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Consider a situation in which firms compete for customers located in a “social network”. Any customer i has,
of course, a higher proclivity to buy from firm «, if « spends more than its rivals on marketing its product
to 7. But another, quite independent, consideration also influences i’s decision. He is keen to conform to his
neighbors in the network. If the bulk of them purchase firm ’s product, then he is tempted to do likewise.
Such externalities arise naturally in several contexts and have become a subject of active exploration, especially

from the viewpoint of their influence on both the marketing and the pricing strategies of firms (see, e.g.,
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Abstract

There are many situations in which a customer’s proclivity to buy the product of any firm depends
heavily on who else is buying the same product. We model these situations as non-cooperative games in
which firms market their products to customers located in a “social network”. Nash Equilibrium (NE) in
pure strategies exist in general. In the quasi-linear version of the model, NE turn out to be unique and can
be precisely characterized. If there are no a priori biases between customers and firms, then there is a cut-off
level above which high cost firms are blockaded at an NE, while the rest compete uniformly throughout the
network. Otherwise firms could end up as regional monopolies.

We also explore the relation between the connectivity of a customer and the money firms spend on him.
This relation becomes particularly transparent when externalities are dominant: NE can be characterized in
terms of the invariant measures on the recurrent classes of the Markov chain underlying the social network.

When we allow for cost functions of firms to be convex, instead of just linear, NE need no longer be
unique as we show via an example. But uniqueness is restored if there is enough competition between firms
or if their valuations of clients are anonymous.

Finally we develop a general model of nonlinear externalities and show that existence of NE remains

intact.

Introduction

[1,2,3,7,8,9, 12, 13, 15, 16, 17]). This paper is in the marketing framework.

the firms. Firm « may spend resources marketing its product to 7, not because a cares about i per se as a client,

but because i enjoys the position of a “hub” in the social network and so wields influence on other potential

It is evident that the externality in demand will have significant impact on the strategic interaction between
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clients that are of value to . This in turn might instigate rival firms to spend further on 4, since they wish to
wean ¢ away from an excessive tilt toward «; causing « to increase its outlay on i even more, unleashing yet
another round of incremental expenditures on 7.

The scenario invites us to model it as a non-cooperative game between the firms. We take our cue from [3, 12]
which explore the optimal marketing strategy of a single firm, based on the “network value” of the customers.
(See also [9] for extensions and variants of [3, 12], developed from an algorithmic standpoint.) Our innovation
is to introduce competition between several firms in this setting. The model we present is more general than
that of [3, 12], though inspired by it. As in [3, 12], the social network, specifying the field of influence of each
customer, is taken to be exogenous. Rival firms choose how much money to spend on each customer. For any
profile of firms’ strategies, the externality effect stabilizes over the social network and leads to unambiguous
customer-purchases. This defines the non-cooperative game between firms that we explore here.

A prominent instance of our game arises when firms compete for advertisement space on different web-pages
in the Internet (see Section 2.2). More generally our game pertains to a burgeoning class of industries in which
firms compete for market share via strategies other than price variation. Think of new releases of movies or
music albums. Here the prices are more or less the same across different products, and of little consequence
for the consumer. The determining factor for him is his exposure to the product through advertisements; and,
more importantly, the choices made by his “peer group” with whom he is eager to conform, including the critics
whose reviews he values. Another example comes from telephony, where again the prices of different service
providers are about the same (sometimes even controlled by a regulatory authority, as in India). But if most of
the people that i calls (i.e., i’s neighbors in the social network) subscribe to service provider «, and if a-to-«
calls have superior connectivity compared to a-to-f calls, then ¢ will have higher incentive to subscribe to «
than to 3. The reader can no doubt think of other products which are near-substitutes and whose sale prices
have settled down to a small margin above cutthroat competitive costs; leaving firms to compete for clientele
not by cutting prices, but via enhanced marketing strategies. Indeed, the growth of internet has engendered
fierce competition in many product markets, so that only those firms survive which quote rockbottom prices.
The competition between the survivors then happens mostly on the marketing plane. Of course this is not to
say that there are not other important industries in which the competition between firms is centered on setting
prices, taking the social network into account. There is an important strand of literature dealing with this
(see in particular [6, 13, 2] for monopoly pricing, [1, 2, 8] for oligopolistic price competition, and the references
therein). The model we present here should be viewed as complementary to that strand.

Our main interest is in understanding the structure of the NE of the game between the firms. Will they
end up as regional monopolies, operating in separate parts of the network? Or will they compete fiercely
throughout? Which firms will enter the fray, and which will be blockaded? And how will the money spent on
a customer depend on his connectivity in the social network?

Section 2 introduces the quasi-linear model (and includes those in [3], [12] by setting # firms = 1). We show
that NE are unique and can be easily computed in polynomial time via closed-form expressions involving matrix
inverses. It turns out that, provided that there are no a priori biases between firms and customers, any NE has a
cut-off cost: all firms whose costs are above the cut-off are blockaded, and the rest enter the fray. Moreover there
1«

is no" “regionalization” of firms in an NE: each active firm spends money on every customer-node of the social

network. The money spent on node 7 is related to the connectivity of i, but the relation is somewhat subtle,

1We also show that a priori biases can lead to regional monopolies among the firms.(See Section 3.3.)



though expressible in precise algebraic form. When externalities are dominant?, however, this relation becomes
more transparent: NE can be characterized in terms of the invariant measures on the recurrent classes of the
Markov chain underlying the social network (see Section 3.4). In particular suppose that the graph representing
the social network is undirected and connected, all the neighbors of any customer-node exert equal influence
on him, and each company values all the nodes equally. Then, at the NE, the money spent by a company on a
node is proportional to the degree of the node.

In Section 4 we consider convex (rather than linear) cost functions, which include the fixed-budget case
where each firm can spend freely up to an exogenously specified limit. NE need not be unique as we show via
an example in Section 4.2. But if there is “sufficient competition”, in that each firm has enough rivals whose
characteristics are nearby, then the uniqueness of NE is restored (see Section 4.4). Uniqueness also holds if
firms’ valuation of clients are anonymous (see Section 4.5), no matter how heterogenous their costs.

In Section 5 we describe a general non-linear model. So long as the externalities are a contraction, the
strategy-to-outcome map (and thus the game) is well-defined. We then show that NE exist in pure strategies
under the standard convexity assumptions.

For the convenience of the reader most proofs have been put out of the way, in an appendix. The only

exception is Theorem 3, whose proof comes to hand in the course of developing the model.

2 The Quasi-Linear Model

2.1 The Model

There are finite sets A of firms and Z of customers. We shall define a strategic game I' among the firms. The
customers themselves are non-strategic in our model and described in behavioristic terms, as in [3, 12].

Firm a € A can spend m§ dollars on customer ¢ € Z by way of marketing its product to him. The strategy
[0}

set of firm a may thus be viewed as® R%, with elements m® := (m

)ie1, representing o's expenditures across
customers in 7.

Consider a profile of firms’ strategies m := (mﬁ)geA € Rf_XA. The proclivity of customer 4 to buy from any
particular firm « clearly depends on the profile m, i.e., not just the expenditure of o but also those of its rivals.
We denote this proclivity by p¢(m). One can think of p%(m) as the quantity of a’s product purchased by i. Or,
interpreting i to be a mass of customers* such as those who visit a web page i, one can think of p$(m) as the
fraction of mass ¢ that goes to a or, equivalently, as the probability of ¢ going to « (recall, different companies
a are vying for customers on any given webpage ). In either setting, we take p;(m) := (pf (m))pea € [0,1]4.
(When p¢(m) is a quantity, there is an implicit upper bound on customer #’s capacity to consume which, w.l.o.g.,
is normalized to be 1.)

The benefit to any particular firm « from its clientele p®(m) = (p§*(m))iez is Y ;c7 uipf(m) and the cost

of its expenditures m® is >, - c¥m$. We assume that

€L 71
for all w and all i : ¢ > 0 and uj > 0,u” # 0 (1)

(The condition u® # 0 is without loss of generality, since a would always chose m® = 0, i.e., “not play the

game” if u®* = 0, and therefore could be dropped from \A.)

2At the other extreme, where externalities are absent, our model yields the much-studied Tullock contest [18].

3or, more generally, a convex subset of Rf_.

4Such an interpretation of i as a mass is also given in [1]



Then «’s payoff in the game is given by

1 (m) = 3" ufpg (m) — 3 cfm 2)
= =

It remains to define the map from m to p(m).

Customer ¢’s proclivity p to purchase from firm « is clearly positively correlated with a’s expenditure mg*
on %, and negatively correlated with the expenditures m;“ := (mlﬁ )BeT\{a}, Of a’s rivals (since we are thinking
here of firms’ products as substitutes).

In addition we suppose that there is a positive externality exerted on i by the choice of any neighbor
J: Increases in p} may boost pf*. Cross-effects of pf on p¢, for  # «, can be incorporated under certain
assumptions (see Section 5.1), but to begin with we shall suppose for simplicity that they are absent.

To define the map from m to p(m), we must take full cognizance of the social network. In section 5, we
consider a general mathematical framework which allows for nonlinear network effects, but for the moment
let us restrict to the linear case. In this event, the social network may be represented by a finite, directed,
weighted graph G = (Z, E,w). The nodes of G are identified with the set of customers Z. Each directed edge
(i,7) € E :=T x T has weights (w§})aca, where wg; > 0 is a measure of the influence j has on i, with regard to
purchases from «. Precisely, if p® = (p;“) jez denotes the proclivities of purchases from «, then the externality
impact® of p* on i is Zjel wgip$. We assume that EjeI wit < 1, for all i € Z and @ € A. (One may view
(Z, E*,w®) as the social network relevant for firm a, with E* = {(i,j) € E : wg; > 0}).

Let us now make explicit how firms’ expenditures, in conjunction with the externality effect, determine
purchases in the social network.

Fix a profile m := (m”)gea = ((mf)jeZ),@eA of firms’ strategies. Denote by m; = (m?)ge 4 the vector of
expenditures on ¢ by all the firms when m is played.

For any firm « and customer 4, let v*(m;) € [0, 1] denote the direct marketing impact of m; on «’s proclivity
p¢ to buy from firm a. Thus 7 is a map from R4 to [0,1]

Denote BeA mf by ;. Our key assumption on v¥*(m;) is that it depends only on the variables m$ and
— —a

my

=> seA\{a} mf , i.e., firm « is affected only by the aggregateS expenditure of its rivals. We shall abuse

notation slightly and write v*(m;) = v (m§, m; ).

AI For m; # 0: ¢ is continuous in all its variables and, for any fixed 7; ©, it is nondecreasing, differentiable

and concave in m§ (concavity reflecting the diminishing returns to « of incremental dollars spent on 7).

The key ezamples we have in mind are the functions v defined as follows (for any fixed r and d in [0,1)):

Wmh{mwwmyﬁw>o .,

d ifm; =0

where m; := (> sez mf ). In short, i’s probability of purchase from different firms is simply set proportional to
the money that firms spend on him if m; > 0, and is arbitrary if m; = 0. (As will become clear, the NE will

not be affected by the choice of d, for any given r.) We may think of (7;)" as the “market penetration”, which

5Strictly speaking the term Zjez\{i} w?j embodies the “pure” externality effect of others on i; but we allow for wg; > 0.
6 Aggregation is a form of anonymity that is common to many markets. It says, in essence, that if a firm pretends to be two
entities and splits its expenditure between them, this has no effect on other firms. This form of “anonymity toward numbers” is

tantamount to aggregation.



rises with the total money spent. (If v%(m;) is to be a probability, one must amend (7;)" to max{(m}),1} or
a suitably smoothed version of this function.)

When r = 0, we shall call it the canonical example. This is a special case of a Tullock contest [18].

Our last assumption has to do with the possible discontinuity of the function v§(m;) as m; — 0. Indeed
in our canonical example there is an irremovable discontinuity at 0: the limit of y{(m;) can be any number
between 0 and 1 depending on the direction from which m; approaches 0. To steer clear of 0, we introduce
AII below. The idea is that, for each customer 4, there be at least two distinct firms who value 4, so that the
competition between them will ensure that the total money spent on ¢ is positive in any NE. The intuition
is that, if m; is too small, either of the two firms could spend a “sliver” § > 0 on 4, which costs very little,
but is nevertheless overwhelmingly more than other firms’ expenditures on i, and thus is able to “buy out” i,

contradicting that it has optimized. Precisely we have

AII For all i € Z, there is a set A; C A of at least two firms such that

1) For all o € A;, ugf > 0.

o~ o~

)
2) For all i € Z, for all a € A;, for all sequences {my}ren C M, with my = (my;)icz,ac, such that
k

m§,; < my,;/2 for all k and my,; — 0 as k — oo.

32

lim {nm suply(m s 4 6.mp®) — A (mg m,:,?)]/a} .

6—0 k— oo
(3) For all ¢ € Z and for all a € A;, lime_,0[7(€,0) —v2(0,0)]/e = oc.

To interpret (2) of AIT, consider a unilateral deviation by o wherein « increases mg ; to mg , +6 for fixed 4.
Since all 8 € A\{a} have expenditures mg)i on i that become vanishingly small compared to the expenditure
my; + 0 made by «, as k goes to oo, firm « must have 100% of the “marketing impact” on ¢ in the limit, on
account of its deviation. On the other hand, it has less than 50% of the impact, prior to its deviation, since its
expenditure is over-matched by at least one rival firm. But the jump from 50% to 100% is non-negligible since
— as will be made precise shortly — 7 is not guided solely by the externality effect of his neighbors, but puts
positive weight on the marketing impact . The boost in v is given by the bracketed term [...] in (2) of AII
which is at least of the order of 1/2 and so the whole term goes to infinity like 1/(2¢) as € — 0. Our assumption
is somewhat weaker since it imposes no constraint on the rate at which the bracketed term goes to oo.

As for (3) of AIT | the intuition is that if there is no firm pursuing customer i, then there is a huge “first-
mover” advantage to firm o when it alone approaches i: for an infinitesimal expenditure of € dollars, a can
trigger a disproportionately large sale of L(e) dollars to ¢, where L(e)/e — oo as € — 0.

It is easy to see that our key examples satisfy both (2) and (3) of AIIL .

Turning to behavior of customer i in our model, he weights the two factors (i.e., the externality impact
and the marketing impact) by 6% and 1 — 6¢

7

where 0 < 6% < 1. Thus, given a strategy profile m, the final
steady-state proclivities of purchase p(m) := (p®(m))aca € [0, 1]7*4, where p®(m) := (p§ (m)); ez, must satisfy.

pi(m) = (1= 0737 (mi) + 07 Y wiypf (m) (4)
JET

foralla € Aand i € T.



Define the |Z| x |Z|-matrices: I := identity, ©% := the diagonal matrix with % = 6 and W := the matrix

with entries wg;. Then equation (4) reads
pt(m) = (I = ©%)y*(m) + O Wp(m).
Since I — ©*W* is invertible” (the row sums of ©*W® being less than 1), we obtain
p*(m) = (I = 0°W*)~H(I = ©%)y*(m).
This gives (see (2)) firm o’s payoff
I%(m) = [u®]"(I = ©*W*) "1 (I — ©)y*(m) — [¢*] 'm® ()

where u® = (u})jez € RY and ¢ := (cf)jer € RZ% | are column vectors and T stands for the transpose
operation.
This completes the definition of the strategic game.

Recall that a strategy profile m is called an NE? of this game if
I*(m) > O*(m*,m~*) ¥ m® e RL

for all « € A (where m=® := (mﬂ)ﬁel\{a})'

Denote
v = [w] (I — W)~ I — %) (6)
Then (5) may be rewritten:

11 (m) = (0257 (m,) = efmp) ™)

i€l
Denote
08 ) = )
and next define
A (it i) s= ¢ (rim, (1 — it )ms) (8)

(Thus ¢ :== m$/m;.) We suppose that
ATII For m; > 0, A\ is strictly decreasing in r$* (for fixed 7;); and non-increasing in m; (for fixed r¢).

The assumption AIII also reflects the diminishing returns on incremental dollars spent by «; it further states
that an incremental dollar of o counts for less when a’s rivals have put in more money.

It is easy to check that assumption AIII is also satisfied by our key examples.

This completes the formal description of the quasi-linear model. We conclude this section by presenting a

concrete application of this model.

"The “diagonal dominance” property for I —OW can clearly be replaced by the weaker technical condition that all the eigenvalues
of O©W have a modulus strictly less than one. From the modeling point of view, however, the sub-stochasticity assumption on W

is easier to test, and seems more natural (see our example on advertising on the web, where W is even stochastic).
8Throughout we confine attention to “pure” strategies.



2.2 An Application: Competition for Advertisement on the Web.

Think of the web as a set Z of pages, each of which corresponds to a distinct node of a graph. A directed arc
(,7) means that there is a link from page j to page i.

At the beginning of any period, two kind of “surfers” visit page i. There are those who transit to ¢ from
other pages j in the web. Furthermore, there are “fresh arrivals”, entering the web for the first time, via page
i at rate ;.

At the end of the period, a fraction (1—6;) of the population on the page i exits the web, while the remaining
fraction 6, continues surfing (where 0 < 6, < 1). The weight on (4, j), which we denote w;;, gives the probability
that a representative surfer, who is on page j and who continues surfing, moves on to page ¢ (or, alternatively,
the fraction of surfers on page j who transit to page i). Thus ), ;w;; = 1 for all j € 7.

Companies o € A compete for advertisement on the web pages. If they spend m; := (m$)qea dollars to
place their advertisements on page i, they get “visibility” (time, space) on page ¢ in proportion to the money
spent. Thus the probability that a surfer views company a’s advertisement on page ¢ is m$ /m; = 5 (m$,m; ¢).

The payoff of a company is the aggregate “eyeballs” of its advertisement obtained, in the long run (i.e., in
the steady state).

To compute the payoff, let us first examine the population distribution of surfers across nodes in the unique
steady state of the system.

Denote by ¢; the arrival rate of surfers (of both kinds) to page i. Then, in a steady state, we must have
G=1vi+ sz‘ﬂjCj
JET
for all 4 € Z. In matrix notation, this is
(=9 +We(

where ¢ := ((;)iez and 9 := (1;);cz are column vectors, O is the diagonal Z x Z matrix with entries 6;; = 6;,

and W is the 7 x Z matrix with entries w;;. Hence
(=(I-We)
The total eyeballs (per period) obtained by company « is then

ZQ‘%-O‘ (m)
ieT
which fits the format of (7).
More generally, suppose surfers have bounded recall of length k. Then firm « will only care about any

surfer’s eyeballs in the last k periods prior to the surfer’s exit. When k = 1, a’s payoff is

Z(l = 0:)Gvi*(m)
ieT
The expression for vy will become complicated when the recall £ > 1 (more so, if discounting of past memory
is incorporated). But the payoffs in all these cases still fit the format of (7).
Generalizing in a different direction, suppose that surfers at page ¢, who have spent ¢t periods in the web,
exit at rate 0! for t = 1,2.... Denote by ©! the diagonal matrix whose ii'" entry is ¢. Then ¢ = (I + WO +
WO WO + ...)y, which is well-defined provided we assume 6! < A < 1 for some A (for all ¢,4). This retains



the format of (7) though the expression for vy becomes even more complicated. One could also incorporate
bounded recall in this setting, without departing from (7).

Notice that the “externality” in the above examples is reflected in the movement of traffic across pages in
the web. Also notice that the games derived are anonymous i.e. vy = v; for all @. Such games will be singled

out for special attention later.

3 Nash Equilibrium and its Characterization

3.1 Existence and Uniqueness of Pure-Strategy Nash Equilibria

Theorem 1 Under assumptions Al and AII there exists an NE in the quasi-linear model. Moreover if m is an
NE, then m; > 0, for alli € . Finally, if AIII also holds, the NE is unique.

3.2 General Structure

Theorem 2 Consider our canonical case: v&(m;) = m$/m; (other closed-form expressions for the & will
lead to analogous characterizations). Fix customer i and rank all the firms in A := {1,2,...,n} in order of
increasing k& := ¢ /v (see (6) for the definition of v{*). For convenience denote this order ki < k2 < ... <Kl
Let

-1
k‘i:max{le{Q,...,n}:(1—2)/@5<Zli?} (9)

In the unique NE, firms 1,..., k; will spend money on customer i as follows:
o k‘i -1 (k’z — 1)/@?
m; = ks B 1- ki B (10)
Zﬂ:l K Zﬂ:l ki
Firms k; +1,...,n put no money on customer 1.

According to Theorem 2, companies « can be ranked, at each customer-node i, according to their “effective
costs” k$. The money m¢', spent by « on i, is a strictly decreasing function of k¢ up to some threshold, after
which it becomes zero.

Theorem 2 confirms the obvious intuition that m = 0 if v$ = 0 (i.e., K} = o0, recalling that ¢ > 0 by
assumption). It also brings to light a different, and more important, feature of NE. First recall that, by (6), v$
may well be highly positive even though the direct value u$* of customer i to company « is zero. This is because
o

V-

¢ incorporates the network value of 7, stemming from the possibility that ¢ may be exerting a big externality

on other customers whom « does directly value. Now, since ¢ falls as v{* increases, (10) reveals that o may be

spending a huge m$ on ¢ even when u{* is zero, purely on account of the network value of i.

3.3 Regionalized versus Unified Customer Territory

Suppose there are five customers {1,2,...,5} and four firms {a, a9, 51,02}. The customers are arranged
in a linear network, with ¢ connected to ¢ + 1 via an undirected (i.e., directed both ways) edge, for i =
1,2,3,4. Suppose each node is equally influenced by its neighbors in the purchase of any firm’s product.

Thus (w];, w]y, wis, wi,, w]s) = (0,1,0,0,0), (w3, way, Wag, Wa,, was) = (0.5,0,0.5,0,0) etc., for any company



7. Further suppose 6] = 0.1 and ¢] = 1 for all v and i. Finally let u** = u*2 = (1,1,0,0.1,0.1) and
v = w2 = (0.1,0.1,0,1,1). Formula (6) yields v** = v® = (0.950,0.998,0.055,0.102,0.095) and v =
vz = (0.095,0.102,0.055,0.998,0.950) and hence xk* = k2 = (1.053,1.002,18.182,9.779,10.514) and x* =
kP2 = (10.514,9.779,18.182,1.002, 1.053). It follows from Theorem 2 that firms o; and as will put no money
on customers 4,5 and positive money on the rest; while firms g; and 2 will put no money on customers 1,2
and positive money on the rest. In effect, there will “regionalization” of customers into a-territory {1, 2,3} and
S-territory {3,4,5}. The only overlap is customer 3, who is of zero direct value u] to all firms v and yet is
being equally targeted by them, purely on account of his network value.

The situation dramatically changes when the game is anonymous i.e., vy = v; and ¢ = ¢* for all o and 4.

K3

(The first identity holds in particular — see (6) — when wg; = w;;, 05 = 0;, and uf = w;, for all a, i and j,

i.e., there are no a priori biases between firms and customers.) Our analysis in Section 3.2 immediately implies

that we can rank the firms, independently of 4, by their costs; say (after relabeling)
<<, <

At the NE a subset of low-cost firms {1,...,k} will be active (see (9)), while all the higher-cost firms
{k+1,...,n} will be blockaded, where

-1
E=max{le{2,....,n}:(I—2) <Zcﬁ
B=1

Each active firm o € {1,...,k} will spend an amount m$ > 0 on all the nodes i € Z that is proportional to v;.
Indeed, by (10), we have

s — vi(k — 1) (1 (k — 1)&) a

Tk Tk
25:1 c? Zﬁ:l cf

which also shows that m® > m” if o < f3, i.e., lower cost firms spend more money than their higher-cost rivals.

Finally, adding (11) over a, we have
__wvi(k-1)

T 22:1 cf
which means that the money spent on customer ¢ is proportional to his network value v;. In contrast to our
first example, there is nothing akin to regionalization of customer territory at NE. Instead, firms that are not
blockaded, compete uniformly throughout the social network.
In the special case of complete symmetry among the firms (i.e., we also have ¢ = ¢ for all a € A), all the

firms will be active and the above equations will hold with k& = n.

3.4 When Externalities become Dominant: A Markov Chain Perspective

It is often is too expensive for a firm « to provide significant subsidies m{* to each customer i. Indeed the
marketing division of firm « is typically allocated a fixed budget M and, if there is a large population of
customers, then the individual expenditures m$* must perforce be small. In this event, customers’ behavior is
predominantly driven by the externality effect of their neighbors. We can capture the situation in our model

by supposing that all the 65 are close to 1.



Thus we are led to inquire about the limit of the NE as the & — 1 for all & and i. (In this scenario we
will also obtain a more transparent relation between NE and the graphical structure of the social network.)

To this end — and even otherwise— it is useful to recast our model in probabilistic terms. Assume, for
simplicity, that > jerwi; =1 for all ¢ and «. Let us consider a Markov chain with Z as the state space and W¢
as the transition matrix (i.e., wg; is the probability of going from i to j). Let i; denote the (random) state of the
chain at date t = 0,1,2,.... Suppose that, upon arrival in state i;, a choice L; € {Stop, Move} is made with
Prob(L; = Move) = 0. Let T be the first time L; = Stop and consider the random variable ~§ (m). If p*(i)
denotes the conditional expectation E[yi (m)]ip = i], then clearly the I-dimensional vector p®, substituted for
p®(m), satisfies equation (4). Since this equation has a unique solution, it must be the case that p*(m) = p®.

Recall that by (1) each vector u® is nonnegative and nonzero, and so we may write u®* = y*£®, where

Tp(m) is then equal

y* > 0 is a scalar and £ is a probability distribution on Z. The weighted sum [u?]
to y* > ;7 & p™(4) which in turn can be expressed as y“E[vy;: (m)], provided we assume that the probability
distribution of the initial state ig is £*. Therefore the vector v /y® is just the probability distribution of ip
initializing the Markov chain at £.

We want to analyze the asymptotic behavior of v* as the 6 converge to 1 (since the unique NE of our
games are determined by v®). Let us first consider the simple case when ¢ = 6% for all i. Then the random
time T becomes independent of the Markov chain and we get easily that prob(T =t) = (1 — 6%)(0%)".

Therefore
v¥/y* = prob(ir = 1)
= Y2 oprob(T =t)prob(iy, = i|T =t)
= Yoo prob(T = t)prob(i
= o prob(T = t)E[lL;(iy)]
= B[ —0%)(0%) 1i(ir)]
where 11; is the indicator function of 4: 1;(j) =0 if j # ¢ and 1,;() = 1.
Recall that a sequence {a;}+en of real numbers is said to
i) Abel -converge to a if limg_y1 Y ;0 (1 — 6)(0)'a;r = a.

.. - —1N-1
ii) Cesaro-converge to a if imy_,oc N™'>°,0 0" a; = a.

X
=
S
|
-
=

The Frobenius Theorem (see, e.g., line 11 on page 65 of [10]) states that a Cesaro-convergent sequence
is Abel-convergent to the same limit. So, to analyze the limit behavior of v, it is sufficient to consider the
Cesaro-convergence of {1;(i¢) hte -

The finite state-set Z of our Markov chain can be partitioned into recurrent classes If*, ..., I ,?( ) and a set
of transient states I§. Each recurrent class I is the support of a unique invariant probability measure u (see,
e.g., Theorem 2.4 in chapter V of [4]).

If the Markov process starts within a recurrent class I (i.e., ig € I%), then the ergodic Theorem states that,
for an arbitrary function f on Z, N1 Zi\:}l f(i¢) converges almost surely to E,q[f].

If it starts at a transient state ¢ € I§*, then we may define the first time 7 that it enters U,>1/§'. Let S be the
index of the recurrence class i, belongs to. The ergodic Theorem also tells us in this case that N ! Eivzgl fiy)
converges almost surely to the random variable Eja[f].

Let us define g™*
E[N! Zivzgl f(i)|io = i] — Epo.i[f]. Therefore, denoting 4 := >, ., £*a**, and invoking the Frobenius

Theorem, we have proved:

as the expectation E[ug], if ¢ € I§ and as pg if i € I¢ (s > 1). Then we clearly get

10



Theorem 3 As 0% tends to 1, v{* converges to y* Epa[1;] = y* i

Corollary 1 Suppose that the graph of the underlying social network is undirected and connected. Further

suppose
0F =0, wiyy = wi, and Zwij =1
JET
forallaw € Aji € T and k, k' such that w;, > 0 and wi > 0 (i.e., all the nodes connected to i have the same
influence on i). Finally suppose that u$ is invariant of i for all a (i.e., each company values all clients equally),
w.l.o.g. u$ = 1/|Z| for all @ and i. Then as 0 tends to 1, the money spent at NE by a company on any node is

proportional to the degree of the node.

Proof: Let E be the set of edges (i,7) in the graph. E is a symmetric set because the graph is undirected. We
then have w; ; = 1(; jyep/Ni, where N; := Zj 1¢; jyer- Since the graph is also connected, the Markov chain is
irreducible and thus has a unique invariant measure p that must satisfy the equation u' W = u". Now observe
that D = (D;)iez, with D; := >, 1(;)cp denoting the degree of node i, also satisfies equation D™W =DT.
Indeed
Yo Diwiy = 30 Lierlger/Ni

= YixLawesliyer/Ni

= 2 lu e Lurer)/Ni

= X Lujer

= D
where the second inequality comes from the symmetry of E, and the following ones from the definition of N;
and D;.

We infer that the invariant measure is proportional to the degree (i.e. u = AD.). By Theorem 3, v{ = v;

7

converges to the degree of i as 6 tends to 1. But, by equation (11) in Section 3.3, m¢' is proportional to v;. =
It might be useful to illustrate Theorem 3 with a simple example. Consider the network with four nodes,

corresponding to the following matrix W< for firm o:

0 5 5 0

S 0 0 5
W =

0 0 1 O

0 0 0 1

Also let uyf = 7,u§ = 8,u§ = 10,uy = 11. Nodes 3 and 4 are clearly absorbent: once reached by the process,
they become permanent. Nodes 1 and 2 are transient. Hence I§ = {1,2}, I = {3} and I§ = {4}.

The invariant probability measure u§ (resp. ug) places all the weight on node 3 (resp. 4). Therefore,
p% = pf = (0,0,1,0) and 4™ = g = (0,0,0,1)

Observing that prob(iz11 € {3,4}|ix = i) = 1/2, when i € I, we conclude that, if the process starts in
Iy at time 0, then the first time 7 it will reach {3,4} is a geometric random variable with parameter 1/2:
prob(t =1) =1/2" t =1,2,3,....

As above, let S denote the index of the recurrence class of i. When ig = 1, then S = 1 whenever 7 is an

odd number and S = 2 otherwise. Clearly,

prob(S =2lig =1) = Zprob(T =2k) = Z 1/4% =1/3
k=1 k=1

11



and thus g =2/3u$ +1/3ug = (0,0,2/3,1/3).
A similar argument shows that g*? = 1/3u$ + 2/3u3 = (0,0,1/3,2/3), since, if ip = 2, then the event

{S = 1} corresponds to the even values of 7.

Clearly )
*=—(7,8,10,11
g 36( » Oy ) )
which yields _—
n= (0’ 0, 2777 277)

and hence v{,v$, v§ and vy converge to 0,0,52/3 and 56/3.
Let us now deal with the general case where 6§ are not all the same. We will analyze the situation where

0% is a function of a parameter 6 going to 1 with the following hypotheses:

lim 62 (9) = 1, for all i (12)
0—1
03(6) < 1, for all 4 and 6 < 1. (13)
1—f
0 < lim 62(0) =0y < o0 (14)

6—11— 9?(9)

For simplicity, we also will assume that Z = I{*, i.e., there is just one recurrent class comprising all the nodes.

Theorem 4 Under (12), (13), (14), v$ converges to yo‘% as 0 tends to 1.
jez i

3.5 Impact of the Social Network on Nash Equilibria

As one might expect, the strategic behavior of firms in NE is heavily affected by the underlying social network
which, after all, determines the “game form” of the competition. We already saw glimpses of this in Section
3.3 on regionalized vs unified customer territories; and in Theorem 3 and its Corollary in Section 3.4, where the
money spent on a costumer was shown to be linked to his connectivity in the social network. (Look ahead also
at Theorem 9 on nested clientele in Section 4.6).

Here we describe two other ways in which the network can have impact? on NE. Note that the uniqueness
of NE is a fortunate feature of our model and it makes the analysis that much more tractable.

First, consider the case when the game is anonymous (Section 3.3). Suppose the influence that customer j
wields on one of his neighbors in the social network is increased. In other words, suppose that w;; goes up for
some ¢, while the rest of the matrix W stays fixed. We show that this causes more money to be spent on j by

all the firms, not just in absolute, but also in relative, terms. Precisely we have:

Theorem 5 Assume that the game is anonymous as in Section 3.3. Suppose the social network is changed from
W to W, with Wij > wyj (without violating the sub-stochasticity of row i) and Wy = wiy for all (k,1) # (4, 7).
Suppose also that u > 0. Let m®, m® denote the money spent by firm a on customers in the unique NE under
W, W respectively. Then the set of blockaded and active firms is the same in both NE. For all active firms a,

we have m§ > m$; furthermore,

32

S0
Y
S

e
my m

R

forallk e T.

9This is a promising area for further exploration, and our results are indicative of the kind of structure one may hope to uncover.
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Remark: The above Theorem, applied iteratively, also shows that if the influence of j on several of his neighbors
s enhanced, the conclusion of the Theorem continues to hold.

The situation is more subtle in the non-anonymous case when firms have different characteristics
u®, c®, W 0% We leave it for future research to explore conditions under which analogous results will hold.

Next consider the scenario where externalities become dominant as in Section 3.4. Suppose, in the social
network for firm «, that there is a customer j who influences others but himself remains uninfluenced (rather
like the characters in Shakespeare’s 94th sonnet!'?). Then j by himself will form a recurrent class in the Markov
chain associated with the network. It follows from our analysis that firm o’s expenditures will be 0 on the

customers that are in j/s sphere of influence !

, and will instead be bestowed on j. Of course there may be
other Shakespearean characters (opinion-making leaders) akin to j in firm o’s network. They could all vie with
each other for o/s money. Much of firm o’s money will be bestowed collectively on them (indeed all of it will
be so bestowed, unless there is also a pool of customers in the network who mutually influence each other and

form a separate recurrent class).

4 Model with Bounded Expenditures

4.1 Bounded Expenditures

The quasi-linear model can easily be extended to incorporate continuous, convex, nondecreasing functions C
defined either on a compact, convex subset of R% or on the whole space provided C*(m®) — oo as ||m®|| — occ.
NE continue to exist under assumptions AT and AIT of Theorem 1. (This follows from Theorem 10 in section
5.)
In particular, we shall focus on the fized-budget case where each firm « can, at no cost, spend a total of M*

in any way across the costumers.

4.2 Multiple Nash Equilibria

Unfortunately it is no longer true that NE are unique. Consider the following simple fixed-budget example.
There are two customers and two firms. The budgets of the two firms are identical: M' = M? = 1. Suppose
v} =0} =1, 03 =0.02 and v} = 500. (The u¢ can be adjusted, given any wi; > 0and 0 < 0% < 1, to guarantee
that the v$* take on these values.) Finally take our canonical marketing function, i.e., v%*(m) = mg/m; if m; > 0
and 0 otherwise. By Theorem 10 there exists an NE; and, if m is any NE, we must have 7 > 0 and m9 > 0.
Now if m* = 0 for any « and ¢ then the rival firm 5 can reduce m? and shift money to the other client j # i,

improving its payoff. We conclude that m$' > 0 for ¢ = 1,2 and o = 1,2. Therefore m is an NE if, and only if,

107 ‘Who, moving others, are themselves as stone

Unmoved, cold, and to temptation slow ...
They are the lords and owners of their faces

Others but stewards of their excellence.......

HDrawing a directed arc from i to j if w?j > 0 (i.e., if j influences i in a’s social network), the ”sphere of influence” of j consists

of all k such that there a directed path from k to j (allowing j to influence k through a chain of intermediaries)

13



the first order conditions below hold

1,,,2 1,,2

vimy UaMmy 1
= =cCc, (15)
(mi+mi)?  (my+m3)?
2, 1 2,1
vimy UMy — 2 (16)

(mi+mi)?  (mj+m3)?

along with m >> 0, mi + mi = M! and m? + m2 = M2. (Here ¢ can be interpreted as the marginal utility
of a dollar for company « at the NE).
By straightforward algebra, we obtain

1\2,,2
1 ca(v;)*v;
L 77 17
M (102 + cov})?’ (17)
242,.1
2 c1(vi) v,
A S i 18
M (c1v2 + cov})? (18)
2 1
M 4 M= ol 19
+ i1 Vi (Cl’l)iz + CQU}) ( )
and
2 vlv?
§ et (MPev} — M'eyv?) =0 (20)

Clearly if (c1, c2) solves(20), then so does (Acy, Acz) for any A > 0. So consider (20) with co = 1, which yields
(substituting our values for v® and M*) a cubic equation in ¢; with three positive roots, whose approximate
values are ¢; = 1.087109, ¢ = 47.1973, and & = 24800.020967164826. But in order to satisfy (19) we must
have co = A, ¢y = A¢y, where )\ satisfies

1 1 10
— S+ ~)
2 ' 14¢; 500+ 0.02¢4

Thus we get three distinct pairs (¢1, c2) & (0.271305, 0.249565), (c1, ¢2) =~ (0.96071,0.0203552) and (c1, c) =~
(125,0.0050402) which give (via (17) and (18)) three distinct m, m and 7 as NE:

m} ~0.919868, mi=1—m]

m? ~0.999996, m3=1—m?

and
m] ~0.0211485, m3 =1 — ]

m? ~ 0.998152, m3 =1 —m?

and

i~ 3.2256 x 1077, 1l =1 — 1]
m? ~ 0.0079995, m3 =1 — 13

(The reader may numerically check that m, m and 7h are indeed approximate solutions to (15) and (16).)
Notice that the two companies have widely disparate valuations of client 2 in our counter example: v3 = 500

and v3 = 0.02. Curiously, if we replicate each company, the counterexample disappears and uniqueness of NE is

14



restored. More generally uniqueness holds if, for each company there are “sufficiently many” other companies
whose characteristics are “nearby”!2. Of course the words in quotes must be made precise (which we shall do
in Section 4.4).

But the example does show the need to impose additional constraints on the marketing functions v{* to

guarantee uniqueness of NE, a matter to which we now turn.

4.3 Uniqueness with Multi-Concavity

We shall first present an abstract result and later bring it to bear on our model. Let S* C R% be the (closed,
convex) strategy-set of a € A. Given a strategy profile (m?)sea € xge4S5?, suppose the payoff to any firm
a depends on his action m® and the aggregate > BeA\{a} mP of others’ actions. So we may take o’s payoff
I1* to be defined on S< x Ri. It will be convenient to extend the domain of II* to R x R_{ by putting
[*(m*®,.) = —oo if m® ¢ S*. Assume II*(mg,m_7) is concave in mg for any fixed m_f", and let 9, 11%(m)

denote its super-differential w.r.t. m$.

Theorem 6 Denote m® =3, ;- mg. Suppose the following conditions hold on a set N'C [[zc 4 SB: for all
and i, the super-differential Opma11*(m) is a correspondence hi(ms',m;, m®) that is strictly decreasing'® in m$

and non-increasing in both m; and m®. Then there is at most one NE in N.

To apply Theorem 6 to our model, we focus on the case when costs are convex in total expenditure and

benefits are linear, so that the payoff function may be written
%(m) = > vy (mi) — C*(m*)
i€T

We shall refer to this in brief as “the quasi-linear model with convex costs”. Note that we are not insisting
that the function C* be continuous. Define the function C* by: C*(m®) = 0 if m® € S* and C*(m*) = 0o
otherwise. Note that C'“ is convex if S¢ is convex. Hence the fixed budget case is included in this model.

The super-differential of —C'* is clearly decreasing in m® since C* is convex. It therefore suffices to check
that the super-differential of v can be expressed as a correspondence of two variables m$* and ,;, which is
strictly decreasing in m§* and decreasing in ;.

Consider, for concreteness, our canonical marketing function v¢ = m¢ /m;. Note

Oyt _ mi—m{

8?’77,,? (mi)g (m’L , TN )
Clearly h is strictly decreasing in mg. But
oh  —m; +2m§
om;  (my)?

is non-positive if, and only if, m® < m;/2.

In the light of this, Theorem 6 immediately yields

12As we expand the neighborhood of characteristics that defines “nearby”, we will need to put in more companies in that

neighborhood.
13 A correspondence A(z,y, z) is said to be non-increasing in = on a set V if

{v € Az, y,2),w € A(2',y,2),2" >z, (x,y,2) €V, (2',y,2) € V} = v >w.

If the last inequality is strict, we say that A is strictly decreasing in x.
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Corollary 2 In the quasi-linear model with convex costs and canonical marketing, there is at most one NE in

the region
Q:={m:m <m;/2 for alla € A and i € T}

No wonder that, in the counterexample of Section 4.2, the NE were not contained in §2.

4.4 Competition Restores Uniqueness

Throughout this section we confine ourselves to the fixed-budget model with the canonical marketing function,
which was also the context of the counterexample.

We shall show that, with “enough competition” no NE can be outside 2. This will guarantee uniqueness of
NE (by Corollary 2).

First consider the time-honored device of creating competition by replicating the companies, i.e., for any «,
there is a replica (twin) & with identical characteristics (0% = 0%, u® = u®, W = W& M = M%). Tt suffices
to show that replicas act identically in any NE, for then obviously m € Q.

We shall prove this by contradiction. Suppose m is an NE with m® # m®. Since !4 diermi = M® =
M® =37, ., mg, there exist clients ¢ and j such that 7 > r* and 7§ < r§ (where, recall, r{* := mg /m; etc.).

The first order conditions of NE are

d 21

m; - m; ( )

v (1 — 1) vf(l —7r) (22)
m; mj

(Since ¢ > 0, we have m$® > 0 and so the LHS of (21) must equal ¢® := the marginal utility of a dollar to «
at the NE. But RHS of (21) is at most ¢®, proving (21). A similar argument can be made for (22).)

But vy = vf and v§ = v by (6). So LHS of (22)> LHS of (21) > RHS of (21) > RHS of (22), contradicting
(22).

This establishes uniqueness of NE under replication.

But it is not necessary to have exact replicas. It suffices to assume that, for each company «, there are
sufficiently many rivals whose characteristics are “close enough” to those of a. (As we relax the notion of

“closeness”, we will need to put in more rivals.) Precisely, we have:

Theorem 7 Consider the quasi-linear model with fized positive budgets'® and canonical marketing. For any
B € A, denote'® vfm-n = min{vf 1j e, vf > 0} and v, = max{vf 1j e, vf > 0}. Fiz an integer n > 2.
Assume that, for each o € A there exists A*(n) € A\{a} such that v7 = 0 if and only if v* = 0 for all
B € A%(n) and all i € Z. Furthermore assume, for every o € A, that

(i) |A%(n)| = n
(ii)(a) Fk1 > 0,ke >0 s.t. kike < (2n —1)/n; and
(b) kit <op/v] < kg for all € A%(n) and alli € {j € T : v > 0}.

(i) M= MP < 320/ Van) MP for all B € A%(n)

Then I' has a unique NE.

14Clearly both the companies will spend all their money at any NE, since each puts positive value on at least one customer-node.
15T eading to convex costs (see the beginning of Section 4).

16Recall that (uf )jez # 0 by assumption, hence (see (6)) we have (U?)jez #0.
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4.5 Anonymous Valuations Restore Uniqueness

NE are unique even with heterogeneous convex costs and marketing functions that are more general than our
canonical example, provided that companies’ valuations of clients are identical: v{* = v; for all & and 4. This is
not an unnatural assumption. It holds when wf; and 6;* are invariant of o, as in our example in Section 2.2.
Suppose that costs are given by differentiable and convex functions of total expenditure: C*(m®) := C*(m®)
for all a € A. Further suppose that the marketing impact of o on ¢ can be factored in terms of i’s expenditure

m$ and the total expenditure m;.

BI Suppose there exist strictly decreasing functions A* and strictly increasing functions f; such that:
_ A%
fi(mi)

for all « € A and i € Z, whenever m; > 0. (Recall r¥ := m$/m; and A\ was defined in equation (8).)

Note that, in our canonical case, A®(r¥,m;) = (1 — r¥)/m; and so (BI) is satisfied. More generally, the key

examples also satisfy (BI).

Theorem 8 Suppose v{* = v; for all o and i, and that assumption BI holds. Then there exists a unique NE.

4.6 Structure of Nash Equilibrium with Convex Costs and Anonymous Valua-

tions.

It is natural to consider the case where the marketing impact is an anonymous function of expenditures, as in

our canonical example.
BII The functions Ay do not depend on o i.e. Ay = )\f = )\; for all a, 8 and 1.

Also assume that ); is concave and increasing in m§', as in Section 2. In this event, even without the factorization
of BI, we can describe an interesting structural feature of NE (though we do not know if they are unique).
Recall that £~(m®) = (d/dm®)C*(m).

Theorem 9 Suppose the model stated above satisfies BI and BII. Let m be any NE. Denote I(a) = {i € T :
mg > 0}. There is an ordering a; < as < ... < ay, of the firms such that Z(a1) C Z(ae) C ... C Z(aw,). In

other words the clientele of active firms are always nested.

5 The General Model: Existence of Nash Equilibrium

Let us first recall some basic features of our quasi-linear model.

Given any fixed m, customer ¢ takes m; into account, but then interacts with others in the social network,
and revises his py* progressively. This gives rise to a natural dynamic: if, at some time ¢ > 0, proclivities to
purchase are given by p®(m,t) := (p§(m,t)) ez, we will have pf(m,t +1) = Ff(m,p*(m,t)) for some function
Ff. Clearly pff(m,t + 1) will in general not only depend upon others proclivities (p§(m,t));xi (which is the

externality effect we want to capture) but also on his own p(m,t); for who, even when swayed by others, is

not partly held back by the inertia of his past habits?
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If we want to ensure that people’s opinions settle down over time, instead of fluctuating forever or diverging
without bound, then we must require the dynamic process {p®(m, t)}$2, to converge as ¢t — co. To this end, we
shall need to impose conditions on the functions F*(m, -), which portray how customer 4 revises his proclivities
of purchases from firm .

The most natural assumption that comes to mind, from the mathematical standpoint is that F(m,-) be
a contraction for every m (see (3) of CIV below); for then it follows that this dynamic process settles very
quickly (geometrically) to a steady state p®(m) := (p§'(m)) ez, namely the unique fixed point of F*(m, ) :=
(F(m,-))iez:

pii(m) = Ff(m,p*(m)),forallie Z,a € A

We shall ignore in this paper the transient phase of the dynamic because if p®(m,t) is viewed as a proclivity
to purchase, then it will only be put into effect once it becomes stable. Would a customer buy a new car of a
particular company when he is still in the process of revising his mind based on the feedback from his neighbors?
On the other hand, if p®(m,t) represents actual purchases that are occurring repeatedly in small quantities,
then the aggregate purchase in the steady state overwhelms the small volume traded during the very short
transient phase.

In either scenario a firm need only worry about the steady state behavior of customers in evaluating its
payoff. It thus seems natural to suppose that the outcome engendered by a strategy profile m is the unique
fixed point p*(m) of F¥(m,-). This fully defines the map from m to p(m) = (p*(Mm))aca, and thereby the
strategic game I' between the firms.

However, at this level of abstraction, it is hard to imagine that firms can come to know the functions
(F*)aea. The social interaction between customers tends to be quite subtle and it is not easy for firms to
generally predict the outcome with any degree of accuracy. But there are scenarios in which the interaction
gets channelled through networks that are common knowledge. In particular this is possible in the wired world
where the interaction may be tracked online and made explicit. (See examples in [15] and our own example in
Section 2.2 .) Then F := (F*)ac4 can become “manifest” to the companies, enabling them to compute the
effect of the interaction, and thus to participate in the kind of game we are describing.

Recall that even in the canonical example of our quasi-linear model (which we are endeavoring to generalize)
there was no natural definition of F* at points m & RiXA where m; = 0 for some i. Indeed as m was approached
from different directions in the interior Rff‘t, we got different limits for F;*, ruling out any possibility of a
continuous extension of F* to m.

We therefore start with the set of “interior” points
M = {m € RE*A ., > 0,Vi}

at which all customer markets are active. Conditions on F will first be described on the domain!” M (see CIV
below). Later we shall impose additional constraints on F' at the “boundary” points RiXA \ M, in terms of the
limiting behavior of F (see CV below). Needless to say both CIV and CV will be satisfied by the quasi-linear
model.

Let us now describe our assumptions in the general model.

17The reader will notice that we cannot restrict F to M, as the set M is not a Cartesian product and thus unable to incorporate

IxA

independent strategy choices of the firms. Nor can we restrict F' to Ry’,™,

because we must allow for the natural possibility that

some firms may want to put no money on a particular customer.
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CI : Va, the cost function C* : Z% — R, is continuous, convex and nondecreasing'®, where Z¢ C Ri is a
convex neighborhood of the origin in Rﬁ. Furthermore Z¢ is either compact or else Z% = Ri; and in the

latter case C(m®) — oo as |m®|| — oc.
CII : Va, the benefit function U® : [0,1]F — R is continuous, concave and nondecreasing.

Before stating the other assumptions, we shall need some definitions. For a € A, we define the partial order
> on [0, 1]7%A by:
«
x =y if and only if Vi € Z, 2y > y* and Vf # «, Vi EI,xf < yf

We extend the order g to RT x [0,1]2%4 by the rule

Ye

(m®, ) = (m®,p) if m® > m® and p = p

We say that a function H : RZ x [0,1]2*4 — [0,1]2%4 (resp. H : RT x [0,1]2*4 — RT x [0,1]7*A4) is
a-nondecreasing if (m®, p) g (m®,p) implies H(m",p) g H(m*

,p)-
The function H is said to be a-concave if (m§,py) == A(m*,p) + (1 — N)("*,p), with X € [0, 1], implies

H(mg,py) = AH(m®,p) + (1 — \)H(i®, ).

We are ready to state our next assumption.

CIII (1) Vo, Vp,Ym = (m~%,m®) € RiXA: F(m~% m®,p) is a-nondecreasing in (m®,p) at fixed m=.

(2) For all m € M,Va, F(m~*,m®, p) is continuous in all its variables; furthermore, it is a-concave in

[e3

the pair (m®,p) for any fixed m~.

(3) F(m,p) is a contraction in p, uniformly in m € R_{XA. i.e. there exists K < 1 such that
|1F(m,p) — F(m,p)|| < K|p— bl for all m,p,p

where || - || denotes the maximum norm.

Finally we state assumptions CIV and CV near, or at, boundary points m where some m; = 0. These are just
reformulations of Al and AII in the context of our general model, and have the same intuitive motivation as

before.

CIV For each customer i, there is a set A; of at least two firms satisfying:
(1) Every firm « in A; values customer i, i.e., U® is strictly increasing in the variable pg.

(2) Vi € Z,Va € A;, for all sequences {my}reny C M such that mg,; < m,;/2 for all k and
my,; — 0 as k — oo, the following holds:

lim {limsup { inf [F(my + def,p) — Fia(mk,p)]/d}} =00
§—0 k— 00 p€[0,1]%

CV For all m € M¢ := RfXA \ M, we require that Vi such that m; = 0,Va € A;,

lim inf[F*(m + eef’, p) — F(m, p)]/e = 00

e—0 p

Bje., if x > y,z # y imply g(z) > g(y), we say that g is nondecreasing. If the last inequality is strict, we say that g is strictly

increasing.
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We are ready to state our main existence result.

Theorem 10 Assume CI, CII, CIII , CIV . Then an NE exists in M for the game I.
Moreover, if CV is satisfied, then every NE of I' belongs to M.

Remark: If F? is continuous in m (even when m — 0) then CIV can be dropped. It need only be postulated
for those i where continuity fails. Existence of NE remains intact, but now the total money spent on a client

may be zero.

5.1 Cross Effects

We show that cross-effects (of p? on p¥) can be incorporated, under some constraints, in our model without
endangering the existence of NE.
[0
For a € A, define the partial order > on RT*4 by:

acgyifand only if Vi € Z,z3 > y{* and Vﬁ#a,VieI,xf Syf

Assume that the contraction mapping F(m,p) can be written as F(m,p) = (1 — 8)y(m) + 6G(p) where G
is non-expansive (this includes our quasi-linear model). Our hypotheses on v, G are (assuming throughout that

me M) :

—o,
—7

CVI ~¢ is concave in m¢, fixing m~¢; and is convex in mf, for g € A\{a}, fixing m:f.

CVII G is affine and a-increasing (i.e., p g p’ implies G(p) § G(p)).

(It can easily be checked that our canonical example satisfies CVI .)

Theorem 11 If CI till CVII hold in the above model with cross effects, then an NE always exists.

It is worth noting that the key property invoked for Theorem 11 is that G be affine and a-increasing. Thus

writing pf' = k§ + 3 g 4 jen (i} w%ﬂpf we must have
af .
w;; > 0if f=a
af .
w; <0if B #a

Of course additional constraints need to be imposed on the wiajﬁ to ensure that G is non-expansive (e.g.,

af .
0< ZBGA,jGI\{i} wy;” < 1 will suffice).

6 Appendix

We shall begin with the proof of Theorem 10 since it implies the existence of NE for our quasi-linear model.
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6.1 Proof of Theorem 10

We shall first prove the Theorem when Z% = RﬁXA and later describe the amendments needed when Z¢ is
compact.
For a € A, define the partial order > on [0, 1]2*4 by:

xéyifand only if Vi € Z,z3 > yi* and Vﬂ;«éa,ViGI,xf §yiﬁ

We extend the order g to RT x [0,1]2%4 by the rule

Ye

«
(1, ) = (m®,p) if m® > m® and p = p

Step 1: We start with a definition. A function G : RZ*4 x [0,1)7%4 — [0,1]2*4 is said to have property (P)

if the following requirements are met:
(P1) Yo,Vp,Vm = (m~%,m®*) € RiXA: G(m~%,m%,p) is a-nondecreasing in (m®,p) at fixed m=.

(P2) YVa,Vm = (m~%,m*) € M,Vp : G(m™%,m",p) is continuous in all its variables; furthermore, it is

a-concave in the pair (m®,p) for any fixed m~2.

(P3) Vi € Z,Ya,Vp,¥m and m in RZ*4 with m~* =/~ and m® < m?,

G (i, p) = G (m, p) = Wf [ (1, p) — F* (m, )] (23)

We then have the following Lemma:

Lemma 1 Let us define inductively the following sequence (Gp)nen of functions :
Gy =F and, forn > 1, G,(m,p) := F(m,Gn_1(m,p)). Then, for all n, G, has the property (P).

Proof of Lemma 1: First observe that G; = F obviously satisfies (P) on account of CIIT and CIV .
Assume inductively that G,,_1 satisfies property (P). Then, at fixed m™%, the map

X (ma’p) - (maaGn—l(mia;maapa))

is a-nondecreasing (with respect to the extended order g) by the inductive assumption.

So, if (m*,p) g (m®,p), then x(m®,p) g x(m%,p); and since Ff(m~%,m*, p*) is a-nondecreasing in
(m®,p%), it follows that G,(m~* m®,p) = F(m~%, x(m%,p)) % F(m=,x(m*,p)) = Gn(m~*,m*,p). This
proves (P1) for G,,.

Continuity of G,, follows from the fact that it is a composition of continuous functions. Next we check
concavity. By the inductive assumption the map x is a-concave (since m € M). Let (mg,pS) = A(m®, p*) +
(I =X)(m>,p*), with A € [0,1]. Then

X(mS, %) = Ax(m®, p®) + (1 — A)x(m®, 5*) (24)

Now
G, (m=*,mg, pS) F(m=, x(mg,pY))

F(m=, Ax(m®, p®) + (1 = A)x(m®,p%))

AF(m=%, x(m*,p*)) + (1 — N)F(m~*, x(m®,p%))

AG (M=, m®, p®) 4 (1 = A)Gpn(m=*, m®, p*)

Yo lYe [l
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where the first inequality comes from (24) and the fact that F(m~%, m®*, p®) is a-nondecreasing in (m®,p®);
and the second inequality follows from the fact that F/(m~%,m®, p®) is a-concave in (m®,p®). This proves (P2)
for G,,.
We turn to (P3). For all i € Z,Va, Vp,Vm and m in Rf_XA with m~™¢ =m~% and m® < m®,
(Gri(h,p) =GR (myp)] = [F (1, Gua (i, p)) — F(m, Gr—1(m, p))]
1, Gn1 (10, p)) = Ff(m, G o1 (2, p))] (25)
+E (m, Gna (1, p)) = i (m, Gna(m, p))]

The first summand is bounded from below by inf,[Ff(m,q) — Ff(m, q)]; and the second is nonnegative since
G, -1 i1s a-nondecreasing in (m®, p) for fixed m~* by (P1) and since F' is a-nondecreasing in (m®,p) by (1) of
CIII . This proves (P3) for G,,. L]

Corollary 3
(1) For alli € T and o € A,
a) Ym € RE*A, p&(m) = p&(m®, m~*) is nondecreasing in m® for every fived m=.

b) Ym € M, p(m) = pX(m*, m~%) is continuous in m and concave in m® for every fized m~.

(2) Vi e I,Ya € A;, for all sequence {my}ren C M such that my; — 0, and my ; < Mk,i/2,

lim {limsup[p;’(m;c + deft) —pf‘(mk)]/é} =
6—0

k—o0

(3) If CV is satisfied then for all m € M° := RiXA \ M, Vi such that m; = 0,Ya € A,
lim[pf (m + eef’) —pi(m)]/e = o0

Proof of Corollary 3: Recall that p(m) was defined as the unique fixed point of the contraction map F(m, ).
The iterates of this map are precisely the maps G,, defined in Lemma 1; and, as well known, for every initial
po and for all m, G,,(m,po) converges to p(m). This convergence is even uniform in m, as all these contraction
maps share the same contracting factor K (see (3) of CIII ). Since G,, is continuous in m € M, the continuity
of p(m) is immediate.

Since G,(m~%,m®* p) is «-nondecreasing and a-concave in (m* p), we get immediately that
G?L’i(m_"ﬂm“, po) is nondecreasing and concave in m®, for any fixed m~® and pg. Since non-decreasingness
and concavity are preserved under point-wise convergence, (1) of the Corollary follows at once from Lemma 1.

We next prove (2). For all i € Z,Va € A;, for all sequences {my}reny C M such that mg, < my /2 for all

k and my,; — 0 as k — oo, we infer from (P3) with /1 := my + del and m := my, that
(G i (e + 0eg’, pg) = G s (e, pG)]/0 2 k[ (e + 0, q) — B (i, q)]/0
As n — oo, this yields:
[P (ma +0ef) — p®(m)]/0 = i [F7 (my, + dei’, q) — (i, )]/

Taking the lim sup;_,., and then the lims_,o preserves the above inequality, but by CIV the RHS goes to oc.
This proves (2).
Finally, let m belong to M¢, with m; = 0. If « € A;, then taking m = m + eed in (P3) for G,, yields

(G (m +eef, py) — Gy i (m, pg)] /e > ir;f[F?(m +eef,q) — Fi*(m, q)] /e
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Letting n go to oo, we obtain:
[pi*(m + eei’) — pit(m)]/e 2 f[E (m + e, q) — Fi*(m, q)] /¢

By CV , the RHS goes to oo as € goes to 0, proving (3). n

Step 2: For ¢ > 0 and b > ¢, define the game I'“® by truncating the strategy sets of firms a to [e, b]Z.
Then I'“* has an NE.

Proof of Step 2: By Corollary 3, p$(m®, m~%) is continuous in m := (m®,m~*) € M and concave in m®.
Moreover U? is continuous, concave and nondecreasing in all its variables by assumption CII and C® is convex
by CI . It follows that II*(m) = U%*(p*(m*, m~%)) — C*(m®) is continuous in m and concave in m®. The

existence of NE now follows from the standard Nash argument [11].

Step 3: There exists b* > ¢* > 0 such that NE of T“?" coincide with NE of I'>°, for all € < ¢*.

Proof of Step 3: By CI , C%x) — oo as ||z|]| — oo and C%(e,...,e) — 0 as ¢ — 0. Thus there
exist scalars 0 < €* < b* such that —C%(e,...,¢) > U*(1,1,...,1) — U*(0,0,...,0) — C*(m®*) whenever
[[m®|| > band € < €*. Any o with ||m®|] > b* would then benefit by unilaterally deviating from m® to (e, ...,€).m

Step 4: Let m(e) be an NE of T and select a sequence €, — 0 so that m(e,) — m as n — oo.
Then m belongs to M and is an NE of T.
Proof of Step 4: Suppose to the contrary that m; = 0. Select a subsequence such that for some o € A;

mg(e,) <my;(e,)/2 for all n. (Such an « exists since A; has at least 2 elements.) Let ¢ denote

_ G
‘Ch
where we have chosen (7, (2 > 0 with
6+ _— a 1T : 6+ oo fel 7, a
G >sup{amaC’ (m®) :m* €10,2b"]"} and (2 <1nf{@U (p*) : p® € 10,1, p* < 3/4}

with 01 denoting the right hand derivative. (Clearly ¢ is finite since U? is concave and strictly increasing in p¢
for a € A; and since the convex function C is finite on RZ.)
By (2) of Corollary 3, there exists 6 > 0 such that

lim sup[p§' (m(e,) + 0es) — p§t(m(en))]/d > ¢

n—oo

By extracting a subsequence, we may suppose that ¥n
[pi* (men) + d€') — pi(m(en))]/6 > ¢

Since p§(m®,m~®) is nondecreasing in m®, we get p®(m(e,) + def') > p*(m(en)) + (de; where e; denotes
the vector in RZ whose i-th component is 1 and all others are 0. Since U® is nondecreasing, we get
U*(p™(m(en) + 0€)) — U*(p*(mley))) > U*(p™(m(en)) + Coe;) — U*(p*(m(ey))) > (2(6 = (16. Therefore the
increase in utility via the unilateral deviation from m(e,) by firm « (when he increases his bid on customer i
in the amount ¢) is strictly more than ¢;J. But the incremental cost of this deviation is at most (1. Thus the

unilateral deviation is profitable, contradicting that m(e,) is an NE. [
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Step 5: No m € M°® can be an NE of T'.

Proof of Step 5: Let m be in M, with m; = 0. Let « be in A; and consider the unilateral deviation
from m by a wherein he bids € more on 4. Since p® is nondecreasing by claim 1 of Corollary 3, we have that
p§(m +eef) > p§(m), for all j, and thus p®(m + eef) > p®(m) + g(e)e;, where g(e) := pi(m + eef) — pf(m).

Since U® is nondecreasing and concave, we have, with (; as in step 4:
U%(p(m + eef’)) > U%(p(m) + g(€)ei) = U (p(m)) + G29(€)

i.e., the gain in utility from the deviation is at least (a2g(€).

On the other hand, the cost incurred by the deviation is C*(m® + ee;) — C*(m®) which is at most (je.
Since g(e€)/e is greater that ¢ for small enough € (see (3) of Corollary 3), the deviation is profitable, and m can
thus not be an NE. This concludes the proof of Theorem 10 in the case when Z¢ = Ri for all a.

Step 6: We next sketch the argument in the case where some Z” may be compact. For such f’s, the
expenditures m? are automatically bounded. (The condition “C#(m?) — oo as ||m?|| — oo” was only invoked
to bound m”, and is now irrelevant). We shall need some obvious amendments in the argument of step 4 and
step 5.

First note that, by CII , there exists A > 0 such that [0, A]Z C Z°.

Consider as before a sequence {m(e,)}necny of NE converging to m, with ¢ € Z and a € A; such that
m(en) < M;i(en)/2 — 0 as n — oo (and, €, — 0). Then either m®(e,) is in the interior of Z* for infinitely
many n, in which case the earlier argument holds word for word. We thus just have to consider the case where
m®*(e,) is on the boundary of Z¢ for all n. In that case increasing the bid of firm « on ¢ may not be feasible,
and we have to find other profitable unilateral deviations. To do so, let § be as in step 5; and, since § can be

chosen arbitrarily small, let us assume that 0 < § < A. Consider the sequence
me = (1 —t,)m®(en) + tn (A, -+, A)

for t, = §/(A — m%¥(e,)). As m(en)) — 0, t, belongs to [0,1] for large enough n and so m? belongs to Z*
since Z“ is convex.

Now observe that for all j where m$ < A, we have mj, ; > m§(e,) for large n. Therefore, p§ is reduced
after the unilateral deviation mg, only for those j where m$* > A. The loss in utility caused by these reductions
is bounded above by D¢ for some constant D. But, as already argued in step 4, the gain in utility purely on
account of the increase of p$* is an arbitrarily high multiple of § as n goes to co. This proves that the deviation
is profitable for large enough n, contradicting that m(e,) is an NE for every n.

Step 5 can be argued in a similar fashion. [

6.2 Proof of Theorem 1

First observe that on account on Al and AII, the quasi-linear model is a special case of our general model. So
by Theorem 10, there exists an NE; and moreover if m is an NE then' 7; > 0 for all i € Z. It remains to show

uniqueness of NE under assumption AIII.

19For better perspective, here is an alternative proof, valid only in the quasi-linear model, that 7; > 0. Suppose, to the contrary,

that m; = 0 for some i. By assumption, there exists a such that v > 0. By (6),

v = [’U,DC]T(I _ eawa)fl(I _ @a)
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Suppose m 1= (m“)aez and 1 := (n%)aez are two NE’s. Denote r{* := m$/m; and s§ := n®/7, (where,
recall, m; == ) 4 m§ etc.). It suffices to show that m; = 7; and r§ = s for all a € A and all i € Z.

The first-order conditions?® for maximizing payoffs imply

oINS (r ) = ¢ if m >0 (26)
VAT (rd my) < o i md = (27)
v AT (s3' ;) = ¢ if i >0 (28)
v A (s7,7;) < ¢ i =0 (29)

Fix i € 7 and suppose w.l.o.g. that m; <7,.
Step 1: s& <rf for all a € A.
Proof: First note that, by (7), v = 0 implies m® = 0 in any NE. Let s¢ > 0 (otherwise the claim is vacuously
true) and so we must have v > 0. Suppose, to the contrary, that s§ > r&. Since 7, > T, assumption
(2.1) on A¥ imply A¥(s&,7,;) < A& (r,m;). But (26), (27) and (28) and the fact that v > 0 together yield
A& (s3,7;) = A& (rd,m;), a contradiction.
Step 2: s =r for all a € A.
Proof: Immediate from step 1, since ) 48 =1=>"_ 7
Step 3: m; =7,
Proof: Suppose 7j; > m; (by assumption we already have >). By step 2, and assumption AIII , we have LHS
of (28) < LHS of (26). Since 5., riﬁ =1 there exists 5’ such that rfl > (. By step 2, sf/ = rf/, so both (28)
and (26) hold, hence LHS of (28) = LHS of (26), a contradiction. This proves step 3.

Since the choice of ¢ was arbitrary, we have shown that 7; = m; and r{ = s for all « € A and all ¢ € 7.

Thus m = 7, establishing the uniqueness of NE. [

6.3 Proof of Theorem 2

Note that A (r$,m;) = (1 —r®)/m; in our canonical case. Thus the first-order conditions (26) and (27) become

1— o
L ) (30)
1 .
— <gyifr¥=0 (31)
m;

Since m; > 0 at an NE, at least one firm spends positive money on i. Let /; denote the maximal « such that

r$ > 0. Then observe that , if r&* > 0, then /{f < k§ implies rf > 0. Therefore 7§ > 0 for « < ; and 7o =0

oo
= [T (W) (1 - )
n=0
from which it follows that [u]T is being multiplied by a matrix with non negative entries and strictly positive diagonal entries.
Hence vf* > 0.

Let firm « unilaterally deviate from m by spending a small § on customer . By (7), his change in payoff is
vy (6,0) — ¢

which, using (3) of AII, becomes positive for small enough ¢, contradicting that m is an NE. We conclude that 7; > 0 for all ¢ € Z.
208ince m; > 0 and 7; > 0, and the ¢ are differentiable away from zero, these conditions can be invoked.
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for o > I;. Therefore m; = Elﬁizl m?, and 1 = Zgzl 7. Thus summing (30) for a < I; yields:

I

l; 1

~ o L—r® L= e -1
o=y sl @2)
a=1 a=1 ¢ ¢ ¢

Thus,
=1

B li B

25:1 kg
and 1 — sb7; = 7l > 0, which implies that Zgzl /if > kY (l; —1). On the other hand, if I; < |Z|, then we must
have 1 < x5 "177;, and thus Zgzl /{iﬁ < KF(1;—1). So I; must be the maximal [ such that Zlﬁzl /siﬁ > k(L —1).

Once I; is known, we get the NE actions as follows: For o < ;:

my;

/{?(li — 1) ll -1

a l; B li B
Zﬁ:l ko Z[ﬁ:l Ki

and, for o > [;, we must have m{* = 0. [

[0
7

m = rim; = (1 — /@?Wi)mi = (1

) )

6.4 Proof of Theorem 4

It will be convenient to create a micro-model of how the decision L; € {Stop, Move} is taken in our Markov
chain. Before starting the Markov chain, one can, for each state i, consider an infinite sequence of independent
decisions {L} }x—0.1,2,..., with prob(L} = Move) = 6%(0). Each time the process comes to state i the decision to
Stop or to Move is taken according to the first unused decision L%. In other words, if N; denotes the number
of visits of state 7 up to time t, we get L; = L%Zt.

Let then K; denote the smallest k£ such that L} = Stop. Clearly K; is a geometric random variable with
parameter 6¢(6), so that, for an integer k, prob(K; = k) = (1 — 09)(0%)* and P(K; > k) = (62)k+1.

The event {i7 = i} coincides then with {3t|N} > K; & Nj < K;,Vj # i}.

The ergodic Theorem (See e.g. [4]) tells us that, as t goes to oo, ni := N} /t converges almost surely to the
random variable E,o[1;] = u, where u® is the unique invariant measure ( Z = I;).

Therefore, for all € > 0, there exists N such that prob(A) > 1—¢, where A := {Vt > N,Vi € T : |u®—ni| < €}.
Define also B := {K; > N}. Then

prob(ir =1i) > prob({ir =i} NANB)
prob({3t|tni > K; & tn] < K;,¥j #i} N AN B)
> prob({3tlt(us —€) > K; & t(uf +¢€) < K;,Vj#iyNANDB)
> prob({éfj6 < %,Vj #i}) — prob(A°) — prob(B°)

. ,J,?—e . . .
Since i is decreasing in e,
K; K K, K,
lim prob({—— < —K5_ v 2 i) = prob({ 2t < B3 w24y,
=0 Hi —€  pgte Hi M
Therefore

K, K, .
prob(ip = i) > prob({— < —2,Vj # i}) — prob(B°)
W

i J

26



Next, with [z] being the integer part of the real number x, we get

o
L
Yk

prob({ji < Vi # i) = z;‘iou—9?)(9?%&#(0?)[“? J+

a
"
Hy

(H]’“ 01&) (1—07) >0, (Hjez(@o")“"
(HJ#Z 0?) =

Y

=7
\—/
By

ﬁ
17ngz( ;L) i
Using (12) and (14), the limit of this RHS as § — 1 is
5
_ Yt (33)
2 ez 051
Similarly,
prob(ir =1) < prob({ir =i} N AN B) + prob(A°) + prob(B°)
prob({3t|tnt > K; & tnt < K;,¥j #i} N AN B)+ prob(A°) + prob(B°)
< p?"ob({5|t|t(uz +e€) > K & t(p§ —€) < K;,Vj # i}) + prob(A°) + prob(B°)
< prob({M e S e 76,V] #i}) +pr0b(AC) + prob(B°)
Letting € go to 0 yields X %
probir = 1) < prob({—of < %,Vj #i}) + prob(B°)
H; e
But .
K; o0 [eY a\k e :é k:|
prob({ ? < Tx ViFi}) = Yool —67)(65) Hj;éi(oj) ‘
| 2\
< (Hj;ez 9?) (1—08)> %2 <Hjez(9?)”i )
o) 1-62
= (Hﬁﬁz 03 ) i
=T eato™
As 6 goes to 1, this also converges to (33) , which therefore is also the limit of prob(iz = ). (]

6.5 Proof of Theorem 5

Eq. (6), and the fact that W is sub-stochastic and the entries in © are between 0 and 1, imply
vi=[u] (I —OW) (I —0)=[u] (I+) (6W)")(I - 6)
k=1

Let ¢ be defined in an analogous manner, using W in place of W. Using the fact that (i) u > 0, (ii) (I — ©)
is a non-negative diagonal matrix and (iii) W > W, it follows that # > v and @; > v;. Eq. (11) now implies
that in the new unique NE, every active firm will spend more money on customer j and no less on the other
customers. (Note that the set of active and blockaded firms remain unchanged we replace W by W, since these
sets depend only on the costs ¢ of firms «, as shown in Section 3.3.)

We next claim that
Vs V;
2> (34)
Vg Vk
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for all k € Z. Indeed, let u denote w := ), u; and let p be defined as p := u/u. Let X and X denote the

sub-Markovian matrices in RT *Z' | with 7/ = Z U {w}:

ow 0 . oW 0
X::< - >andX::< T )
W™ 0 [W]” 0
It is then easily checked that

X" = ( (ew)" 0 > and X" = ( (GVVN)” 0 ) .
" (ew) = o [T (ew) =1 0

It results from the definitions of v, ¥ and p that a ;== v(I—0)~'/u = [p]T Y72 ((OW)F and a := o(I—0©) " /u =
(1] T 3200 ,(OW)F. Therefore, setting, Y := 30° X" and Y = 300, X", we get

v ( Solo(OmW)” g ) nd 7 — ( Solo@W)" 0 )

a

Theorem 1 in [14], on resolvent nonnegative matrices, states that, Vk € Z, & = Yws > Ywg

= % Th
a - =L, erefore
ap Yw,k ak

1~}j (1—6‘k)_dj >&_Uj (1—9;2;)

o (1—0;) ar — ar  vp (1—6;)
and (34) follows.
Using Eq. (11) and (34) we get

e} [e3
i M

- «
mg

for all active firms a and k£ € Z. In other words, as the influence of customer j is enhanced in the social network,

the money spent on him by active firms will go up not just in absolute, but also relative, terms. [

6.6 Proof of Theorem 6

The proof is based on the following Lemma which may be of independent interest. Let B be an Z x A matrix
with entries B® for i € Z and a € A. Define B” := 3", B® and B, := 3, BY". A cell (i,a) is said to be positive
for B if B; > 0, B > 0 and B* > 0. It is said to be negative for B if it is positive for —B. Finally it is said to

be signed if it is either positive or negative for B.
Lemma 2 Any non zero matrix B has a signed cell.

Proof of Lemma 2 Suppose B has no signed cell. Let AT := {a € A : B" > 0}, A= := A\ AT, and similarly
It:={i€Zl:B;>0},I-:=T\ZI".

Since B has no positive cell,
B <0Oforalla€ A" andieZ* (35)
Similarly, since B has no negative cell,
BY>0foralla e A~ andi €I~ (36)

Now, for all « € A=, 0> B" =Y., BY + Y, BY. By (36) this is only possible if 3. B < 0.
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We will prove that A~ = (). Indeed, if A~ # (), then
Sy <o
A- I+
On the other hand, for all i € Z* we have 0 < B; = Y+ B* + > 4, B®. By (35) this is only possible if
> - Bi* >0 and therefore } ,_ >, BY > 0, a contradiction.

A symmetric argument shows that Z= = (). So, by (35), all elements B are non-positive and their row

sums B; are non-negative. This is only possible if B = 0. ]

Now we complete the proof of Theorem 6. Let m € RT*A and € RZ*4 be two NE of the game. Define
the matrix B = 1 — m. We shall show that it has no signed cell, so that by the Lemma, B = 0, proving m = n.

Suppose (i, a) is a positive cell for B, then we have m$ < %, m; <7,;, m*® < 7. By the strictly decreasing
property of A in its first variable, if € A& (m,m;, m*) and y € h¢*(nd,7;,7%), we must have x > y. But
this contradicts the first order conditions of NE, according to which 0 € A% (m$,m;,m®) and 0 € A (08, 7;,7%),
Vi, a.

By a symmetric argument, B has no negative cell. [

6.7 Proof of Theorem 7

By Corollary 2, we need only verify that, if m is an NE, then m € Q, i.e., r¥ < 1/2 for all @ and 7. Suppose
some 7 > 1/2. Then, clearly, there exists 5 € A%(n) such that rf < 1/2n. We further have:

Claim 1 There exists j € Z\{i} such that ’I“f >
Proof: It suffices to show that 3 has more money left to spend?! on Z\{i} than does «, namely:

Ma—mf‘<M5—mf

ie.,
m¢ —m? > M* — MP (37)
Now
mf —m] = (rf —r])m;
S 1 1\ __
L
2 2n
(%)
= m’L
2n
> Lx (38)
~7m;
- 4

Consider any k € Z\{i} such that Tf > 0 (we shall deal shortly with the case that no such k exists). The first

1—rf 1—0?

B B k

<m> < <mk>
(2

21Gince, vf > 0 for some j € Z, it follows that Zjel mf = MP”.

order conditions of NE imply
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Hence

o o o
mi 2 5| —5 | T
v, \1—1}

1-1/2n
2 (vfr;zin/vfnaz) <1—/0) my
> (v mzn/vmaz)4mk
Summing over all k£ such that rf > 0, we get
271 > (o) M
ie.,
i 2 377 (Vi Vinaa) M

(When r,f =0 for all k € T\{i}, we must have 7; > M”? and therefore the above inequality still holds.)
This inequality along with (38), implies

1 3
i f Z4‘I|( mm/ mam)

3

On the other hand, condition (iii) of Theorem 7 says

3
—_ ( mzn
16[Z]

M —

Therefore
mg — miﬂ > M* — MP

establishing the claim. O

The first-order conditions of NE imply that (21) and (22) hold, with 3 substituted for &. This yields??

S

vl (1—r®

)(1—r?)>1—1/2n 2n — 1
A-r)-re)~ 12 om

>

STl

(0%
7
vPu
Z

“’Q

Using condition (ii)(b) of Theorem 7, we get

2n—1
n

kiko >

which contradicts condition (ii)(a). We conclude that % < 1/2 for every « and ¢, proving the Theorem. ]

22Recalling that (a) rf >y e > 1/2, rf < 1/2n; (b) rf < 1 since at least two companies bid on any customer-node in
an NE; (¢) by (ii) (and the obvious fact that a company bids money on a node only if it places positive value on it) we have
v > O,U? > O,U;1 > O,vf > 0; (d) both 7; and ™, are positive by Theorem 10. These conditions together imply that the LHS

and RHS of (21) and (22) are all positive.
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6.8 Proof of Theorem 8

Let m be an NE. As argued in the proof of Theorem 3, 7; > 0 for all i € Z, so that the derivatives A (rf*, m;)
are well defined.

Step 1: rf =r{:=r*foralli€Z,j €7 and a € A.

Proof: Suppose r{* > rj for some «,1,j. Since Z,BEA rf =1= ZBEA r?, there exists g such that riﬁ <r

Since r{* > 0, the first-order conditions for « at ¢ and j are (where £%(m®) = (d/dm®)C*(M*))

B
o

‘)\a(,r.;x) = £%(m
v fi(ms) =&0m)

and
T o me)

It m;

~—

which gives

v (rg) _ vAY ()

—— > — 39
fim) =gy m) (39
Similarly
B
wXr)  wA(r) (40)
fi(my) i (m;)
From (39) and (40) we obtain
a(pa B(yB
/\a(r;) > A (TZB) (a1)
A (Tj ) T A8 (rj )
But, by (BI), LHS of (41) < 1 and RHS of (41) > 1, a contradiction. n

Let n be another NE and define s := 7% /7,. As shown in Step 1, s¢ = s i=s"foralla € Aand i,j € 1.
Step 2: r* = s* for all a € A.
Proof: Suppose not. W.l.o.g. let @ > 7. Clearly there exists ¢ € Z such that m; > 7, and (since ZB cA b =
1=> BeA s7) there exists a € A such that 7* > s* > 0. The first order conditions give the following:

Ui)‘a(Ta) = £%(rom
BCARRRR (42)
Ui/\a(sa) a(g0h
) < £%(s"7) (43)

By the convexity of the cost function and the fact that r* > s* and ™ > 77, RHS of (42) > RHS of (43), so
AX(r9) S A¥(s%)
fimi) = fi(m;)

But, since r* > s* and m; > 7;, (BI) implies A*(r®) < A¥(s®) and f;(7;) > fi(7;), contradicting the last

displayed inequality. [
Step 3: m=71.

Proof: Suppose w.l.o.g. m > 7. Then there exists ¢ such that m; > 7,. Also there clearly exists a such that
r® > 0. Now, consider the first order conditions (42) and (43). Since r* = s* by Step 2, RHS of (42) > RHS of
(43), which implies f;(7;) > fi(m;). Thus 7, > m; since f; is strictly increasing by (BI). This is a contradiction.
L]

Steps 1, 2 and 3 imply that m = 7, proving Theorem 4. ]

31



6.9 Proof of Theorem 9

First we shall show
me >0=m’ >0

for all 3, a such that £7(0) < £%(0). Suppose, to the contrary, that m& > 0 and m? = 0 for some S such that
€5(0) < €%(0). The first order conditions for a and 3 become

v (i, ) = £ (M)
’Ui)\i(o,mi) S gﬁ(o)

where r¢ := m¢/m; > 0. Since £¥(M*) > £%(0) > £°(0), we have \;(r®,m;) > \;(0,7;) contradicting that \;

is increasing as in Section 2. The Theorem now easily follows. ]

6.10 Proof of Theorem 11

First we establish

Lemma 3 Assume that the utilities U® are concave and increasing and that CVI , CVII hold. Then

U (p(m™,m~?)) is concave in m® for fivzed m~.

Proof of Lemma 3 Indeed, if A € [0, 1], if m® = Am/* 4+ (1 — A\)m”'*, then CVTI implies

(e m=) £ Ay(m', m”) + (1= Ny(m"®,m ™) (44)

Define inductively po = py = pg = 0; pny1 = (1 = 0)y(m®,m™*) + 0G(pn), ppy1 = (1 = O)y(m™,m™") +
0G(py,) and pj .y = (1 = 0)y(m"*, m=*) + 0G(p,).

Clearly pg g Apy + (1 — N)p{. Now, suppose by induction that p, g Apl, + (1 — A)p. Then, since G is
affine and satisfies CVIIL , G(p,,) - G(pl, + (1= Xp) = AG(p),) + (1 = M)G(p)). Adding this to (44) yields
Prt1 = APpyr + (1= A)ppiq

Now observe that, as n goes to oo, p, — p(m*, m~%), p,, = p(m/*, m~*) and p/, — p(m”*, m~*). Therefore

p(m®,m™) £ Ap(m'®,m ™) + (1= Ap(m"*,m ™)
In particular, ¥i € Z: p&(m®,m~*) > Ap&(m/*,m~%) + (1 — X)p¥(m”*,m~*). Since U* just depends on p®

and is increasing and concave, we get

U*(p*(m®,m~%)) > U*(Ap*(m'*,m=) 4+ (1 = N)p*(m"*,m~))
> AU (', m)) + (1~ WU (p* (", m))
This finishes the proof of Lemma 3. [
The existence of NE now follows exactly along the lines of Theorem 10. [
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