties and politicians is to win seats leads
to the prediction that there will be as many parties as seats available!. Thus, with free
entry and purely office—seeking politicians we should observe many very small parties
and no medium-sized or large parties. This is at odds with the empirical evidence.
Diermeier and Merlo [17] report that in 313 post-war elections in 11 democratic
countries the average and median number of represented parties was, respectively,
7.35 and 7. This is typically far below the maximum number of parties that can
obtain representation. Many proportional systems have parties of significant size
and in general the number of relevant parties is not very large. A model of the
proportional system should therefore be able to produce equilibria in which at least
some of the parties are either medium-sized or large, although no party gets more
than 50% of the seats. Alternatives to the pure Downsian model must be explored.

The citizen-candidate model offers such an alternative. This paper considers
a polity with a continuum of citizens with ideal points distributed on a compact
interval. Decisions are taken by majority in a parliament with a finite number M
of seats. Fach citizen can form a party and run for election. Seats are distributed
proportionally. The platform of the party is identified by the ideal point of the party
founder. Citizens are interested in the policy that will be implemented and have
private costs and benefits for forming a party and obtaining representation. Thus,
the two main assumptions of the paper are that voting is sincere but the decision to
form a party is strategic.

An important ingredient of any model of the proportional system is the legislative
bargaining game that determines the policy. In many elections no party obtains an
absolute majority of seats, so strategic decisions about entry have to be taken looking
at the effect on the composition of the Parliament and the implied policy outcomes.
We consider a ‘random formateur’ model & la Diermeier and Merlo [17]. If a party

has a share of seats greater than 50% then that party is chosen with probability 1,

IThis statement should be qualified. We consider a model in which each party proposes a single
political platform and all the candidates belonging to a party commit to implement that platform.
In principle different candidates inside a party may differentiate their policy platforms, a strategy
particularly attractive in ‘open list’ systems. We consider a ‘closed list’ system in which the party
leader has control over the seats won by the party.



otherwise each party is selected with a probability equal to the share of the seats of
the party. Once selected, the formateur has to form a coalition achieving an absolute
majority of the seats. Once the coalition is formed, the policy preferred by each party
belonging to the coalition is chosen with probability equal to the share of seats of the
party over the number of seats of the coalition.

One important question is whether equilibria with large or medium-sized parties
exist. We show that this is in fact the case. The intuition is similar to the one
discussed in Indridason [20]: Citizens voting a large but not dominant party are
unwilling to break away and form a different party because, under the new political
configuration, they may be excluded more often from the governing coalitions?. On
average a breakaway party will improve utility in terms of policy when it is included
in a governing coalition, but this is countered by a lower probability of belonging to
the governing coalition as well as by a worsening of the policies implemented when
excluded. If this effect is strong enough, it will more than balance any gain in utility
obtained by winning seats.

The rest of the paper is organized as follows. The model is described in section
2, which also contains some preliminary results. In particular, we show that when
the number of seats is sufficiently large any equilibrium must have at least 4 parties.
Typically, the model has multiple equilibria. Section 3 discusses the class of equilib-
ria that we consider most interesting and more frequently observed, i.e. equilibria in
which no party has a majority of seats but at least some parties are far larger than
the minimum needed for representation. We then consider in section 4 the effect of
the introduction of thresholds for representation, i.e. rules that deny representation
to parties receiving less than a minimum share of the votes. Section 5 compares our
results to the ones obtained in the formal literature on proportional systems, focusing
on the role played by the different assumptions made. The section also discusses some
possible extensions of the theory left for future work. Section 6 contains the conclu-
sions. Appendix I contains the proofs and Appendix II contains the computations of

two examples appearing in the paper.

2 The Model

A continuum of voters, with ideal points distributed on the interval [0, 1], elect
a finite number M of representatives. There is a single electoral college and the

electoral system is proportional. More specifically, we consider a version of the Largest

Indridason [20] does not allow for free entry and keeps the number and locations of parties fixed.
He assumes strategic voting.



Remainder rule. Let m be the number of parties contesting the election and V; the
number of valid votes received by party ¢. Let V = Y V; and define v; = % the

share of the vote of party i. Seats are assigned according to the following procedure.

e Stage 0. Each party i is assigned S{ = |v; M| seats, where |z] is the integer
part of z. If Y7 S§ = M then stop. Otherwise, compute the rest Rj =
v;M — S} for each party and go to the next stage.

e Stage k. If i is such that Ri | = maxj_1 _m, R{;fl then St = S¢ | +1 (if
there are multiple parties with the highest rest Rfc_l then one of them is chosen
randomly with equal probability). Otherwise, Si =S¢ . If 7" S¢ = M then
stop. Otherwise, compute the rest R}'C =M — S,i for each party and go to the

next stage.

Since M is finite the procedure converges in a finite number of rounds. The procedure
is equivalent to determining the quota @ = % needed for a seat, then assigning
seats to each party ¢ according to the integer part of % and finally distributing the
remaining seats according to the highest rests.

Citizens’ ideal points are distributed over [0, 1] according to the cumulative dis-
tribution F' (z), with a continuous density f (x). Each citizen can form a party. We
follow Osborne and Slivinski [22] and assume that it is impossible to commit to a pol-
icy, so everybody expects that a candidate with ideal point z will implement policy
x. Citizens prefer policies closer to their ideal point. Furthermore, they pay a cost
¢ > 0 whenever they decide to form a party. If they form a party and they obtain
seats then they obtain parliamentary rents which are proportional to the share of
seats they obtain in an election.

The strategy set of each citizen is simply ¥ = {0,1}, where 0 = 0 means that
the citizen is not running and ¢ = 1 means that the citizen is forming a party and
participating to the election. The utility function of a citizen located at z when a
policy y is implemented and a share s, of seats is obtained in case of participation

to the election is given by
Ug (S2,y,0) = (s, —c)o — |z —y].

If the election has zero candidates then we assume a default utility u,. The param-
eter « reflects the relative weight that citizens assign to parliamentary rents. The

constraints on the value of the parameters are collected in the next assumption.

Assumption 1 > 0,0<c¢<1 andu, < —1 for each x.
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The assumption implies that in equilibrium there is always at least one party running.
As o goes to zero citizens are only motivated by policy and parliamentary rents
become irrelevant, while as a goes to +o0o, the parties care almost exclusively about

parliamentary rents.

2.1 The Political Game

In a proportional system, unless a party gets an absolute majority of the seats,
the policy will be determined by a compromise among parties forming a governing
coalition. Thus, in this case, it becomes crucial to model the legislative bargaining
game that takes place after the election. We adopt the ‘random formateur’ model
proposed by Baron and Diermeier [6], which works as follows (possible alternatives
are discussed in section 5). Whenever a party gets the absolute majority of seats
then that party forms the government. When no party has the majority of seats then
each party has a probability of becoming the formateur equal to its share of the seats.
More precisely, a party becomes formateur with probability 1 if the number of seats
S; assigned to that party is such that S; > [M/2]. Otherwise, the party becomes
the formateur with probability s; = S;/M. Overall, the stage game we consider is

the following.

Party formation stage FEach citizen decides whether or not to form a party and
run. Each party is characterized by a political platform, given by the preferred

point of the citizen founding the party.

Electoral stage Let N be the set of parties entering at stage 1. If N' = () (no
party runs) then the polity breaks down, each citizen gets utility u, and the
game ends. Otherwise, each citizen votes sincerely for the closest party. Let
v = {vi};enr be the vector of vote shares, i.e. v; is the share of the popular
vote of party i. Let J = {1,...,J} be the finite set of parties obtaining
parliamentary representation given the vector of vote shares v = {v;};c\ (J is
a, possibly proper, subset of A'). Call s; the share of parliamentary seats of
party 7 and s = {Sj}jej the vector of seats. Define s™* = max,c s s; the seat

share of the most voted party.

Legislative bargaining stage Party i is chosen as formateur with probability p; (s)
defined as

0 if s™*>05 and s; # s
pi(s) =< s; if s <05 (1)

1 if s™*>05 and s; =s™m



Once a formateur j is chosen, the formateur chooses a subset H C J of parties
and proposes the formation of a coalition government. The subset H has to be
such that ZjeH s; > 0.5 (we ignore the possibility of minority governments,
although that possibility could be introduced at the cost of complicating the
model). The chosen parties sequentially® say ‘accept’ or ‘no’. If all the parties
in H accept then a government is formed, otherwise all citizens receive the

default utility u,.

Policy implementation stage The policy implemented is a probability distribu-
tion over the ideal points of the parties in H, defined as follows. Let sy =
> jen j be the size of the parliamentary majority for coalition . The proba-
bility of selecting the ideal point z; of party ¢ € H is qzi = s;/sy. Notice that
when s' > 0.5 the resulting coalition is H = {i} (one-party government) and

the policy is x; with probability 1.

The outcome of the simple legislative game is that the formateur makes a proposal to
the coalition generating the highest expected utility and the members of the coalition
say yes. The assumption that the policy is determined according to a probability
distribution over policy positions is equivalent to assuming that the parties cannot
bargain ez ante over the policy to be implemented. We are essentially assuming that
commitment is not possible, so that the policy is influenced ex post by the composition
of the coalition and the bargaining power is well approximated by the importance of
a party for the governing coalition.

The assumption that a party with the absolute majority of seats is put in charge of
government with probability 1 is natural. The rule that we adopt when no party has
the majority of seats is not natural and it should be seen as a stylized representation
of the decision process. In many parliamentary regimes, when there is no party with
a clear majority the formateur is chosen by some higher authority, e.g. the President
of the Republic, usually considering the probability that a party may be able to form
a viable coalition. Other rules can be used (for example Indridason [20] assumes that
the formateur is the party with the most votes) and we will discuss the relevance of

our assumption in section 5.

2.2 The Equilibrium Concept

We will consider subgame perfect equilibria of this game. Actually, the only strate-

gically relevant part is the entry (party formation) stage. Once the set of entrants

3We assume that parties accept sequentially in order to avoid irrelevant multiple equilibria that
may occur when the parties act simultaneously.



has been determined, the probability distribution on outcomes follows automatically,
since there is only one subgame perfect equilibrium for each selection of the forma-
teur. In the classic citizen candidate model, a citizen must enter at its ideal point.
This may lead to knife-edge equilibria in which the position of the party causes ties
in the number of seats and a small movement in the position would lead to strong
benefits in terms of expected utility.

We want to avoid these situation, so we will add a robustness requirement similar
to the one used in Brusco and Roy [7]. Formally, if a candidate has ideal point x
we assume that the party can choose the platform in the interval (z — 0,z + §), and
study equilibria that survive as ¢ goes to zero. This leads us to introduce the following
equilibrium notion. For a given set of parties N let U* (N) the expected utility of a

citizen located at x when the parties in N participate to the election.

Definition 1 A robust equilibrium of the electoral game is a set of entrants N that

satisfies the following properties:

1. No Entry. For each x ¢ N, U* (N) > U* (NUx).
2. No Exit. For each x € N, U* (N) > U* (N \ z).

3. Robustness. For each x € N, there exists 6 > 0 such that U*(N) >
U* (N \z)Uza) for each 2’ € (x — 5,z + ).

In words, a political equilibrium is a situation in which no citizen wants to create a
new party and each existing party prefers to maintain the current platform rather
than either disbanding or slightly changing its position. More precisely, the robustness
requirement says the following. Consider a party located at x entering the electoral
competition, so that z € N. Suppose that, instead of entering with platform z, the
party can commit to platform z’. By withdrawing as = and entering as z’ the set
of entering party is (M \ z) Uz’. Our robustness requirement says that an entering
party does not want to do that as long as ' is sufficiently close to z, i.e. each citizen
prefers to enter with the preferred platform rather than with a platform which is very
close to it but different. This requirement eliminates knife-edge equilibria in which,
for example, the party located at £ may be excluded or included in certain coalitions
just because the other parties are indifferent between including or excluding it. It

essentially guarantees that all our equilibria are in pure strategies.



2.3 General Results

We will look at robust equilibria of the electoral game. We start with a somewhat
obvious observation regarding the cost of running c. Let S wm be the highest number
of seats such that S v < % Thus, S v + 1 is the minimum number of seats needed
to get strictly more that 50% of the seats. Define sy, = §M/M

Proposition 1 There is no equilibrium in which no party runs. In a parliament with

M seats, if the cost of entry is ¢ < asyy then there are no single party equilibria.

The proposition states that, unless the entry cost is prohibitive, there must be mul-
tiple parties entering. When there is a single party then an entrant can win a large
share of the seats, and with a low ¢ this is enough to make entry profitable. This
should also be seen as the most realistic case, since ¢ < as); says that the cost of
running is no more than the benefit of obtaining almost the absolute majority of
seats.

Since the consequences of having a high ¢ are somewhat obvious, we will dedicate
most of the paper to discuss the case of a low c¢. In fact, we will assume ¢ = 0 for the

rest of paper and discuss the effect of a strictly positive ¢ in Section 5.

Remark. We assume that the entry cost is the same for each citizen. This is obvi-
ously unrealistic and we can expect a lot of heterogeneity. However, all the results
of the paper survive without any change if we assume that there is a dense subset
A C [0,1] of zero measure, e.g. the set of rational numbers in [0,1], of politically
active citizens with a very low cost ¢, while the rest of the population is made by
politically passive citizens with a high c. This interpretation also makes it more nat-
ural to assume that voting is sincere while the entry decision is strategic. Politically
active citizens, a small fraction of the population, are the only ones making strate-
gic decisions. Other citizens do not pay much attention to the political process and

simply vote for the closest party.

Our first result provides a characterization of equilibria in which a single party is
dominant, i.e. it obtains at least L%J + 1 seats (absolute majority). Situations in
which a dominant party emerges in a proportional system are not frequent, but some

cases have been historically observed?.

“Examples include the Social Democrats in Sweden in 1968, the CDU-CSU (taken as a single
party) in Germany in 1957, the People’s Party in Spain in 1996 and the Socialist Party in Spain in
1982 and 1986.



Proposition 2 Suppose ¢ = 0. Let {z1,...,25} be an equilibrium configuration
such that the party located at xy, is dominant. Then the dominant party wins at most
L%J + 2 seats and all parties with index strictly greater than k+ 1 or strictly smaller
than k — 1 have at most two seats. If a party contiguous to the dominant one (i.e.
a party located at xy—1 or xp11) has strictly more than two seats then the dominant
party has L%J + 1 seats.

The intuition for the result is the following. Suppose that there is an equilibrium in
which parties positioned at {z1,...,z;} enter and a dominant party gets a number
of seats strictly larger than L%J + 2. Consider a citizen voting the dominant party,
but with a different ideal point. In equilibrium this citizen must prefer to stay out
rather than forming a new party. When ¢ = 0 the main reason to stay out is the
discontinuity in the policy function. If entry deprives the dominant party of the
majority of seats then the policy selected becomes stochastic and this makes the
entrant worse off. However, if the dominant party has a large majority of seats
then there will be potential candidates at points where entry takes away some seats
from the dominant party but not enough to deprive it of the majority. Since entry
does not change the policy and gives to the entering party some seats, the original
configuration cannot be an equilibrium. Thus, in equilibrium it must be the case that
no entry of this type is profitable and this can only occur when the dominant party
has a bare majority of seats.

Equilibria with a dominant party exist when the private benefits for holding seats
are low, so that policy considerations are paramount when deciding whether to run
or not. Citizens voting for the dominant party face a trade off: by creating their own
party they may get a sizable representation in the Parliament, but this deteriorates
the probability distribution on policies, since it is no longer true that the policy
preferred by the dominant party is implemented with probability one.

The next proposition puts a bound on the minimum number of parties when ¢ = 0

and the number of seats is large.

Proposition 3 Suppose ¢ = 0. When M is sufficiently large, all robust equilibria

have at least 4 parties.

The intuition for the result goes as follows. In a dominant party equilibrium, if there
are only three parties then entry just to the right or just to the left of one of the non-
dominant parties is profitable. It does not change the policy (the number of seats of
the dominant party is unchanged) and it provides representation. If there are three

parties and none is dominant then any coalition of two parties must have a majority.



Say that the centrist party xo prefers to form a coalition with x1. Then entry just to
the left of z3 is profitable. The coalitions formed cannot change adversely, the policy
implemented are essentially the same and the entrant obtains representation.
Three-party models have some popularity in the literature on proportional sys-
tems (see e.g. Austen-Smith [1], Baron [5] and Morelli [21]) as they are the easiest
ones to deal with when no single party has a majority. Proposition 3 should be seen
as a warning that, when the number of parties is endogenous, the results in such

models should be treated with some caution.

Remark. Proposition 3 does not hold if we consider non-robust (mixed strategy)
equilibria. Consider the following example. Public opinion is distributed on the

interval [0, 1] according to the following density function:

4 1
3 for 0<z<7
0 for i<x<%—
gl)y=3 & for 1—ec<z<i+e
0 for %+5<sc<§l
4 3
(5 for $<2<1

with € < 5—10. The three parties are located at L = %, C= % and R = % respectively.

Given the distribution of public opinion, each party gets exactly % of the vote. In
Appendix IT we show that this is an equilibrium, i.e. no party wants to exit and no
citizen wants to form a new party. In equilibrium, when party L becomes formateur
it forms the coalition {L,C}, while party R forms the coalition {C, R}. The centrist
party C is indifferent between L and R and it chooses the two coalitions {L,C’}
and {C, R} with probability 50% each. This equilibrium is not robust since a slight
movement to the right of L or a slight movement to the left of R would break the
indifference of C' and improve the expected policy outcome.

2.4 Dominant Party Equilibrium. An Example

Suppose M = 100 and the distribution of public opinion is uniform over th eintervl
[0,1]. We show that there is an equilibrium with 50 parties, one of them dominant.
The dominant party is located at x; = 0.505. The remaining parties are located at
T, =x1 + %, so that the most right-wing party is located at x50 = 0.995. The vote

share of party 1 is v; = MJQFO'E‘R‘

= 0.51 and all the remaining parties get exactly
1% of the vote. There are no rests, so x1 gets 51 seats and all other parties receive 1

seat each.
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In this equilibrium the policy x; is implemented with probability 1. It is clear
that no party is better off exiting, so we have to check that no entry is profitable. No
entry to the right of x2 is profitable, since the entrant would get a vote share equal to
0.5% and no seats, since at least one contiguous party would get a rest strictly higher
than 0.5%. Consider entry in the interval (x1,z2), say at position y. The entrant

obtains a share of the vote v, = 0.5%. Party x; obtains a vote share v; = &Z‘E’ﬂ’.

L3—Y

Party xo obtains a vote share vy = *5-%. All other parties keep getting 1%. Thus,

all parties from z3 on get exactly one seat and zero rest. Party x; gets 50 seats and

a rest equal to
_ 05054y

Ry 5

0.5.

Party x2 obtains a vote share %25_3’. This is less than 1%, so the party is assigned

0 seats and a rest equal to its vote share:

0.525 — y

Ry = 5

So, after the first round, 98 seats are assigned and the only parties with strictly
positive rests are x1, y and x3. However it is immediate to check that, since y €
(0.505,0.515), the inequality

min {Ry, Ry} > 0.005

holds. This means that the entrant gets no seats, and in fact entry has no conse-
quences.

At last, consider entry to the left of 1. No entry can succeed in getting 51 seats.
Entering at 0.505 — 2, no matter how small § is, leaves party x; with a rest of
0.005 4 4, while the rest of the entrant is 0.005 — §. Thus x; gets at least one seat
and there must be a change in the expected outcome: instead of getting z; with

probability 1, the entrant gets a lottery. We can compute numerically the utility gain
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from entry for each point to the left of x1. The picture shows the results.

Uity gains from entering

Each citizen to the left of £1 worsens the policy outcome after entry. The shape of the
curve can be explained as follows. When the entrant is very left-wing, say y = 0, that
will cause z1 to prefer an alliance to the right. This will outweigh the gains obtained
when y becomes formateur. This remains true as y moves right. This actually reduces
the seats for 1, meaning that whenever x; forms its coalition it will have to include
parties which are farther to the right. At some point y becomes sufficiently close to
x1, so that whenever x; becomes formateur it will form a coalition {y,z1}. This is the
point at which the upward jump occurs. However, it still remains true that parties
to the right of x; will become formateur with strictly positive probability and this
will cause an expected utility loss for the left-wing entrant. As y gets closer to 1 the
gain decreases because there is little improvement in the policy outcome when the
coalition {y, z1} is formed (y is close to z1 so entry does not produce much of a policy
gain) and it remains true that right-wing coalitions are formed when the formateur
is sufficiently to the right. Since the change in utility due to entry is strictly negative

for each citizen left of x1, entry is not profitable whenever « is low enough.

2.5 Contiguous Coalitions

Some additional results can be obtained for equilibria in which all governing
coalitions that are formed are ‘contiguous’. By this we mean that whenever party j
and party i > j belong to a governing coalition then each party indexed k € (j,1)
also belongs to the coalition. In other words, a formateur always chooses the closest
parties to form a government. It is not obvious that it should be so. Consider for
example a situation in which a left-wing party has 47 seats, a centrist party has 47

seats and a right-wing party has 6 seats. When the left-wing party is formateur it

12



can choose between the centrist and the right-wing party. While the platform of the
centrist party is closer to the one of the left-wing party, it is also implemented with
probability 0.5. An alliance with the right-wing party instead yields the preferred
policy with probability 47/53, i.e. 88.68%. Depending on the value of the parameters
the ‘un-natural’ coalition between left and right might be preferable, for the left-wing
party, to the ‘natural’ coalition with the centrist party.

While exceptions are possible, it is still interesting to characterize equilibria in
which contiguous coalitions are always formed, since contiguous coalitions are so
common. The next result provides some characterization for equilibria in which only

contiguous coalitions are formed.

Proposition 4 There is M* such that whenever the number of seats is M > M*
then any equilibrium {z1,...,x,} with no dominant party and with only contiguous

coalitions is such that either F (x1) < ﬁ or party 1 is included in coalitions pro-

posed by other parties. Furthermore, either F (x,) > % or party n is included in

coalitions proposed by other parties.

The proposition states that, unless the extreme parties at the left and the right
are very extreme, they must end up being part of the governing coalitions proposed
by more centrist parties. In other words, except for fringe parties, elections will
typically produce at least a left-wing coalition including all parties on the center-
left and a right-wing coalition including all parties on the center-right. Centrist
coalitions (i.e. coalitions excluding both x; and x,) are also possible, but center-left
and center-right coalitions must occur with strictly positive probability. The logic is
that an extreme left-wing (right-wing) party which is never chosen by other parties
to form a coalition becomes vulnerable to entry to its left (right), since entry does
not change adversely the equilibrium. It is only when the party is very extreme that
this type of entry becomes unprofitable, since it does not yield seats. Thus, when
coalitions are contiguous, very extreme parties (i.e. an extreme left party such that
F (z1) < 47 or an extreme right party such that F (z,,) > %) can reach government
only when they are chosen as formateurs. Typically, this will be an event with very
small probability, since with free entry more parties can enter close to x; and x,, thus

lowering the vote share of extremists.

3 Equilibria with Medium-Sized Parties

In this section we present an example to show how equilibria with medium—sized

parties, i.e. parties which are not dominant but get a substantial number of seats,

13



are possible. The main issue here is to explain how, absent the discontinuity related
to dominant parties, a medium-sized party can avoid splitting into many smaller
parties.

Splitting a medium-sized party may create new coalitional possibilities, negatively
affecting the citizen who creates the new party. For example, consider a citizen voting
for a medium-sized centrist party, and consider a voter to the left of the ideal point.
When contemplating whether to create a new party, the voter faces the following
trade—off:

e on the positive side, the preferred point will be considered whenever the gov-

erning coalition ends up including the newly created party;

e on the negative side, parties on the right may now be able to form coalitions
with the centrist party. Since the centrist party has lost seats in favor of the
entrant, in such coalitions the centrist position will be weakened in favor of

more right-wing positions.

If the second effect is sufficiently strong then in equilibrium medium-sized parties
can survive. The argument is similar to the one in Indridason [20]. The difference is
that in Indridason [20] the number and positions of the party are fixed and voting is
strategic. This may lead some voters to choose parties which are farther way than
their ideal point because in this way the resulting coalitions which are formed are
more favorable. In this paper we make the assumption that, in large elections in
which each single vote has essentially measure zero, voters are not strategic, while
politicians are. It is the entry decision of politicians that generates the mechanisms
against the split of medium-sized parties.

We now present an example in which medium-sized parties are formed in equilib-
rium. The example is as follows. Public opinion is distributed on the interval [0, 1]

according to the following density function:

(%;—a if a—e<zxr<a-+e
ha—a - jf b—e<z<b+e
hs—a jf 05—e<z<05+¢

g(x) = ho—a

2=+ if 1-b-e<x<l-b+e
%;—a it l-a—e<z<l-a+e¢

) elsewhere

\

where «, € and ¢ are strictly positive and very small, hy, ho and hg are strictly positive

and such that fol g () dx = 1. The distribution is symmetric, continuous and strictly
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positive at each point in [0,1]. The mass is concentrated at two extreme positions
(a and 1 — a), two moderate positions (b and 1 — b) and a centrist position at the

median. The following picture provides an example of such a density function.

Bensity of public cpmien

BODET 4 M

B0608

0005 A

40004 4

20053 4

#0632

M1 4

50 52 24 26 a8 16

There are M = 100 seats to be assigned. Consider a party system with 5 parties
located at the peaks of the distribution, i.e. 1 = a, xo = b, 23 =05, 24 =1—-10
and 5 = 1 — a. Call {vi}?zl the vote shares and notice that v; = vs and v = vy.
We choose the values of hq, ho and hg so that v9 + v3 = 0.5. Notice that this implies
v = %

In Appendix II we show the conditions for such a party system to be an equi-
librium and provide values of the parameters satisfying those conditions. In the
equilibrium the parties located at x1 and x2 form a center-left coalition {z1,z2,z3},
the party located at the median forms a centrist coalition {z2,x3, 24} and the parties
located at x4 and x5 form a center-right coalition {z3, x4, z5}. To get a sense of how
the equilibrium works, consider entry by a new party located at y < x1. In order to
gain seats such an entry must occur close to z1. When y becomes formateur it will
form the coalition {y, z1,z2,23}. This is better than without entry, but limitedly so
since y is close to x1. On the other hand, z2 can now form a coalition {z1, 2, 3} and
exclude y. Thus the left-wing position loses weight whenever the center-left coalition
is formed. This makes y worse off. The second effect is stronger, so entry is not

profitable.

4 Thresholds

An important advantage of the framework discussed in this paper is that it makes
it possible to evaluate the consequences of changes in the electoral formula. There
are many variants of the proportional system. Often, the changes in the electoral

formula are justified by the idea that they might promote stability in government
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and a limitation to the fragmentation of representation. In order to properly evaluate
such claims we need a model in which entry is possible and we have to look at long-
run equilibria. In other words, we have to take into account the incentives to exit and
to enter induced by changes in the electoral formula, something that it is impossible
to do in models with a fixed number of parties.

While a complete discussion of the impact of different variants of the proportional
system is beyond the scope of this paper, we want to present a preliminary analysis
of a frequently adopted modification of the ‘pure’ proportional system, i.e. minimum
legal thresholds for representation. This means that a party can obtain seats only if

it obtains at least a certain fraction of votes®.

Proposition 5 Suppose c =0 and a threshold equal to v* is imposed for representa-
tion, i.e. only parties receiving a vote share greater or equal to v* are assigned seats.
Then:

1. Any equilibrium of the pure proportional system (i.e., without threshold) in

which each party obtains a share greater or equal to v* remains an equilibrium.

2. Assume that Ui 1s an integer number. Then there is always an equilibrium in

which exactly Ui parties enter.

The logic is straightforward. Suppose, for example, that there are M seats and a
threshold of ﬁ is imposed for representation. Then there is one equilibrium (there
may be others with fewer parties) in which exactly M parties enter, located in such a
way that each party gets exactly a share ﬁ At that point no further entry is possible,
since an entrant would get strictly less than % and thus no representation. Notice
that the imposition of a minimum threshold of ﬁ is not irrelevant. When there are
M seats, there may be equilibria in which some parties get representation even if
their vote share is below ﬁ, thanks to high rests. Those equilibria are eliminated
by the imposition of a minimum threshold. For example, suppose that there are 10
seats, one party getting 55% of the vote and 5 parties getting 9% of the vote each.
Then under the Largest Remainder rule the largest party gets 5 seats and each of the
smaller parties gets 1 seat. This equilibrium would be destroyed by the introduction
of the 10% threshold.

One interesting and counter-intuitive implication is the following. Suppose that
a pure proportional system has only equilibria with fewer than M parties. Then

imposing a threshold <+, an apparently harmless modification, may actually increase

5Germany is a prominent example of a country using the proportional system with thresholds.
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the number of parties. This will occur if, after the introduction of the threshold, the
citizens play the equilibrium described in Proposition 5.

More in general, suppose that under a pure proportional system all equilibria are
such that each party gets a share of the vote greater that ﬁ Then the introduction of
a threshold ﬁ expands the set of equilibria, weakly increasing the number of parties
which may be observed in equilibrium.

Another interesting observation is the following. The introduction of a threshold
v* can make it possible to have equilibria with parties at the most extreme positions,
i.e. 0 and 1. Consider a situation in which the distribution F' is such that, without
the threshold, no robust equilibrium with a party located at 0 is possible; this is
typically the case when F is such that entry at ¢, for € small enough, is profitable.
This is no longer the case with the threshold. If the party located at 0 gets exactly
v* then entry at e typically leads to a vote share lower than v*. So, introduction of

the threshold actually may support equilibria with more extremist parties

5 Literature Discussion and Extensions

In this section we first highlight the similarities and differences with other models
of the proportional system which have been proposed in the literature and then
discuss some possible variants of the model favoring the existence of equilibria with

mid-sized parties.

5.1 Literature Discussion

Austen-Smith [1], Austen-Smith and Banks [2], and Baron and Diermeier [6] have
analyzed models of proportional representation but only with a fixed (usually three)
number of parties. The main question which these models try to answer is how likely
it is that a coalition government be formed. These models are clearly not suitable
for analyzing the question of how many parties will be formed in equilibrium when
there is free entry and many different political positions may be held.

We are not aware of any work discussing the impact of variants of the proportional
system, such as thresholds, from a theoretical point of view. Slinko and White [23]
is an exception but they consider strategic voters whereas we assume sincere voting
There is however a theoretical literature on general models of electoral rules, including
proportional rules, and a specific literature on pure proportional systems. Cox [11],
[12] produces a general analysis for the case of office—seeking parties looking at the

properties of equilibria under many different systems, allowing in particular for multi-
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member districts. His analysis however takes the number of parties as given and does
not allow for free entry. This implies that the question ‘how many viable parties
does a certain electoral system induce’ cannot be answered. Second, existence of
equilibrium is not generally established and this makes some of the characterizations
empty.

Two papers more closely related to ours are Hamlin and Hjortlund [18] and Bandy-
opadhyay and Oak [4]. Hamlin and Hjortlund also consider a citizen-candidate model
in which citizens can freely form parties and then seats are distributed proportionally.
There are some important differences between their model and ours. First, we adopt
a different rule for policy formation. Hamlin and Hjortlund [18] assume that the pol-
icy implemented is the weighted average of the ideal points of the parties obtaining
representation. We assume instead that the policy is a probability distribution over
the ideal points of the parties in the governing coalition. This has very important
consequences in terms of strategic behavior (see discussion in subsection 5.1.2). The
second important difference is that we assume that political rents accrue to parties
in proportion to the share of seats they obtain, while Hamlin and Hjortlund assume
that rents are obtained only by the party with the highest vote share. This also
implies very different strategic incentives. Under our assumption incentives to entry
are much stronger, in particular for parties expecting a small share of the vote. This
tendency to the proliferation of parties is widely considered an important charac-
teristic of proportional representation®. At last, our results are obtained for general

distributions, while most of their results are obtained for the uniform distribution.

5.1.1 Government vs. Legislative Rents

The main difference between Bandyopadhyay and Oak [4] and our paper is that
they assume that rents are linked to government participation, while we assume that
rents are linked to parliamentary participation. To see how the two hypotheses may
lead to very different results, observe that in the Bandyopadhyay and Oak model
there is an equilibrium in which only the citizen located at the median enters. No
other candidate is willing to enter because it cannot affect the policy outcome and,
since the entrant remains out of government, no political rents are obtained. This
is not possible in our model, as long as entry costs are sufficiently low. If there is a
single party located at the median then a new party entering close to the median can

get almost 50% of the vote. Our assumption that rents are linked to parliamentary

5 Another minor difference between our paper and Hamlin and Hjortlund [18] is that we assume
a finite number of seats, so the share of seats may differ from the share of the vote.
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representation implies that such an opportunity of creating a large party will not be

overlooked.

5.1.2 Stochastic vs. Deterministic Policy Outcomes

We assume that no bargaining on policy is possible among the members of the
governing coalition. Instead, the formation of a coalition leads automatically to a
lottery. De Sinopoli and Iannantuoni (see [13] and [14]) consider an alternative set
up in which the policy is determined as the weighted average of platform positions,
as in Hamlin and Hjortlund [18] (see also Bandyopadhyay, Chatterjee and Sjstrom
[3] for a model allowing for both ex ante and ex post coalition formation). They
show that this leads voters to choose strategically extremist parties. The emergence
of extremist parties is the consequence on one hand of the particular way in which
policy is formed and on the other hand of the strategic behavior of voters. This is
easy to see in a simple example. Suppose there are three parties located at 0, 0.5
and 1 and that initially voters are sincere and the three parties are equally sized. In
this case the policy selected is 0.5. Now suppose that a voter located, say, at 0.49
decides to vote strategically. It is clear that the voter is better off voting for the
party located at 0. Similarly, a voter located at 0.51 is better off voting for the party
located at 1. Thus, a centrist policy emerges as a compromise between extremist
parties. If, instead, the policy implemented were a lottery over the extreme positions
then the centrist voters would have no incentives to select extremist parties. Hamlin
and Hjortlund [18] assume sincere voting, so these strategic incentives are not present.

Iaryczower and Mattozzi [19], in a model including equilibrium determination of
campaign spending, assume that the policy is determined in way similar to this paper,
i.e. as a probability distribution of the parties’ platforms. The crucial difference is
that they assign the weights according to the vote share, ignoring the problem of
forming a governing coalition. They assume strategic voting, but if sincere voting
were assumed then only maximum entry equilibria would be possible. The reason is
that any citizen can increase in a favorable way her influence on policy by obtaining
seats. The main entry-deterring mechanism, the risk of shifting in an undesired way

the governing coalition, is absent in their model.

5.1.3 Strategic vs. Sincere Voting

In this paper we assume that voters are a continuum and potential candidates
are a dense set of measure zero. Potential candidates behave strategically but voters

choose mechanically the closest candidate. How good is the assumption of sincere
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voting in large elections? It is hard to provide empirical evidence about it (see Degan
and Merlo [16] for a discussion). Given the current state of knowledge, it is worth
exploring both models with sincere voting and models with strategic voting. One
thing that should be pointed out is that strategic voting can easily be used to block
entry and create equilibria with very few parties, using self-fulfilling expectations that
any new entrant will not receive votes. Sincere voting makes it harder to prevent entry
and to find equilibria with a limited number of parties. Models with strategic voting
(such as Indridason [20], Cho [9], Cho [10] and Iaryczower and Mattozzi [19]) usually

assume a fixed number of parties and do not discuss entry.

5.2 Variants Favoring Equilibria with Mid-Sized Parties

One of the goals of this paper is to show that, even without significant entry cost,
proportional systems do not necessarily lead to a large number of parties. The main
intuition is that, when candidates are policy-motivated, creating additional parties
may affect adversely the formation of the governing coalitions. Here we want to
discuss some modelling choices and the impact that they have on the existence of

mid-sized parties.

Convex vs. linear disutility. Our model assumes single peaked preference of the
form v (z,y) = — |z — y|, where y is the policy implemented and z is the ideal policy.
A disutility linear in the distance is often used, but a frequently used alternative
specification is quadratic disutility, v (z,y) = — (z — y)2. This specification would
make it easier to construct equilibria with mid-sized parties. The reason is that
entering subtracts votes to the parties which are closest. This may improve policy
when the entrant is selected but can worsen the policy when the formateur is far

away. With quadratic utility the gains become smaller and the losses become larger.

The size of college districts. In this paper we have interpreted M as the number of
seats in the parliament and we have assumed that the proportional election occurs in a
single district. While this is actually the case for some countries (e.g. the Netherlands
and Israel), most proportional system use multiple districts, each one with a limited
and often variable number of seats. Smaller districts create an implicit threshold,
whose effects may be different from those of a legal threshold at the national level.
When a district is relatively small the possibilities of successful entry are reduced, so
we expect the equilibrium number of parties to be smaller and mid-size parties to be

more likely.

Formateur’s choice. We assume that, absent a party with absolute majority, the
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probability of being formateur is equal to the vote share. Other rules are possible.
Indridason [20] assumes that the formateur is always the party with the highest vote
share. Adopting a rule like the one in Indridason [20] would favor mid-sized parties,
since it penalizes in a stronger way the entry of candidates subtracting votes to
the first party, providing an additional reason not to split. This effect will be true
in general when the probability of being chosen as formateur increases more than

proportionally in the vote share when a party becomes the most voted.

Higher cost of entry c. At last, an obvious way in which equilibria with medium
sized parties may become more likely is through the increase of the participation cost
c. Increases in ¢ may occur either for economic factors (e.g. the relative wage of the
kind of specialized labor needed to set up a party may increase) or through regulation
(imposing burdensome requirements for putting on the ballot new parties). Other
things equal, increases in ¢ make it less likely that very small parties may survive.

The opposite occurs when a goes up.

6 Conclusions

This paper discusses a model of the proportional system when the number of
parties is endogenously determined. We have shown that in a citizen-candidate model
equilibria with a relatively limited number of parties are possible, although when the
number of seats is sufficiently large there will always be at least four parties. Our
framework is flexible enough to allow us to discuss variants of the ‘pure’ proportional
system, for example the introduction of thresholds for representation.

A natural next step would be to look at a dynamic models in which there is un-
certainty on the distribution. Most dynamic models of elections have a fixed number
of parties (a recent example is Baron [5]). Brusco and Roy [8] proposes a model
in which entry and exit may occur in each period and the public opinion changes
stochastically, but the electoral system they consider is first-past-the-post. The tech-
niques could be in principle applied to proportional electoral systems’, providing a

theory of how equilibrium political configurations evolve.

"Trompounis and Xefteris [24] and De Sinopoli et al. [15] introduce uncertainty in a proportional
model.
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Appendix 1

Proof of Proposition 1. If all citizens choose o, = 0 and no party enters then the
utility is u,. A citizen located at x can form a party, obtain a seat share s, = 1 and
implement the preferred policy z, obtaining utility « — ¢ > —1 > u,. A profitable
deviation exists and o, = 0 for each x is not an equilibrium.

Suppose ¢ < as); and that only the citizen located at z* chooses o« = 1, while
all citizens with x # x* choose o, = 0. In any equilibrium with a single party it must
be optimal for all other citizens to stay out. However, no matter where the entering
party is located, there is some entrant who can get at least §M seats, while either
not changing the policy or changing it in a favorable direction (this happens when
the entrant ends up with at least as many seats as the incumbent). With ¢ < oSy,

this makes it optimal to enter, so there is no single party equilibrium. |

Proof of Proposition 2. Let {z1,...,2;} be the locations of the parties entering
in equilibrium, v; the vote share obtained by the party located at x; (called, for
simplicity, party 7) and S; the number of seats. Let v;L be the vote share collected by
party i on the right of z;, i.e. v;f = F (%) —F (z;)ifi < Jand v} =1—F (2)
otherwise. Let v;” be the vote share collected by party i on the left of z;, i.e. v; =
F(x;) — F (L;:“l) if i > 1 and v; = F (1) otherwise. Assume that party k is

dominant, so that S > |2 | + 1.

Claim 1. For the dominant party S < L%J + 2.

This is trivial if L%J + 2 > M, which holds for M < 4. Assume M > 4 and
suppose that there is an equilibrium in which the dominant party wins S, > |4 | 43
seats. Suppose first v, < ﬁ Then entry immediately to the right of the dominant
party yields at least |4 | +1. The reasoning is the same if v; < ;. Thus, it must be

Tr+Tht1
2

min {v,;,v,j} > ﬁ Define 7, = if k< Jand Ty =1, i.e. T} is the citizen

with the highest © among those who vote the dominant party k. Similarly, define
T, = z’“;;x’“ if k> 1andz; =0, ie. z; is the citizen with the lowest x among those

who vote the dominant party k. Suppose k > 1 and for each y € (zx_1,xy) define

or () ()

Since F' is a continuous function, v (y) is contiunous. Furthermore, limy,, v (y) =

vy > 7. If limy,, v (y) > 47 then entry just to the right of z,_; yields at
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least one seat without changing the policy, since xj remains the dominant party. If
limy |, , v (y) < 47 then continuity of v (y) implies that there is a position y* such
that v (y*) = % Thus, entry at y* yields exactly one seat and it does not change
the policy, since at most one seat is subtracted from the seats of the dominant party.

Claim 2. A party not contiguous to k has at most two seats.

Consider a party not contiguous to the dominant party, i.e. its position is nei-
ther x;_1 nor xgy;. For simplicity consider the party located at xp.o (again, the
argument for xj_o is easily adapted). Suppose that the party obtains at least three
seats. To achieve that it must get a vote share strictly greater than % Thus,
max {vk__ L2 v;fw} > % But this implies that a new party can enter either just to
the right or just to the left of x;,9 and gain at least one seat without changing the
policy. Thus any party which is not contiguous to the dominant party can’t have

more than two seats.

Claim 3. If a party contiguous to the dominant one has at least 3 seats, party k£ has
exactly L%J + 1 seats.

Suppose that party k& + 1 has strictly more than two seats. Then its share of the
vote must be strictly larger that % If v,';_l > ﬁ then a party can enter just to the
right of k + 1 and gain at least one seat without changing the policy outcome. Thus,
it must be that v,';_l < ﬁ and therefore v, > ﬁ If a contiguous party has at least
3 seats then there is a point y* € (zy, xg41) such that

P() e () -

2 2 M

Thus, a party entering at any point y € (y*, xx+1) would not change the policy. For
y sufficiently close to xj11 the entrant would gain at least one seats and we have a
contradiction. We conclude that whenever party £+ 1 has more than two seats then

k must have exactly L%J + 1 seats. The same reasoning applies to party k. —1. N

Proof of Proposition 3. Consider a configuration {x1, 22,23} and assume that
there is a continuum of seats. Let {v1,v2,v3} be the vote shares (coinciding with the

seat shares) of the three parties.

Case 1. max {v1,v2,v3} > 0.5. If the dominant party is z; then entry in the interval

(x2,23) or (z3,1] does not change the policy outcome and yields seats, so a profitable
deviation is found. A similar reasoning holds if the dominant party is x3. If the
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dominant party is x2 then it must be z; = 0 and x3 = 1, otherwise entry to the left
of x1 or right of x3 would be profitable. But in that case entry at € or 1 — ¢, for ¢

small enough, becomes profitable.

Case 2. max {v,v,v3} = 0.5. First observe that v; = 0.5 and v3 = 0.5 cannot be

part of a robust equilibrium because a small movement to the left or to the right
would give absolute majority. If vo = 0.5 then party 2 must be part of all coalitions
and v1 4+ v3 = 0.5. The best option for x1 is to form a coalition with x5. The same it
true for x3. Suppose x2 chooses x; (the case in which z chooses x3 is symmetric).
Consider entry just to the left of z3, i.e. at a position y € (z3—¢€,x3). Without

entry, the expected disutility of a citizen located at y is

V2 U3
Di(y) = v1 (y — - - ).
1(y) =v1(y—21) +v2 (y — 22) + U3 <U2 w (y —m2) + —— (w3 y))

In case of entry the vote share of 1 does not change while the vote shares of the

other parties change to

e (B) - (B50) () r(B) @

%:1_F<“;y>. (3)

If entry causes xo to prefer an alliance with y then entry is clearly profitable. So,

suppose xo still allies with z1. The expected disutility for y in case of entry is

Dy(y) = wvi(y—z1)+vy(y—x2)

/ /
! Yo _
+(vy+v3) (UIQ‘F’Uy-i-’Ué (y $2)+
Define
A(y)=D1(y) — D2(y).

Entry is profitable if A (y) > 0 for some y € (z3 — €, 23). We have

Aly) = (va—wy) (y—a2)+

(?;Zf') (v (y = 22) + 03 (2 —y))

T (v (y — 72) 03 (a3~ )
U1

Notice that at y = x3 we have A (z3) = 0. Thus, entry is profitable if at y = x3 the
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left derivative of A (y) is negative. This is given by

d—A(y) dv
y = —d—;(y—x2)+(v2—v’2)+

71 _1@1 <d(Uyd;r U3) (U/2 (y7$2) +Ué (583 y))>

1

U3
1—um (UQ US)

Now observe

D (1~ va)

1 d (vy + v5)
— < a2 (z3 — 22)

Y dvy ot
o <<dy (x3 — x2) +v2 — V3

B dvl, v d(vy + vh) vg  duy
N <dy+1vl dy U2+1—U1dy (w3 = 2)

(v
(o )

where v; =1 — F(x3) is the right constituency of z3. Using

d(vy +vy) d(l—F(”—”Ly))_ 1, (z2+y
e I
G P L ()
dy dy 2 2

We conclude

. d A (y) 1 X9 + X3
lim —~~ = —— _
lerag dy 2f 2

U,
) (1‘3 — :Ez) + 1 731}1 (U;_ — Ug) < 0.

since v; < wvs.

Case 3. max {v1,v2,v3} < 0.5. In this case every two-party coalition must have a

majority of the seats. Suppose that party 2 forms a coalition {x1,z2} when selected
as formateur (the case in which party 2 forms a coalition {xg,z3} is symmetric). We
have 4 subsubcases.

Subcase 1. Both z1 and 3 choose x3. This case is identical to Case 2.
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Subcase 2. x1 chooses 3 and x3 chooses x1. First observe that, since x3 prefers 1

to xo it must be:

U1 (%)
(:Eg — :El) <
U1 + U3 V2 + U3

(3 — x2) < T3 — X2 (5)

Consider entry at y = z3 — € for £ > 0 sufficiently small. Suppose x2 still prefers
x1 after entry (if it forms a coalition with y after entry then this makes the entrant

clearly better off). The disutility for citizen y without entry is:

Di(y) = vi(y—m1)+v2(y—22)
+v3 < - (y— 1) + 1 ﬁsw (z3 —y)> :

1— w9

In case of entry disutility becomes

Dy (y) = wvi(y—x1)+vh(y—x2)

/
V1 v
(o) (T o)+ o )
2 2

Let A(y) = D1 (y) — D2 (y). As in Case 2, we have A (z3) = 0 and we want to show
limy 1, %ﬂ < 0. We have

dD —
lim ———22 ) =1 +vg + U3L 3
yTxs dy 1-— (]
. dDy (y) dvj d (vy + v3) < vy )
lim = v1+—=(x3 —x9) +vy+ T3 — T
yles  dy Yy (w3 = 22) + vy dy 1—@2( 3= o)

d U1 U1 vgr
+v3<dy<1vé>(x3 x1)+1v2) 213<1U2

. dA(y) vy —wvg  dvl
lim =0 ——=(r3—2
yTas dy 3 1— w9 dy ( 3 2)

(o) (3 2 o)

Using (4) and
d V1 V1 1 o+ Yy
il ) = = f )
dy \ 1 —v; (1- q/2) 2 2

Therefore
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We conclude:

+ _
lim <dD1 (y) _ 4D (y)> = v3U3 EE. 1f <x2 +x3> (x3 — x2)
ylas dy dy

%f <$2;x3> (1?@2 (m3_m1)) o ((1vlz)2)2%f <$2;x3> (ms_ml))

Inequality (5) implies

(25 (g ) < (252) oo

so we can conclude limy 1, %Z(Jy) < 0 and profitable entry exists.

Subcase 3. 17 chooses 3 and x3 chooses x1. Since x1 prefers z3 to xo it must be
the case that

U3 V2

T3 —x1) < To9 — T1).
’1)1—1-2)3(3 1) 2)1—1—’1)2(2 1)
Since xg prefers x1 to xo it must be the case that
V1 V2
r3 — 1) < xr3 — X2
V1 + U3 ( ) Vo + U3 ( )

Let ¢ = max {ﬁU—Q, Eﬁfv—?) } Summing side by side we obtain:

V2 V2

To — 1) +
U1+U2(2 1 Vg + U3

< gz —z1)+q (a3 —22) < q(z3 —21)

T3 —T1 < (5[33 - :E‘Q)

which is impossible because ¢ < 1. Thus, this case can be ignored.

Subcase 4. x1 chooses x3 and x3 chooses x5. Since x1 prefers x3 to xo this implies

U11fv3 (m5 —m) < U1U+2U2 (z2 = 21) (6)
In turn, this implies
U3
——— (mg—x1)<vl+v2 (3 —x1) — v3 < Vg
Since xo prefers x1 to xg it must be
s (e =) < e (s — ) ™)
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and since x3 prefers xo to x1 it must be

(%) U1
T3 — o) < T3 —x1). 8
v2+v3(3 2) Q)1+v3(3 1) (8)
Summing (6) and (7) side by side we have
V3 (%1
xr3 —x1) + To —x1) <
U1+U3( 3 1) U1+U2( 2 1)
(%)
To —X1) + xr3 — I2).
U1+U2( 2 ) v2+v3( s 2)

Afterm manipulations we get

V3 _ (OR} ($3 _ IEl) < Vo — U1 _ V3 ($2 _ IEl)
V1 + U3 Vo + U3 V1 + V2 Vo + U3

o3 <%> (23 — 71) < <(”2 —u1)v _2”“’3> (22 — 71) )

U1 + U3 (211 + 1)2)

and

If v1 < vy then we have
U1 (’Ug + ’1)3) (’Ul — v + 2’1)3) <0

which is impossible because vy + 2v3 > % > .

Now suppose v1 > vy > vs. If z9 — 21 > x3 — x2 then (7) implies

U1 U3
<
v +v2 U2+ U3

— 1 < U3,

a contradiction. Then it must be x3 — xzo > x5 — 1. Rewrite inequalities (6) and (7)

as
v1 +v3 U
r3 — T < X9 — X
( 3 1) V3 V1 +’l)2( 2 1)
v+ v U3
(1'2 — {E1) < ((Eg — .1'2) .

v v+ U3

Combining the two

v1+v3 v2 vtV U3
vy v1+v2 v U2+ U3

(:Eg — SL‘1) < (SL‘3 — :EQ)

which implies

— v1+v
x3 w1<vz(1 3)

1<
I3 — I U1 (UQ + 2)3)

v3 (v —vg) < 0.
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which is impossible because vy > vs. |

Proof of Proposition 4. Suppose that F'(x1) > ﬁ and 1 participates to a govern-
ing coalition only when z; is picked as formateur. Let k£ be the highest integer such
that % < F (z1). Since F (z1) > 7 then k > 1. Let y be such that F (ﬁfl) = %
Then the party positioned at y obtains exactly k seats by entering. The vote share
of the entrant does not generate any rest, so the parties located at {xo,...,x, } get
exactly the same seats as before while z; obtains exactly k fewer seats. Entry is
unprofitable only if it changes adversely the policy outcome. The parties located at
{z2,...,x,} have the same seats as before entry. If each one of them was forming a
coalition government without x;, whatever they were doing before entry by y is still
feasible. Forming coalitions including both y and x; for parties that were excluding
x1 from their coalitions is clearly dominated by forming the same coalitions formed
before entry. Thus, any change must include the party at z1. Since all the coalitions
are contiguous, this can only happens if x; substitutes some party x; on the far right
of the coalition or z; is added to the coalition. In both cases the utility of y is strictly
increased. Finally, y is better off when it is the formateur. When z; becomes for-
mateur it will include y in the coalition as long as y is sufficiently close to z1, which
will be the case when the density f is strictly positive and continuous on [0, 1] and

M is large enough. We conclude that entry is strictly profitable for y, contradicting

the claim that {z1,...,z, } is an equilibrium configuration. The reasoning for z,, is
symmetric. ]
Proof of Proposition 5. The first point is trivial. If a configuration {z1,...,zx} is

an equilibrium under a pure proportional system then no other party can profitably
enter. This remains true when the threshold is imposed. Similarly, if each existing
party has a share of the vote greater than v*, then the introduction of the threshold
does not affect the outcome and thus it cannot make it profitable to exit.

Consider now the second point. Let Ui be integer. Consider an equilibrium in

which n* = U—l* parties enter and their locations are obtained as a solution to the

F <7x 2"”” 1) ~F (L +2x“> =", (10)

with ¢ = 1,...,n* and the conventions F(%) =0, F (L;C"“) = 1. Each

party obtains exactly a share v* of the vote and it obtains representation. No party is

system of equations
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better off exiting, since this would cause a loss of rents and would change unfavorably
the lottery on the implemented policy. No entrant can obtain representation: Any
entering party would obtain strictly less than v*% of the votes, and therefore no
representation, and it would cause the closest parties to lose representation, thus

affecting negatively the policy. Thus, the proposed configuration is an equilibrium.
|
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Appendix II

A A Non-Robust Equilibrium with 3 Parties

To avoid cumbersome notation assume that there is a continuum of seats so that
the percentage of seats is equal to the percentage of votes. Since no party has a

majority, the outcome of the electoral process is the following:

e L gets to form the governing coalition with probability % When this hap-
pens the governing coalition is {L, C'} and each one of the two parties gets the
preferred point with probability %

e (' gets to form the governing coalition with probability % Since C' is indiffer-
ent between L and R, the coalitions {L,C} and {C, L} are chosen with equal
probability. Whenever a coalition is formed, each one of the two parties gets
the preferred point with probability %

e R gets to form the governing coalition with probability % When this hap-
pens the governing coalition is {C, R} and each one of the two parties gets the
preferred point with probability %

From an ex ante point of view the probability distribution on outcomes is L with
probability i, C with probability % and R with probability }l. It is clear that C
prefers to stay rather then leave. If L were to leave then C' would have an absolute

majority. Thus, the condition for it being optimal to stay is

1

—L>
¢ - 4

(C—-L)+—-(R-L)

N —

which is satisfied with equality because C'— L = R — C. The same is true for R.
Consider now the incentives to enter. We will check that there are no incentives
to enter for parties located at x < C, the case x > C' is symmetric.

Suppose first x < L. In this case the entrant gets a share of the vote

4 L 2 1
Ux:_<m+ )Z_SCJVE

3

and the party located at L gets %— vg. Since the entrant gets a share of the vote

of at least 1

6, @ coalition between L and C is no longer a governing coalition. This
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implies that C will always form a coalition with R, since the alternative is to form
a coalition with {z, L} and this is less preferred (C is indifferent between L and R
but strictly prefers R to x). Thus, if x enters, the coalition {z, L, C'} will be formed
whenever z or L are selected and the coalition {C, R} will be formed whenever C or
R are selected. Since the total vote share of x and L remains %, the expected value

in case of entry for a candidate located at = < L is

1—3v, 1 1
x
6 2 3
So entry is not profitable if

1—3v, 1 1

—6 (L*SL‘)+§(C*$)+§(R*SL‘)Z
1 1 1
Z(L—$)+§(C—$)+1(R—{E)

or
R—L>3v,(L—x)

which is always satisfied.
Entry in the interval (L, C — 2¢] yields a vote share of zero, so it can be ignored.

Consider now entry in the interval (C' — 2¢,C). Upon entry, the vote shares are

o - 1
L= 3
1 [+ C C—zx
Ve = @< ;- (- )>_6 12¢
1 z+C 1 C—=x
ve = &(C“_ 2 > 6 T2
v —1
= 3

As a consequence of entry, C' may no longer be indifferent between R and L. In

particular, C' is going to prefer an alliance with {L,z} to an alliance with R if

Vg

R (R-C)>—L _(C-L)+—=
VR + Vo vr, + v + V0o vy, + vy + vo

(C— =)
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Using the expressions for the vote shares, this inequality can be written as:

2
C—
3 + 2€I

1 1 C-z
(R—C’)Z§(C’—L)+<Z— " >(C’—m)

and using R — C = C — L we obtain

1 1
— | (R-C)+ —(x—C) >0. 11
<C’—m+6.€)( )+4s(x )2 (11)
Since € < %, the inequality is satisfied at © = C'— 2e. The expression is increasing in

x, so this a sufficient condition to have inequality 11 satisfied for each z € (C — 2¢, C).

B An Equilibrium with Medium-Sized Parties

The parties are located at {a,b,0.5,1 —b,1 —a} and there are 100 seats. We
choose the parameters {0, h1, ho, h3} of the density function so that v; = s; for each
party (no rests) and so+s3 = 0.5. Notice that, given the symmetry of the distribution,
we have sy = s4 and s; = s5. These conditions, together with Z?:l s; = 1, imply
2s1 = s3.

The positions a and b are chosen so that the parties will form the coalitions as

follows:

e When x; and x5 are formateurs, which happens with probability v; + vs, the

coalition {x1,z9,z3} is formed.

e When z3 is formateur, which happens with probability vs, the coalition {z2, x3, x4}

is formed.

e When x4 and x5 are formateurs, which happens with probability v4 + vs, the

coalition {x3, x4, x5} is formed.

The coalition choices of z1, 3 and x5 are obviously optimal. For z9 or x4 (the center-
left and the center-right parties) optimality is not obvious, as a centrist coalition
{2, 3,24} could be better. To make sure that xo prefer a center-left to a centrist

coalition the following condition needs to be satisfied:

_u
v1 +0.5

_B
v1 +0.5

_%B
v9 + 0.5

Vg

(b—a)+ (05—b) < (0.5—8) + 5= (1-20)
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which, after manipulations, reduces to

U1 05-0b
<
V1 + U9 b—a

(12)

A symmetric condition holds for z4. The parameter will be chosen to satisfy condition
12.

B.1 No Incentives to Exit

We first check that no party wants to exit. Given the symmetry of the equilibrium
we need to do it only for the parties located at x1, xo and x3. Let Ug be the expected

utility of a party located at * when the coalition C' is formed.

B.1.1 No Exit for the Party Located at «

For the party located at x1 = a the utility of staying is

Uin ($1) = (’Ul + ’1)2) Uﬁll’m’m} + v?’U{sz:?lz,fD?,,M} + (2)4 + ’1)5) Ut

{z3,24,25}

= (Ul + UQ) (U{Zl‘l,l‘g,l‘g} + U{;3,z4,z5}) + U3U{;2,I3,I4}

where we used v1 + v2 = v4 + vs5. The utilities UZ' are defined as follows.

T V2 V3
Ut = —|———(b— — x (0.5 —
{z1,22,23} <U1 + v2 + v3 (b=a)+ v + v2 + U3 x( a)>
0.5 U3
= - b— )
<v1+0.5( )+ ros 0 )>
where we used vy + v3 = 0.5. Similarly, we have:
x V2 V3 on
Ut = - b— 0.5— 1—-b—
{v2.05.24} <v2 To5 Tt e 0T s a)>
_ 21)2 V3 -
_ <U2 2 (05— a) + = (05 a)> — (05—a)
z U3 V4 Us
Ut = — 0.5 — 1—-b— 1-2
{1‘3,1‘4,1‘5} <’U5 + 05 ( ) + Vs + 05 ( + s + 05 ( (l))
2v1 + 0.5 )
= — 0.5 — 0.5—b
<U1+0.5( )+U1+0.5( ))
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Notice that
Ut 23} + UM —2(0.5—a)

{z1,22, i

We conclude
Uyt =—(0.5—a) x (2(v1 +v2) + v3) = — (0.5 — a)

If the party located at x; were to exit, the party located at x2 would receive a share
v1 + vg of the vote and there would be no other changes. The policy outcomes would

be as follows:

e When x5 and x3 are formateurs, which happens with probability v; + 0.5, the

coalition {x2, 3} is formed.

e When z4 and x5 are formateur, which happens with probability v; 4+ ve, the

coalition {x3, x4, x5} is formed.

Thus, in case of exit, the utility of leaving for the party located at x1 is

U™ = (v1 4 0.5) UL, + (v1 + vg) UZ

x2,T3 T3,24,T5

where

~ V1 + V2 U3
oo, =— b— 0.5 —
@23 (m 050V 05 a)>

So
Ut = = (1 +v2) (b= a) = v3 (0.5 — @) + (v1 +v2) Ufh o, o,

Thus, the condition Ug‘:l‘ > U™ is equivalent to
(b—a)vy > (0.5 —10b)vs.

Since v1 = %Ug, this reduces to
0.5-0
b—a

Thus, the parameters a and b must be chosen so that inequality 13 is satisfied.

> (13)

N =

B.1.2 No Exit for the Party Located at b

For the party located at xo = b the utility of staying is

Un (x2) = (v1+v2)Uf? ) + 1)3Uf527x3,x4} + (v4 4+ vs5) Up?

{z1,22,23 {z3,24,25}
= (n+w) (U‘fﬂﬁzl@z,m} + U‘?95237I47I5}) T U3U‘?E227I37:E4}
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where

U1 U3
{z1,x2,23} <1)1 + 0.5 x ( a) + v1 + 0.5 % ( )>

U3 V4
Ur? =— | — 05-0b 1-2b))=—-(05-0
{z2,x3,04} <U2 105 x ( )+ v+ 05 x ( )) ( )
x U3 (2 Vs
U2 = - 05—0b 1-2b l1—a-0
{1‘3,1‘4,1‘5} <’U5 +05 X ( )+ vs +05 X ( )+ vs +05 X ( a ))
1 ’1)1
= — ) b—
<v1+0.5x(05 )+ orros <! “))
Then
U= (2% (05—b)+—I x (h—a)
{z1,22,23} {x3,24,25} — : v +05 a

and we conclude

in _ _ 2U1 _ _ _
Uy, = — (v1 +v2) <2 x (0.5 —b)+ Y x (b a)) v3 (0.5 —b)
o (1 — 2’1)1) V1
=—(0.5-0) Y (b—a).

In case of exit the vote share of zo goes to 3, who gets 50%. The policy outcomes

are as follows:

e When z; is formateur, which happens with probability vy, the coalition {z1,z3}

is formed.

e When z3 and x4 are formateurs, which happens with probability 0.5 + vg, the
coalition {x3, x4} is formed.

e When z5 is formateur, which happens with probability v1, the coalition {z3, x4, x5}

is formed.

The expected utility in case of exit is therefore

~

U;);lt = Ulﬁfjl,zg} + (0.5 + v2) Uf;37x4} + ,Ulﬁzz

{x3,4,25}

where

S0 _ V1 b B 0.5 . b
Uter,a0) <vl To5 9+ 05 (050
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~ 0.5 U2
lj’z2 = — 0.5 - b ]. - 2b
{z3,x4} <U2 + 0.5 ( )+ vg + 0.5 ( >)

V2
= —(1 0.5—0
< +’U2+0.5)( )

S 0.5 (%) U1
U;? = —[——=(0.5-b —(1-2b — (1—a-—b
{z3,24,25} <’U1 4+ vo 4+ 0.5 ( ) + v1 + v + 0.5 ( ) + v1 +v9 + 0.5 ( “ )>
2v9 4+ 0.5 V1
= —[————(0.5-% — (1 —-2b+b—
<v1+212+0.5( )+U1+1)2+0.5( * a))
2u1 4+ 2v2 4+ 0.5 U1
= —[————(05-b —— (b— .
< v1 +v9 + 0.5 ( )+U1+U2+0.5( CL))
Therefore
~ ~ (%1} U1
—(U®= %2 = b—
(02 s + Oty <1)1 I 0.5) (b-a)

<2v1 + 202 4+ 0.5 0.5

05—0b
v1 +v2 + 0.5 U1+0.5>( )

We conclude

out __ U1 U1 N 1.5 — 21 0.5 B
Up, = 1n<m+05+1vj(b a) U1<1v141q+05 (0.5 —b)
— (1.5 — 4v1) (0.5 — b)

The condition U;Eg > U;E’;‘t is

(1—2v1)n v1 V1
A T hb—a) < _
01+ 0.5 (b a)_m'vl+05+1—v1(b @)

1.5 —2u; 0.5
b—=0 1.5—-4 D=0
+’l)1< —— +Ul+0-5)(05 )+ (1.5 v1) (0.5 )

(0.5—1b) +

which, after manipulations, reduces to

0.5—0 (%1} (2—’1)1)
> .
b—a _vl—v%+0.5

Thus, the parameters have to be such that inequality 14 is satisfied

B.1.3 No Exit for the Party Located at 0.5

In case of exit the votes are split equally between xo and x4, They both end up

with a share of seats vy + %”*, while 1 and x5 get v; each. The policy outcomes are
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as follows:

e When z7 and x5 are formateur, which happens with probability 50%, the coali-

tion {x1,za, x4} is formed.

e When 24 and w5 are formateurs, which happens with probability 50%, the

coalition {xe, x4, x5} is formed.

It is clear that z3 is worse off leaving, since it is worse off for each possible coalition
formed. We conclude that there are no incentives to exit for xs.
B.2 No Incentives to Enter

We now show that there is no profitable entry. We will assume that § is very
low, so it is impossible to gain seats by entering at a position which is at a distance
greater that 2¢ from one of the peaks. So, meaningful entry will have to be close to the
existing parties (at most 2¢ away). Furthermore, given the symmetry of the density
function, it is sufficient to check that there are no incentives to enter in the interval

[0,0.5). The reasoning for citizens located in the interval (0.5, 1] is symmetric.

B.2.1 No Profitable Entry for Citizens Located at (a — 2¢,a)

By entering at position y € (a — 2¢,a) a citizen gets a vote share

1
Q)yZF(a—;y) <§Ul

while the seats of all the other parties are unchanged. In that case.

e If the formateur is y or x; then the coalition {y, 1, z2,z3} is formed.
e If the formateur is 23 then the coalition {z1,x2,z3} is formed.

e In all other cases the outcome is the same as in the case of no entry.

In this case the gains are when the formateur is in the set {y,z1} and the loss when

the formateur is x2, since in that case y is excluded from the governing coalition and

V1 V1—Vy
v1+0.5 v1—vy+0.5°

enough the second effect is stronger than the first, so entry is not profitable.

the weight of 21 on the policy choices is reduced from to For € small
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B.2.2 No Profitable Entry for Citizens Located at (a,a + 2¢)

By entering at position y € (a,a + 2¢) a citizen gets a vote share

+0b a+ 1
’Uy:F<yT>F< 2y><§1}1.

The seats are subtracted to party x;, while the seats of all the other parties are

unchanged. The outcome is as follows:
e If the formateur is 1 or y then the coalition formed is {z1,y, z2, z3}.
e If the formateur is x5 then the coalition formed is {y, z2, x3}.

e In all other cases the outcome is the same as in the case of no entry.

The reasoning is the same as in the case of entry at (a — 2¢,a).

B.2.3 No Profitable Entry for Citizens Located at (b — 2¢,b)

By entering at position y € (b — 2¢,b) a citizen gets a vote share

+b a+ 1
’Uy:F<yT>F< 2y><§1}2.

The seats are subtracted to party xo, while the seats of all the other parties are

unchanged. The outcome is as follows:
e If the formateur is 1, y or x2 then the coalition formed is {x1,y, z2, x3}.
e If the formateur is z3 then the coalition formed is {z2,x3,z4}.

e In all other cases the outcome is the same as in the case of no entry.

In this case the gains are when the formateur is in the set {z1,y} and the loss when

the formateur is z3. Again, for € small enough entry is not optimal.

B.2.4 No Profitable Entry for Citizens Located at (b,b + 2¢)

By entering at position y € (b,b + 2¢) a citizen gets a vote share

_ y+0.5 b+y 1
Vy = < 5 ) F<—2 <2v2.

The seats are subtracted to party xo, while the seats of all the other parties are

unchanged. The outcome is as follows:
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e If the formateur is 1, 2 or y then the coalition formed is {x1, z2,y, x3}.
e If the formateur is x3 then the coalition formed is {y,x3,x4}.

e In all other cases the outcome is the same as in the case of no entry.

In this case the gains are when the formateur is in the set {z1,z2,y} and the loss

when the formateur is x3. Again, for £ small enough entry is not optimal.

B.2.5 No Profitable Entry for Citizens Located at (0.5 —2¢,0.5)

By entering at position y € (0.5 — 2¢,0.5) a citizen gets a vote share

_ y+0.5 b+y 1
vy—F< 5 ) F<2 <2213.

The seats are subtracted to party ze, while the seats of all the other parties are

unchanged. The outcome is as follows:

e If the formateur is z1 or xo then the coalition formed is {x1,x2,y, z3}.
e If the formateur is y or z3 then the coalition formed is {z2,y, x3,z4}.

o If the formateur is x4 or x5 then the entrant will be excluded from the alliance

and the coalition will be {z3, x4, 25} with a lower weight for x3.

The entrant is better off when the formateur is {x1,z2,y, 23} and worse off when
{x4,25}. For € small enough entry is not worth it.
B.2.6 Parameters Values Leading to Equilibrium

The parameter of the model must satisfy inequalities (12), (13) and 14), as well
the condition vy + v3 = 0.5. A possible configuration of the parameters such that the
three inequalities are satisfied is a = 0.02, b = 0.34, vo = 0.18, v = 0.32.
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