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ABSTRACT

Quantum theory of the optical stochastic cooling is presented. Results include full quantum
analysis of the interaction of the beam with radiation in the undulators and quantum amplifier. The
density matrix of the whole system is constructed. Evolution of the density matrix in the quantum
amplifier includes non-diagonal components. The description of a bunch in the undulators follows
Bambini-Renieri-Dattoli approach (1D regime) and reproduces Becker-Mclver results but formalism
is different from the later authors. Result shows that quantum fluctuations change classical results
of stochastic cooling at low bunch population and sets the limit on the achievable cooling rate.

I. INTRODUCTION

Optical stochastic cooling was proposed recently [1], [2]. In the method, radiation is generated by a particle in
a (pickup) undulator and, after amplification in the optical amplifier, is send to another undulator (kicker). In the
kicker, amplified wave of radiation interacts with the same particle providing desirable cooling. The phase shift of the
off-momentum particle in respect with the wave is controlled in a dispersion section between two undulators.

Effect of radiation of a particle on the other particles in the bunch leads to diffusion and limits the damping rate.



Al ]= 20 +A (3)

The cooling rate is

— = 2A+A (4)
The maximum cooling rate 1 =1 is determined by the number of particles per slice, and is achieved at
A=1 .

Cooling of a short bunch requires large bandwidth of the amplifier. For example, the bunches in the PEP-II
B-factory have = 33 ps. To affect different slices in the bunch, has to be small, , what requires
A2 10 GHz. The actual PEP-II bandwidth is only 250 MHz.

In the case of the optical stochastic cooling, the bandwidth A ( ) where = is the undulator

length and  is relativistic factor of the beam in the laboratory frame. The advantage of the optical stochastic cooling
is large A allowing fast cooling. Parameters of the undulator has to be chosen to match the undulator mode to the
central frequency and bandwidth A of the amplifier. For the typical solid state Ti:Sapphire amplifier ( =08 |,
A 1 5).

Given bandwidth, the fast cooling (for example, for the muon collider) can be achieved reducing . However,
with small number of particles per slice, classical and quantum fluctuations could become dangerous. For example,
in the limit of one particle per slice, the cooling would be achieved just in one turn. However, the average number
of photons radiated in the main undulator mode is =1 137. Therefore, one can expect that a photon is radiated
once per 137 turns, and fluctuations may be large.

Concern with the quantum fluctuations is the primary motivation of the study we present here. Related problem
might be the amplification of the noise induced by interaction of particles in the undulator and by the noise of the
amplifier.

In our consideration we follow the evolution of the quantum-mechanical density matrix of the system (bunch plus
radiated mode) through the undulators and quantum amplifier. The paper starts with the definition of the initial
density matrix of the beam, and then by description of the beam/radiation interaction in undulator. Dynamics in the
undulators is described as 1D dynamics in the rest frame of a bunch as it is outlined by Dattoli-Renieri [4], [5] where
other references can be found. The formalism [7] we use to describe radiation of the beam in the undulators reproduces
results but is different from Becker and Mclver [6] formalism. In our formalism as well as in the Becker-Mclver’s
formalism, the number of particles per bunch can be arbitrary, but effect of bunching is neglected. In this sense
the interaction of particles with radiation is weak. This assumption substantially simplifies consideration being quite
adequate for describing optical stochastic cooling. After that, we describe the evolution of the density matrix in the
quantum amplifier taking into account non-diagonal components of the density matrix. Interaction of the amplified
radiation with the bunch in the kicker is considered in the following section in the same way as it was done for the
pickup undulator. At the end, the full density matrix is constructed and is used to obtain the optimum cooling rate
of the system. All phase relations are retained through the whole system. In conclusion, we compare the final result
for the rms energy spread with the classical theory and discuss effect of quantum fluctuations.

I1. INITIAL DENSITY MATRIX OF A BUNCH

We consider only longitudinal motion in a bunch assuming that the bunch of particles is described by the
Gaussian normalized distribution function (d.f.) ( ),

) =1 ()

The classical d.f. is related to Wigner’s density matrix ~. In the momentum representation, the relation is

()= (+ 2 2) (6)

For a Gaussian d.f. localized around the point , in the phase space,
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1 (p—Pp)2 (z—z'())2

= 2A2 202 8
()=, A (®)
The corresponding density matrix  is the wave packet
2 i 1 o2 /2 1 1 2 ptp 2
= h 0 2 h 0 9
( )= . Q
I11. PICKUP
We assume that, at the entrance to the pickup, there are relativistic particles, there is no initial correlation,
and correlations generated in one pass are wiped out in one turn. The pickup (and the kicker) undulators are helical
with the undulator parameter ~ and period =2 . The bunch dynamics is considered in the moving [5] frame
with the relativistic factor = 14 , where the bunch centroid initially has zero velocity, and the resonance
frequency of the mode is = . The energy spread A
1 A
A = ( ) (10)

1+

corresponds to the energy spread A in the laboratory frame.
At the entrance to the pickup, each particle is described by the density matrix Eq. (9), ( ), =12 , The

rms values and A of the wave packet may be small compared to the rms energy spread A and rms length of a
bunch, and is the normalization length.
The density matrix of the whole bunch "~ =1I # ( .
In the moving frame, interaction of particles with the mode = is described by the Hamiltonian
B ~
= 5, + ( +12 [ ] (11)
where = 1+
If the vector-potential of the radiation is normalized to one photon per volume ! [6], [7]
. 2 )
# = 3 + ] $=1 (12)

then parameter of interaction

2
1+ !
We are going to consider 1D model where beam interacts with a single radiated mode. In this case, operator

are operators changing number of coherent photons in the mode, and the vector potential has to be normalized to
the phase volume €2 of the mode.

In the laboratory frame [11], Q2 = (! (2 ) )( ). The later follows in the laboratory frame from the constrain
2 % = on the phase slippage %= & along the undulator, and requirement that the frequency
spread ( ) 1 (2 ), where is resonance frequency of radiation at zero angle. Result in the moving

frame follows from relativistic invariance of

The normalized vector potential is obtained by multiplying Eq.(12) by €. Parameter of interaction with the
mode is then = Q and, using time of the interaction in the moving frame & = 2 (), we get & =
( 1+ ) ,ie. (& of the order of = .

Interaction of particles with the mode described by Hamiltonian Eq. (11) is just back-scattering of equivalent
photons. Initial state o= 5 of the system with ' -photons and particles with momentums

=1 is transformed by the interaction with the mode = = to the vector ¥(& , which is the solution
of the Schroedinger equation [7],

vE = 20+ ey g O 1% (& () (14
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Here ( = (' is total number of radiated photons, * ( () = ( 2() (2 ),

) (& (= oot (o) - ) (15)
The operator + = aigx, - is Bessel functions, and
sin(. &2) , 2

@=""y0 o e= = (16)

The integration over %is introduced to separate parameters of radiation and of the particles.

As the main simplification [4] of the theory, terms of the order of are neglected,
&
1 17
, (1)
As a result, we loose effect of bunching due to radiation. However, this is sufficient for our purpose.
For short undulators, & 1, & The function ) depends on parameter & where &is time of
flight in the undulator (&= () in the moving frame).

In the case of a single particle and ' initial photons,

) & 0=() C ) (18)

what reproduces Dattoli-Renieri result [4].
Initial density matrix

is transformed to

IV. DENSITY MATRIX OF THE UNDULATOR

Let us simplify the density matrix Eq. (20).

We assume that at the entrance to the pickup there is no radiation, ' = 0. In this case, initial density matrix
f=11° ( ) is transformed according to Eqgs. (14), (20) to (& =  ( ( «C ) ¢ ,
where

1 % % r / P
( ()= . ¥ o+ ) () (21)
(@)
Here stands for the set s ») (. )y=1 %) |
((a)2—a)t
) ()= (42 +2() e (22)
— ( (% = ( (%) where

((w=C ) -2 (@ ] (23)

It is convenient to consider Fourier transform
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For a short undulator, parameter . & 1. In this case, (& & * . Parameter (& has the meaning of the
average number of photons radiated in the undulator per particle and is always small. This justifies expansion of
in series over & Neglecting terms of the order of ( &) , we write for the  th particle

) ()=) ( )1+& +(&) ) (25)
where
p—pp)? 220 —pt/me)?
) ( ) = A ( QAg) ( 20;/ ) (26)
and
2 hk(p—p?) pt hk(p—p0) ’ pt
) = , A2 2me , A2 2me
hk(p—p°) Pt nk(p—p") Pt
+ A2 2me 4 A2 2me (27)
) has a similar structure.
With the same accuracy,
g 2y corr
) (=1 (o) T (28)
where ) =) (1 2)) ].Eq. (28) takes into account all terms of the order of  &and (& neglecting
terms (&) .
The sum
& ) (29)
in the exponent of Eq. (28) is defined by parameters
B pit v r(m—p?)
()= =& can M S (30)
This expression has to be averaged over frequency spread in the mode around =
B pit hk(p; —p?) z
( ): & i 2775/; A2 é hAk 2/ (31)
where
| = coolesin O ) (32)
( )
Factor / restricts summation over particles within the length 2 (2°) (the length of a "slice”), or, in the
laboratory system, within ( = . Parameter = ( & is the fundamental parameter of the
theory defining number of interacting particles within the bandwidth of the mode (number of particles per slice).
Here double averaging means averaging with the density matrix of the wave packet Eq.(26) and over within the

2 2 2

Gaussian bunch  ( =12 A) o B o & If the width of the packet is of the order of the length
of a slice and 1, then 1, and

0 sin O $ sin $ 2ik 4 ¢ . pit
7Ny t 2me 33
0 $ (33)

Neglecting terms of the order of , we get



where s the rms bunch length in the moving frame and we use (0 )(sin00) = 06666. In terms of the wave
length of the mode and the bunch length in the laboratory frame,

= (") (35)

3 2
In terms of averaged , Eq. (31),
(% %) = , 4 + ' (36)
The second terms ( &) %) in the exponent of Eq. (28) can be expanded over . Expansion starts with the
term proportional to . It can be split in two parts: one,
= (&6 + )G + ) (37)
which is proportional to the number of particles , and , proportional to the sum over oscillating factors.
Introducing 1 =X ¢, we can write
( &) ’7 ’7
= Do+ H1He T+ )1 (39)

In these notations,

) ()= B) () B & &l (39)
The first factor is the product of unperturbed single particle distribution functions while exponent describes particle
interaction. The last term, ,is small. Eq. (28) can be simplified writing &5 = (I1+ ) andreplacing &, "
& , & ,and & ' by the derivativesover , |,  and , respectively. The result is the differential

operator 2 (). The factor &1 can written as

(1) ~ i s i’ r —ip! —ir
&or — +1 ( "t (40)
~ )2 82
where ++( = onov and 3 = (& ( ). Then,
B Al A " ( i A —ip’ P —ip s ( i
) ()=117) () ([@+2)+ * - (41)
Now it is easy to calculate
_': _': o + ( i * —ir s —irp! ’ ( i’ ,

— + (" ":_ N ( L ( i * —ir * —ir ’ ( i’ (42)

Integration over % and % can be carried out using

% —it i
2 L

After that, integrals over and  are [9]

( C )= (+ 2 2( () (45)

takes form
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CCO= [ TEmny () asa ) (46)
where
A0 )=FC 0 )EC ®E T a0 (@7
For small 3, the density matrix at the end of the pickup is
CCO= S mn a2y =k (15)
where 4 = TR T 4 ), and
1 _ : _ =+ _C
4 )= ) =", =, (49)
Correction 3 is of the order of ( (& ) and always negligible.

V. SOME RESULTS FOR THE UNDULATOR

Eq. (48) reproduces W. Becker and J.Mclver results obtained with the operator formalism. It gives the energy loss:
=Tr(")= 2 (&) (50)

and can be used to obtain the density matrix of radiation .+ |,

+(C )= « ) (51)
In the case of a single electron, = 1, and the zero initial photons, the density matrix of radiation
& 2
6. 0= +0="F (52)
is a coherent state. The average number of radiated photons in a single mode is small, ( =(& = =1 137.
Fluctuations are large: (A() = ( ( =( ,and
(A0 1
= =137 53
( (8 9
Radiation of a bunch corresponds to the thermal statistics [6]
cCO=7.0, 00 = e 5)
CERE

For the following, it is convenient to transform the density matrix (  ( () back to the momentum representa-
tion,

(+ 2 2)=1 ( ) i (* " ). The result is
=0 ()« (55)
where
1 5 +
= 1+2)4 96
Co= ) () as24a( ) (56)
and
) (=, R e 67)
Note that are functions of the coordinates ( i ‘) of all particles.

vii



VI. OPTICAL AMPLIFIER AND DISPERSION SECTION

The density matrix Eqgs. (48), (49) at the exit of the pickup undulator is the superposition of coherent states.
Transformation of such a state in the optical amplifier can be obtained in the following way [8].

Let us consider the 2 level model of the amplifier with inverse population +. Equation describing the time
evolution of the density matrix is well known [12]:

= [+ 2] 0+ 2 ] (58)
Let us use the representation with fixed number of photons, (& = ' (" "&) " ,and define) ( & ),
Co & CoL C
(=)L 8D Sy =0 e (59)

The function ) is a solution of the Eq. (58). Parameter is the integral of motion. Dependence on  can be obtained
using Mellin transform

) (&)= 8 ( ) ) (60)

where = & &is the amplification time,  is given by the initial condition,

()=, O o (61)

The kernel 8 can be obtained [8] for an arbitary ratio | +. In the case of the full inverted population, + =0,

8 ( )= ( N9 () (62)

’

where : = = 9= u
Consider, for example, radiation from the undulator of a single electron described by the initial coherent state

()

o

Result of amplification is described by the density matrix

cooe=C oy e a9 %) (64

The amplification factor is

what shows that parameter 9 defines the gain 8 of the amplifier, 8 = _.
The lowest moments are:

& = 8 =8 +(8 1) (66)
and the signal-to-noise ratio is independent of 8 for 8 1:
142
) - 1 (67)
1+ )
Let us use these results to tranform the density matrix Eq. (49) in the amplifier.
The Mellin transform 4, ( ) of 4 ( ' ),
. -+
4 = 4
J@ )=, 3 4] ) (68)
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is proportional to 7(3  3),3 =

4, (3 )=3[ J73 3) (69)
After the amplifier, 4 ( ' ) should be replaced [8] by ) ,
1 : .8 1 ‘

)G =0 gl T 1 Egh Ty ) (70)

Here 8 is power gain of the amplifier, are Laguerre polynomials,and = (( +( ) 2, =(( () 2
Eq. (70) describes the amplification of the main term in Eq. (48). Calculation of the derivatives in the correction
term, 24 ( ) where 2 is differential operator of the second order in , gives polynomial of the second order
in N multiplied by 4 ( ). The result can written as 2 ($00$ J0'$  where 2 is now a differential operator of the
second order in $ independent of , and $= , 0= . It can be transformed in the amplifier in the same

way as the main term above.

VIIl. DISPERSION SECTION

Dispersion section with momentum compaction ;  and length 4 , introduces () correlation for each particle
by changing the path length in the lab frame by A = + ( ) . In the moving frame, this corresponds to
the classical distribution function

1 (p—p0)? (Z—Z()—'np)2

(=, h T @
where pagam}eter ;= / + . The corresponding density matrix is different from Eq. (9) by the factor
1
Hence, the dis.persion section modifies ) ( ) in Eq.(56): Eq.(57) has to be replaced with
) (o) (72)
Here, a phase slip < of a bunch centroid is added and should be controlled in the experiment.
Vill. KICKER
The density matrix at the entrance to the kicker is obtained by combining Eqs. (56), (71), and (73),
SECE (73)
where) =)+ ( )(1+2)) () 27" " and
e (74)

The transform of the density matrix at the end of the kicker is given by Eq. (14) where ' has to be replaced by the

number of photons ( . We will use notation for the number of photons radiated by the -th electron in the kicker

and = for the total number of photons. We also assume that parameters of both undulators are the same.
Then, the density matrix at the exit of the kicker

@ = 2 ( + o ( %% (( )

1 owkn %%

) Cooaw2)y (o) T 2T 2 ( + (75)
Here ( = + ,( = , == , == + . Because ( and ( are positive, the range of summation
is 0 , = , and . Functions in) depend on coordinates of individual particles

. The operator ) is
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1 % =

and

where

—i[(q—2hkm)2]t

>0 )=C )" -2 @ ] 2meh (78)

To describe stochastic cooling, it is suffice to calculate the momentum of a particle at the end of the kicker. The average

moments for the -th particle after a bunch passed through the system are =?1" " (&], =01 ,where
" is momentum operator and brackets mean averaging over the wave packet. In the momentum representation,
only the diagonal components, 2 = 2 , =12 and ( + =( + , contribute in
We can utilize the fact that are functions only of the sum + and introduce 2, =2 + ),
=2 ( ). This allows us to write
2 (4 Ne a2y (Coy (N () (79)

where

o =u %@ ) s () R (50)

2 A ., i '

and

@ )= =ttt )
Note, that ) depends on which are given now by Eq.(33) where  are replaced by 2 .

Similarly to what was done for the pickup, we expand >( , ) in series over & neglecting terms @ &) . We skip
over details of calculations and give the final result:

= (1+2))  (( D) A G AC D) (2 0) 54, (82)

Here the sum stands for integrals 11 +5"’..+3"' (2 ) over all particles in a bunch, and

A(: : ) _ ry i ’ 3 —ip’ I —ip 5 i (83)
where : = & 6: and phase B =2 [ + ;]. Operators  for different ' =01 2 are: =1, =
& ( ), = +( ) & + ), where
C C C C
f— 6 6; — 6 6, 84
c: T ¢ c ' e (84)
Eq. (82) after some calculations, see Appendix, can be written as:
- g+ D s 1
1 o2\ 7 2 12 2 5 7 ** ot rory
(+ ) o . (85)
The operators " are not more than the second order differential operators in : , . and the function depends on
only through powers of : . . Therefore, it is suffice to take into account only terms =0, = 1 2 and
= 1 in the sum over . Additionally, we can expand the answer in series over & and neglect terms @ ).

To check the result, we can calculate the average for' = 0. This quantity is just the norm of the distribution

function and has to be equal one. Indeed, the answer is different from one by the term of the order of (& ( A) .



The result for the moments ' =1 and' = 2 were obtained with MATHEMATICA. As it will be shown below, the
power gain 8 has to of the order of A (). Hence, 8 1 and we can neglect terms which are independent of 8 .
In this approximation, momentum ~ of the -th particle at the end of the kicker is

T = 208 8] g less s 24 (86)

where ; gg¢ =; + &2 |, and <is phase slip of the bunch centroid. Calculation of = at the end of the kicker gives

T = 48(& () ( plars 2 ) 488(&) () (1+(8 + ) (87)
+4 8(& ( )+ ) (88)
Here = . Double averaging over the wave packet ( ) and over Gaussian distribution of particles in

the bunch gives the rms A = at the end of the kicker:

A .
A = 16 8(& _Asin<+88(& ( _)[1+ (&]
+8 8(& ( B) cos < B "% (89)
Here A= A ;ge Bless

To get damping, we have to choose sin< = 1. The damping is maximum if the power gain 8 of the amplifier is
equal to

A
8= A+ (9] (80)

Parameter A as function of 0 = A ; gg has maximum value A # 03 at O 2. This defines the optimum
parameter ; of the dispersion section.
The optimized reduction of the rms energy spread in one pass through the system is

A A sA,
A (& + (91)

1X. CONCLUSION

The one pass reduction of the energy spread rms is derived following the evolution of the density matrix through
all components of the system. The consideration is fully quantum-mechanical both for the beam and for the radiation
but bunching effect is neglected and length of a slice of the order of is assumed to be small compared to the
bunch length in the laboratory frame

The final result Eq. (91) has the form equivalent to the classical equation for stochastic cooling with quantum
noise 1 (& . Eq. (91) for large 1 (& corresponds to classical theory of stochastic cooling: the damping
rate is given by the number of particles per slice. However, for small the damping rate goes to a constant
proportional to 1 ( &) , where ( &) ( (14 )) . The quantum fluctuations set the limit on the damping
rate: the minimum number of turns for cooling is of the order of 1 . The term 1 ( &) is equivalent to the noise
induced by 1 particles and is related to the quantum limit of the input noise of the amplifier equal to one photon
in a mode. The cooling is the result of interference of the amplified mode with the mode radiated in the kicker. The
other quantum mechanical corrections are small, of the order of () A (i.e. o A o in the laboratory frame) and
can be noticeable only for very cold beams with energy spread comparable with the photon energy.
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XI. APPENDIX

Eq. (82) can be simplified, first, integrating over %and % and then by and  using formula:

() -2 0) = () (92)

( )
It can be obtained expanding Bessel function and gives result in terms of Laguerre polynomials . Eq. (92) is valid
both for 0 and 0, where () has to be understood as
(( )!
=01 8 () (93)

In this way we obtain

!
>( )= o ( ) o’ [0 95
() CLACe e el ) (95)
/ # /
where $ = ,0=::,and 0 = : . Terms 0 can be obtained by complex conjugation.
The sum >( ) can be split in two parts: one, for = , , and another one for = ,
= . In the first sum we may start summation from = because the maximum power of in o ()
is  + and, therefore, derivatives over  give zero if . After this, the sum can calculated, first, expressing
[ 9| in terms of the confluent hypergeometric factor and using integral representation for the last one,
( + ) $ I s
= 96
[ 9] ( ),$ 9 ¢ (96)
Secondly, we write | . 0]=( 00 ) [ ] #-,and use [9]
(+ Mg 0 g @) 2 90
9 . (0 . = D - 97
C) ' =" ) (o7)

where 9 = ( ! ;). In this form, the answer is valid also for the second part of the sum, = ,

The sum over = ,

C.. o /I 9" % @©90) ' E(@t) 2 90
> — , ; 1-9 D
can be calculated using
D (26)= ve ® (99)
After that, each derivative over gives the factor ( ~_)(1 ##O). > takes form
L / e ) ) 0..8 (8 1)
> - $ $ #* #HH o #o # 1

The integral here is given by the residues of the poles at / =8,

>()=88 1 (g,) (1 o) D sss)% s 7 * (101)
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where # = : . Finally,

= (1+2) )D[2 8: ] (102)

D (103)

[1] M.S. Zolotorev and A. Zholentz, Transit time method of optical stochastic cooling, Physical Review E, v. 50, N4, 1994,
p-3087.
[2] A.A. Mikhailichenko and M.S. Zolotorev, Optical Stochastic Cooling, Phys. Rev. Lett. 71, 4146-4149, 1993.
[3] D. Mohl, Stochastic cooling for beginners, CERN School, 1977
[4] G. Dattoli and A. Renieri, The quantum-mechanical analysis of the free-electron laser, Laser Handbook, Vol 6, edited by
W.B. Colson and A. Renieri, Elseviewr Publishers, 1990
[5] A. Bambini and A. Renieri, The free electron laser: a single-particle classical model, Let. Al Nuovo Cimento, Vol 21.,
Number 21, p.399-404,March 1978.
[6] W. Becker and J.K. Mclver, Fully quantized many-particle theory of a free-electron laser, Phys. Review A, Vol 27, Number
2, 1983, pp.1030-1043.
[7] S. Heifets, Weak Beam-Laser Interaction in Undulator, SLAC-PUB-8593, August 2000
[8] S. Heifets, Dynamics of the Coherent State in Quantum Amplifier, SLAC-PUB-8575, August 2000
[9] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series, and Products, Academic Press, 1980, p. 1038
[10] W. Becker and J.K. Mclver, Photon Statistics of the free-electron-laser startup, Phys. Review A, V. 28, Number 3, p.
1838-1940, September 1983
[11] , K.J. Kim Brightness, Coherence and Propagation Characteristics of Synchrotron Radiation, Nucl. Instr. and Methods,
A246, 1986) T1-76
[12] M.O. Scully and M. Suhail Zubairy, Quantum Optics, Cambridge University Press, 1997)

xiii



